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Algebraic automorphic representations

(L. Clozel, Motifs et formes automorphes DF/T)

T. WATANARBE

FRIRIEE Motif EDORHRE LIRS 370D 1 >DER/LHY 1 OFFEH Langlands {2&- T
BZ onitz, Ui, Isobaric RIREFHINS GL, DHFEIRBEOE Y 5 X Isob % 5EF L.

" [sob % BB E UTHFOBE Groop & Motif OH 7Y — 2 KB E UTEORE Garo: ED
N BHERRE G raop — Garor DFFAES D6 7

EWVSHBDTH B (T ITN Graos, Gamror, RUN "Motif D7 TV —7 [3F RN b
DTHB)o LHOLIENS, Isob IE Motif EDINEEEZ B FT. £ 7KETE3” LH
NS, (cf. [5, p. 211], [3, p.189]) o STEHKASNT BFHXDHT Clozel id. Isobaric ZHD
MERRSFR AU BT BEGE NI 5 Z &1k o T\ Algebraic KB EFHIN B RRIERE
DY SR Alg #EFE LI, T LT Alg OFEFRITZ"Q FEFK” b "Motif 25 45
EFHLTVWS, LT TIRZTOEREMHLH. ROFHFHREFERITOOLTHRAT 5,

T ~TEEL 0
Gn = GLn
P = P(ny, - ,n,) C G,: standard parabolic subgroup with Levi part [], G,

1. Langlands subquotient.

L: local field

o;: Gn, (L) D230 ZEE (modulo the center)

3s; eR: |oi(2)| = 2|} , Yz € the center of Gy, (L) 2 L*
c=01® - ®0, P(L) DFKH (unipotent radical Tl trivial)
p(0) = plor, - 00) = Indpr[Yo: =8 URMEBE S BLE

Langlands subquotient

1 J(aq, -+ ,0,): plog, -+ ,0,) D irr. subquotient

(L1) J(o1,- ,00) 2 J(or1), -+, 0r(r)), (V7 € Sr: permutations)

(1.2) 87(1) 2 87(2) 2+ 2 870y = J(0,00), , Or () 12 p(0r(), -, 0r(r)) P unique irr.
quotient .

BT G, (L) DIEED irr. admissible rep. (382475 J(oy, - ,0,) EEHRUTIES

2. Isobaric &

F: K&k

A: F D77

oi: Gn,(A) D cuspidal rep.
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c=01® - ®a,: P(A) DFH (unipotent radical Tl trivial)
p(o) = plon, -+, 0,) =Tnd e\ o = @, p(ay) (IET >/ V)

CDEX
(2.1) 7: Gn(A) @ irr. automorphic rep. <= 7 {% p(c) D irr. subquotient
AL, BIC

o; = @0, : cuspidal rep. = 0; ,, : generic

Gn;(Fv) 3 3 .
= Oiy = IndP,.(Fu) Tiv P; C Gy, "1y : square int.

KO, iy =7l @@ EFHUE

ploy,) = p(al,v:"' :Ur,v) :p(Tll,v"” ,7'{‘11),7'21’”,--- JT;,;;N"' )Trl,va"' ;T:,Z)

26 ploy) D Langlands subquotient J(o) Ndhb, CDIEMS,

Definition

c=01Q Q0 [[; Gn;(A) D cuspidal rep. {ZXF LT = : irr. subquotient of p(o) s.t.
Ty, & J(a,) for all v £ BFEHUT G,(A) D irr. automorphic rep 12185, ZDRENER «
% isobaric & EM SN 1 =01+ 40, ENo TIT

(2.2) g1+t Zopt o to =1, 0 =0y (3res,)

AND RYA R

Isob(n): G,(A) O isobaric KB DEA
Isob =[] Isob(n)

Isob DISIDFIEFE
=0+ -+l €lsobla), 72 =0+ -+ al € Isob(b) 1T LT

4 ri=0l+- ol +ol+-- + 02 €Isobla+b)

