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Asymptotics of Jackson integrals

and torus embeddings

caowro 3 5 0 2 (EEBXE)

DEPT. OF MATH, NAGOYA UNIV.

1. We take the elliptic modulus q = e2nxt , Im Tt > 0. Let X be an

n dimensional integer lattice ~ Z". We put X = X ® C*, the n

dimensional algebraic torus twisted by q. Let xl,x ..,xn be a basis

2’
of X such that an arbitrary x € X can be uniquely written by x =

n ’ . . 3T . . 27i
2j=1 VX Vs € 7. We may identify X isomorphic to X ®(C/(log q))
with the direct product of n pieces of C*; The inclusion X ¢ X can
be obtained by identifying xj with the element t = (1,...,1,q,
1,...,1) € (C*)n. We denote by Qj the shift operator ij(t)= f(xj't)

induced by the displacemenf t - xj-t for a function f on X. We put QX

v v
= Qll--- an We consider the g-difference equations
(1.1) oty = b ()®Ct),  x € X and t € X,

for a set of rational functions {bx(t))xe on X , which are not

X

satisfies the compatibility condition

identiacally zero. {bx('c))xex

= .oX
(1.2) bX+X'(t) = bx(t) Q bx,(t),

so that (bx(t))xex defines a l-cocycle on X with values in Rx(f)

the multiplicative abelian group consisting of non-zero rational



ot

functions on X. We denote by R(X) the field of rational functions on
> . . . _ AX

X. {bx(t))xex is a coboundary if and only if bx(t) = Qe (t)/p(t) for
@ € R(X). We write the corresponding l1-cohomology by Hl(X,Rx(X)).

We put (x)_ = T (1~ qv) and (:1:)n = (:r)m/(o:qn)qo for n € Z.

©
v=0

Then the following important result holds.

can be expressed by

Lemma 1. An_arbitrary cocycle (bx(t)}xe X

(1.3), where ® denotes a g-multiplicative function on X written by

"
n [> 3 m (ait 7)
(1.3) ¢ = 7 ¢4 o L=
i=l 7] j=1 M
(ajt o
: v
for some non-negative integer m and aj, a3 , aj € C, where uj € X =
Hj uj(xl) uj(xn)
Hom(X,Z). t denotes a monomial t1 cee tn . aj or aj may

vanish or may not.

This is a g-version of Sato's theorem in [S] and can be proved

in a completely similar way.

We shall assume from now on that any of aj and a3 don't vanish.

If we replace “j’ aj and a3 by —uj, qa3—1 and qa;1 respectively in
the factors of &, then
_1 TH;
(s.-s'd>u. (qa 1t J)m
(1.4) o' =t 1 - ¢
’ R SN
(qaj t )°°

also satisfies the same equation (1.1). It is convenient to write

4 .= -u., a'.=qa. , a .= qag1 for j € {£1,...,%m).
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d_t d t
We denote by o = —%—l A A —%—E' the canonical invariant n-form
1 n

on X. We consider the Jackson integral for a function f on X over

an orbit X-&, £ € X as follows

(1.5) ¥ = -0 3 Q
X€X

if it is summable.
We put ¢ = Nn + o' and study the asymptotic behaviour of Jackson

integrals @ for N » +o, p € X and '€ Cn being fixed. Since ®(t) =

nj
att 1y
, the major part of |®| is played by the

]
(ajt

N, &',

(thHNet

j=1

absolute value |t"] for N » +w. |t"| attains a maximum if and only if

the level function Ln(logqt) = Re (n,logqt) is a minimum, where (n,x)

denotes n{x).

We are going to search for points t = qA in X for A mod %%é— X
: q
satisfying the following 2 prope%ties
. . - 21i .
. . =1,2,3,... =7, ,
(i) logq aj (uJ X) 1,2,3 mod Tog q Z, for j €3J, J

being a set of n arguments in {(*1,*2,...,%*m} such that “j , jJ€ J,

are linearly independent. We denote by fJ the countable set in X

consisting of these points t.

(ii) Ln(l) attains a minimum on the set XJ.

We say that a point t = q)L satisfying (i) and (ii) is a critical

point with respect to the level function Ln(x). ¥We denote by CrJ the

and by Cr(L_) the‘union U Cr.(L_).
n 3 J°7n

set of all critical points in iJ

Now we make the following assumptions of genericity.



160

Ass 1. For each J, the set CrJ is finite or empty. We denote

LXK_,i_Ls_Jmm_th:

(1) (K.)