LT3, BTOVWTIIRD TS B, 7 € Isob(n) IZoNT Ty DADWEDE X ¢, , % T,
IHEd % G0 = G, (C) DISHOWNEITIIET B E X

Conjecture A
7! € Isob(a), 7 € Isob(b) I LT

Ire Isob(ab) s.t. tr, =1z, ®1;2, for almost all v

ZODOEXr=xl x 72 EOL,
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3. Algebraic automorphic representations

fHEDT F IR ERET %,

H, C G,: diagonal matrices

L HY: complex diagonal matrices

X*(H,)=Hom(H,,G1) = X.(FH?) = Hom(G,, ' H?) = Z"
H = X.(!H?) ® C = Hom(Lie(H,)c, C) = C"

p=(p1,  ,pn) €EH,z€ CTITXLT

z# = diag(z#,- -+ z#n) e LHD
ENHTE r € Hom(C*, LHO) 13
r(z) =2"2"  p,veH, p-veX'(H,)

L% %, —H Harish-Chandra isomorphism: Z(G) = U(Lie(H,)c)5» £V

Hom(Z(G),C) ——— H/S,
X — A

2bHo, &T

Wgr = C* x {c}: Weil groupof R, ¢2 =—1,czc ! =%
®,,(WR): semisimple admissible rep. Wr — YG2 D[E}fii¥H
Irr(G,(R)): Gn(R) D irr. admissible rep. D[EHEH

EBTE. 28
Irr(Gh(R)) —  ®,(Wgr)

T — r
X* = Xu r(z) = z#7" (2 € C")
MNH 5o (xr 1 7 O infinitesimal character). Z DXHILT

n—1 n-—1 n—1 n—1 n—1 n—1

9 ’ 9 T 9 ):(”1— 9 y 2 — 9 Y 2 9 )GH/Sn

p(m) = p—(

EH<,

Definition
I: set of all real places of F
T =Q®m, € Isob(n) IZDW\WT

7 : algebraic & p(my) € X*(Hp)/Sn (v el
EEERT B, TDEE p(n) = (p(7y))ver € (Zn/Sn)I % « O ”infinite type” L1,

Alg(n): G,(A) D algebraic FHDES,
Alg°(n): G, (A) D cuspidal algebraic KIHDES,

3
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Alg =] Alg(n)

Alg DISHOFI &
7 € Isob(n) DEX, 7| -°: g 7(9)lg]* £T 50
mt € Alg(a), 7% € Alg(b) IZXFL T,

RN (,n-ll.ll—Ta +7r2|-|12;b)l'la+g—l € Alg(a +b)

Conjecture A D ET,

T —a — ab—
rtxa? = (x5 x| € Alg(ab)

LIERT Do KDL,

(3.1) Vr € Alg(n) Irt e Alg®(ny) 5w

IR

71_1 __1;_7‘_2?{_“__1"_71_7'
Ezamples

(1) n =102

T =Qm, : G1(A) — C* : Grdssencharakter

Ty —— 1y €EO1(WR), (v€EI)

S=(Wgr:Wr)={z€C||z| =1} : derived group of Wgr

,ﬁt’)f\

l1l— ¢ —— Wgp —— Gal(C/R) —— 1

! ! |

l1— C*/S —— Wgr/S —— Gal(C/R) —— 1

RY R*
J:b\ TUlC*:WUIRl:"‘“v~ E&c:
7€ Alg(l) < p, € Z, (v €I) <> 7 : algebraic Hecke character

Q) n=2 F=Q D,

G5(R) @ irr. admissible rep. D53$f; SLy(R) ~DFIFEN L= Y DHDEEZ 5,
a=|-| ‘ ,

W(fl,ﬁz;{—_— J(&1,€2), & =a®isgn®. (s; € C, ¢ € Z) : Langlands subquotient

o (&1, &) = p(&1, &) /m(€1,€2) if [s1] < |[s2]

81—326\/—“11{ €1 = €9
81—326\/—11{,—{0} 61:,&62
complementary series : m(£1,82) s1—352 € (=1, 1) = {0} @ =e
) 31—432:0 61%62 k
) 81 — 892 = 1 €1 = €9
) 0>31—52€Z 61+€2'—_:81—52—1(m0d2)

principal series : (€1, €2)

(
(
limit of discrete series : m(€1, &2
trivial rep. : (

(

discrete series : g

4



178

7 : irr automorphic rep. of Ga(A)
Too : infinity component of 7 {3 FELOFBEDO—D EERNTILD, TDEE p(x) = (51 —
1/2,s5 — 1/2) 2o

€ Alg(2) <= p(r) €Z* => 51 — 52 € Z

BT Too I FIRDNDNINTIE S,

(1)  w(e®, ) sET+Z «——  weight 0 DEREHYEE

(2) w(a®,a®sgn) se€s+7Z — weight 1 DAY

(3) oo, o trsgn*tl) 1<ke€Z,s€s+2Z —— weight k+1 DAL
(4) a® odet s €27

4. The field of rationality of an automorphic representation
—RIZ

G : totally disconnected topological group

(m,V) : smooth representation of G over C

o € Aut(C) IZ2WT (7, V) : smooth rep. of G % 'V =V Q¢ ,-1 C, “w(g)(v® z) =
(r(g)v) ® 2 TEHZLT. Q(nr) 2 C D {0 | "7 & 7} ‘uiéﬁ]ﬁ%&j—%o &L
G = Gn(A;) or G,(F,) (v : finite place) DFAEEZ 5, &

T = ®m, : irr. admissible rep. of G, (A)
Tt = Qu-finiteTy © 1IT. smooth rep. of G,(Ay)

ICXF LT E = Q(7) = Q(ny) % the field of rationality of m; &\, (RHVGEIHTE 3,

(4.1) 3Vg C V : G,(A;)-invariant subspace over E such that V = Vg ®g C
(4.2) Vg is unique up to complex homotheties
(

4.3) Q(7) = I, 4nite Q(7v)

ARURBDOEE
L : p-adic field
x = (x1, "+, Xn) : unramified character of H,(L)

T(x)=J(x1]- |3 Yy Xnl - In_;—l) : Langlands subquotient
tX :(Xl(wL);'” )Xn(wL)) ELHr? .
EBL, TDEE

(4.4) °(w T(x)) = 7T (7x) for any o € Aut(C)
(4.5) Q(xT(x)) = C D {0 ] o(ty) € Snty } IZ& BHEEE

DR, T =aT(x) DEX L = q?&tx eLHY/S, EBL,

Euler factor & DEHR
7 . irr. admissible rep. of G,(L)
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L(r,s) : (Godement - Jacquet type) Euler factor of =, i.e.

noL ® € Schwartz space of M,,(L)
s+=5 X
P.G.C.D. {/G,,(L) ®(9)f(g)]dety] "9 I [+ coefficient of =

KT B,

(16) L(m,s +152) = P(g;*)" , (P € C[X], P(0) = 1) EFBEE L(7m,s + 152) =
7P(qz*)™ Yo € Aut(C). (P {3 P OIREIC o IS EcH D)

Infinite type ~\D Aut(C) DYEM

7 € Alg(n) \

p(7) =p=(p.)ics € (Z"/S,)! : infinite type of =

o € Aut(C) IFL T, p & (“p), = po-1, (¢t € I) TEHKT %,

5. TREHR

Conjecture B

7 € Alg(n) D& &

(1) £ = Q(r) I3BMKRIIRIZIS B,

(2) Yo € Aut(C), 377 € Alg(n) s.t. (“7); = 77; and p(°7) = “p(7)