- J
(1.6) CrJ(Ln) = {EJ ,...,ﬁJ Y.
(r) (s) .
Assume that Ln(E,J )= Ln(ﬁJ ) for every pair r,s, r# s. Then KJ
turns out equal to [uj ,...,uj ]2 or 0. We say that J is stable if Kj
1 n
> 0. '
sy e . (r) (s)

Ass 2 . Any two critical points ﬁJ and EK for J # K are
X-inequivalent.

From these assumptions we see that, for each J = {jl,...,jn), J

¢ {£l,...,#m}, the only one choice of signs {€,j,,...,8 i}

is stable for Sv = *1. This occurs if and only if

v-1
,ev+1ujv ,...,enuj 1(-1) > 0

(1.7 [n, elu. yeeesE
+1 n

o
I

v-1 jv—l

for all v. Hence the total number of critical points x = #ICr(Ln)!

is given by

- m
= det (( zjzlﬂj(xr)“j(xs)))ISF,Sﬁn'

Under the above 2 assumptions, we deduce the crucial

Lemma 2. t = ql is critical for Ln(x) if and only if
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(1.9 bXFq

for any x € X such that (n,x)> > 0.

Def 1. We denote by ¢(€) the set of all t = x-& , x € X, such that

Ln(logqt)z Ln(logqﬁ) so that & is a minimum point in c(€). We call

such a c(£&) stable cycle if & is critical. There are Kk stable cycles

say c(i(l)),.~-,c(E(K)).

We fix n € X under Ass 1 ~ 2. & is meromorphic in u € (C*)n and

satisfies the system of linear g-difference equations (&)
- _x +
(1.10) ( bx(é)u - bx<6>)$ =0, for x € X.
These are equivalent to the subsystem (£+)
- -X +
(1.11) ( bx(ﬁ)u - bx(ﬁ))$ =0, for x € X,

such that (,x) > 0.
If & has an asymptotic behaviour
X A
1 n 1

(1.12) (] u u "1+ O,

for oo = oN + a¢', N » +=o, then ql must satisfy (1.9), i.e. t = q
coincides with a critical point of the function Ln(l). (1.8) shows
that the number of such points is equal to k, whence the number of

asymptotic solutions of (§) is also equal to x. The corresponding

solutions are given by the Jackson integrals of ® over the g-cycles
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(s) (s)

c (k& ) for & € Cr(Ln)'

Theorem. Under Ass 1 and 2, (6+) has k linearly independent

spolutions which have asymptotic behaviours (1.12) satisfying (1.11)

in a generic direction n € X. These solutions are given by the

Jackson integrals over the Kk stable cycles defined in Def 1.

For arbitrary n-1 linearily independent u. ,...,u. the equa-
b1 Th-1
tion
(1.13) detln,un. ,...,u4,. 1 =0
b \ In-1

defines a rational hyperplane HJ in XR = X Q)R. Each connected
component of the complement XR - UJ HJ defines a finite rational
polyhedral cone o so that XR - UJ HJ gives a fan F in the sense of
torus embedding. According to the theory of torus embedding, to this
fan F there corresponds to a toric variety Temb(F)' There also exists
a subdivision F of F suchkthat for each cone ¢ in fF and n € o,

there exist x asymptotics of the form (1.12) which do not depend on

the choice of n € o.

2. Example.
n aj (a{ jtj/ti)m .
Let & = W, __t. m . , for t.= 1 and m
i=173 0 ogicisn 3,3t Y e 0

n+1 _ _ - -
{ 5 ). uj(x) = vk vt for k # { (we put vO = 0). [ujl,...,uj 1 =

+
—

or O. E m uj(xr)uj(xs) equal n or -1 according as r = s or r # s.
i=1
¥ is then equal to (n+1)n_1. This case has been investigated in
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more detail in [Al. (1.9) is given explicitely by

(2.1) H, @ n. + -+ +npn. =20,

for J = {j;,...,i ) € (1,2,...,n} and n 271 2 1. F coincides with F
consisting of connected components of the complemént %R - UJ HJ‘.
Hence the number of different asymptotic directions ¥(n) is equal to

the one of connected components XR - VU_ H For n=1, 2, 3, 4 they

J g
are equal to 2, 6, 32, 370 respectively but generally unknown to me.
It is an interesting problem to find out the connection formula

among asymptotic solutions of (1.10) along ¥(n) different directions.
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