2l ”5—” & Aut(C) DIEHED compatibility KU (3.1) D6 FRENTRTD 7 € Alg° i
DOWTIELWIE ST, BUENTRTO 7 € Alg IZOOWTHRITE %5, £7-0
OTFEMELWEE, (4.6) EAET r OL-BEOBIERSY Ly(r, s+ 152) 13 E iITffdik
HD Dirichlet FELRK S Z EDV3 5, B, ADEESTIE

T, € ("H2/S.)(E)
L, BROTRENS,

Conjecture C
7 : irr. automorphic rep. of G,(A) {IZTDWT

'E . BRRAE A st 1L, € (FHL /S, )(E) for almost all v => 7 € Alg(n)

NEn=10DEE, Weil 12L& > TFHEEXN Waldschmidt IZX& - CAEHX Nz,
Conjecture B (CBF3 BiERE B35,

Definition
m € Alg(n)
p(?‘r) = (pL)LEI = ((Pa,l; e )pL,n))LGI : inﬁnite type of w &?5(‘.’. %\

T regulargvt €l,piFpjifi#j

6
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LIERT Do
(B : 7 € Alg(2) : regular => 7o, = o(a®, a*t*sgn*+1) or a® odet )

Theorem(Clozel)

7 € Alg°(n) : regular = 7 12D\ VT Conjecture B {21F L\,

6. TEPHOIFRH OIS
OIS F = Q, n =2m OFEEZHAT 2, LITOL S IHEEEED 5,

A = connected component of the center of G, (R)
.A = Lle(A)c
G = Lie(Gn(R))c = G' @ A : Langlands decomposition
K = O,(R) : maximal compact subgroup of G,,(R)
K C G,(Ay) : open compact subgroup

= G(Q\G(A)/KuK ,  §=limSk
Sk = AG(Q)\G(A)/ Koo K

IT

7 € Alg®°(n) : regular

p(m) = (p1,-+ ,pn) : infinite type of 7 (p1 > pa > -+ > pn LLTEW)

(7, V) rational representation of G,, of highest weight (p1,p2 +1, -+ ,pn +(n — 1))
(ZDEE 7 & 7 lZFEU infinitesimal character 285, £/ 7la = 7|a E733)
(7,V) : contragredient representation of (7, V)

V: local system on Sk (or Sk) defined by V

ET B, TDEXV IREER RO 2 RE O V—I3ROBEHREFF O,

H2o(S,V) — H*(5,V) 2 Hy(5,Vq) ®q C

(6.1) @ 3 H.(glaKoo;foo®V)®€f

cuspidal rep.

Ela=T|a
cusp(|‘|S’I&’v) - H'.(S}UV) — FEZ)(S}\7V)
(6.2)  @H(G' Koojloo ®V) @ EF D H* (G, Keoj oo @ V) @ EX
(f C Lgusp(Gn(Q)\Gn(A))) (5 C LdlSC( n(Q)\Gﬂ(A)))
fla="7la £la :?lA‘ _

ZCT

Hy(Sk,Vq) : Betti cohomology with coefficients in the Q-vector space Vq
H*(S5k,V) 2 H*(G,Keo; C*(Sk) O V)
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Heoop(Sk, V) = Im(H* (G, Koo3 % (&) N Lo (SK) ® V) = H*(G, Koo3 C(Sk) ® V)
H(Sk,V) =Im(H:(Sk,V) — H*(Sk,V))
H5)(Sk, V) = {$ € Q3)(Sk, V) ; d¢ = 0}/dQ5)! (Sk, V)

‘&2)(5}(, V) = {¢; V-valued i-form on S} s.t. ¢ and dé are square integrable}

Fho. H*(S,V) =limH*(Sk, V), ete. EF5o (Sk IZDVTHEK) o
X T 7 D regularity DIEIZIREZEL,

(6.3) H(G!, Koo; T ® V) = AI=m C™ 1

BTy, 7K 1 FREN, HY(S,V), H*(Sk,V) ORICEHENS, TDEE, (6.1)
EIRDHEEZ Q(r) HERRAREUAICKS 2 E%2RT,

(6.4) If W is a G(A)-irreducible subquotient of H*(S,V), then there exists a finite ex-
tension F of Q such that W is defined over F

RIZ o € Aut(C) XL T Conjecture B (2) OFH-A A7 77 € Alg°(n) ZHEEKT
%, K % oK # {0} EHB, H(SL,V) 13 Q LERINTWVWENS ¢ TAREK, o
T ork b B (Sk, V) OIS EN B, (6.2) 0. Hy)(Sk, V) BN 3B EB
€ C L (G(Q\G(A)) T &f = 7nf LB bDEHHIUI. THASKD S ‘7 TH B, E
B BHIEE H* (G Koo3 boo ® V) # 0 KD m; = &4, p(r) = p(€) DEDo Fio. FHER
BT OWTOEE RN S € D cuspidal THBZ & H43 5,

7. (R E OXE
DITF., BBk F ZUPRS 372002, Alg, Alg(n),--- DRRDIZ Alg(F), Alg(n, F),--- Eh<,

Motif
F L@ smooth projective variety (DB Ik 285D K€ 0 V—HRiEzHET 5
object (DBE) NEET B ETFHINTWAS, £D conjectual 7XE* M(F) EH<,

Algebraic ZRELD weight

7 € Alg(n, F)

w, 7, €, (WR), (¢ €1I)
r(z)=2"7", (2 €C, p,,v, €H)

9%, L

weZ st v, =w+n—1,---,w+n—1) foralls el

DD E X 7 |3 pure weight w ZFF>EWV D, IROGEFIATX 3,
(1.1) Y7 € Alg°(n, F), weZ st o7l pure weight w S e
(Z DFEFRUI—ROKEHAIT BT B (6.3) DIFHIZ biEFHN TV 3, )

8
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Conjecture B 281E LW EDIED & & T, motif & algebraic I E DXHEBURERTIRD
TN D 5, |

Conjecture D
T € Alg°(n, F)
w : weight of = :
E C Q : field of definition of =

4B, TDEE

AE’" . finite extension of E

iM e M(F) : irreducible motif of degree n and weight w with coefficients in E’ s.t.

1—n
2

L{my, s+

)= L,(M,s) for all finite place v of F
ZIT

Lo(M,s) = det((1 = Fua;*)| g, apyr) ™
{BL

Hx(M) : X-adic realization of M
I, C Gal(F,/F,) : inertia group

F., : Frobenius element of v

E9 B,
BRPRIZ. Conjecture D & DBEGHE T, algebraic KIRITWHINT % (-ERHEORERKIZ DWW T DR
BARRS,

-~ Theorem(Clozel)
m € Alg®(n, Q) : regular DD 7 2 7 TREHAI-TET 5,

4 fn = 3py=p; s.t. m, is square integrable
4|n = 3py#p st. m, and m,, are square integrable

i
F : imaginary quadratic field in which py and p; split
np : base change lift of 7 to F

E93, TDEX
*E AR EE
15 . EHOBMES
Ya(r) > 0 : BH _
3(Wy, ra) : compatible system of A-adic representations of Gal(F/F') s.t.
ifp¢ Sand X [p,
trace(ra(F7")) = a(m)trace((tL, )"q; ")

for all finite places v | p of F and m > 0.
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C OFEROGFIAIIERFSTIIFEEL KXo THIENDY, *ﬁm&i\ Jacquet - Langlands %}
JZ XD 7p IS B division algebra DOFEHOEKIE 77 2EZ 5 E, D' Q L5E
FINca=7 YBDOEKE 7 D base change lift IZX > THOLNBZHIVTD, —hH, =%
VORI r ITI3BID Kottwitz DFER (KFIARR) KX D L-ERHEHRI €5 L
INTEBHEWVWS HDTH 5,

Remark. X Tld L EEREDIERD Q ZHEATESHZ THROIT 5 EEBEINTWS,
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