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On Non-cooperative and Cooperative

Dynkin's Stopping Problem

LM I ERE LHEIH KIE#H KX (Yoshio Ohtsubo)

§80.

o smWRBEEELRE (WbWw 3, Dynkin ME) ). B EBMBELT
Dynkin[4lic & » THA - FF &N, ELOWEZ L > TRESN TV B, & fo
EWMABENEWEBE TN T 5,

CoHETIR, §1 CHWBAE Dynkin MEEZE AL, BEAOEFEERHLLT
MEUES L2, S 2 CHBAMEFERMLL, Sv— tBRERHUEROBEES
. BREBEOHEZE 2R~ 3,

EBNE - BHBHEomMAE2BEBLTCHWEESEFR., UToEBDTH 5!
(Q,%F, P) =iERZEM. (3««'11)n A FDEHS o -tield OIEBWDF & L. r

N
Zrzn BALF(F)-BEBMcO2EEL TI=T XT &5 f@L.
N=(0.1.2,.  JREESS A -5 EBTH S, kR, WE sup X BEAES T,

x; fai‘~$§ﬁﬂi§ﬁf‘&sé(3n)—adapted 3 HERE T x=(xn)neN ODEeEKET
5, CORETELBLEIEY — 4 (Dynkin ) TR, 7v—¥%¥—32 ATHhO,.
BT Vv— P —DOFMER. Trv—F—1. OB L T4 1t,0% &5 & i,

g (r,o*)=X1 I -i-Y1 I +W1 I , (player 1)
1 T <0 c o<t T T =0 -

{ 0)=X2 I +Y2 I +Wz I (pl I
gz’ c o<t T <o T T =0" player

E¥Be coes XL YL Wiew (5L, (r.o)erl L. wl -
lin suanrll (i=1,2) EB<Lo COEE, i-F L ¥ —(i=1,2)1

i _ 2
Gn(rl,tz)—E[gi(rl,'cz)I.Sk'n]. (‘cl,rz)EI‘n, ne N
%riczﬁéb'cﬁkczbf:uo PIF., Ue il <. U _ =lin suann ¢ B

<o
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8§ 1. FWH® Dynkin [55

COHi T, FEBHE Dynkin MEEE X 5, DX 3R IIT. Bensoussan
-Friedman[2], Morimoto[9,10], Ohtsubo[12], NagaillllHE T. ¥ TicHEZH
T Y BT AT AF A AEBOLETHES (—RICBRR) BEA
FBCEHEHS Nt COTHR. X! KMTABAROLET, BMEEEAD
Eh*r2rB5x13, hid. BEELMBECHT 3 Chow-Robbins[3]® "Monotone
case” DILETH %0, T 7. Maner[BIDHEREREUTHIBAEBENICER %,

COHiZBLT. RORE=ET 5

5. x;gW;gY;, i=1,2, ne N.

EEL. L. ne N Xt L T, (z:*,a*)fsl"rzl o

% .
Gl(r .a)gGl(t,U), Y¢erl’l
n n 7 n

¥ ¥ *
Gz(r ,U)ng(t ,0), YoeTl
n n n

prx. (5 6% % nicbBia (Nash) HEAE W 5,

UeWicx L .

r (U)=inf{k=n| U. =X, o (U)=int{k=n| U =X2J,
n k k n

B, HL., {} =¢ DL EWR +oo EF 3B,

GE1.1([12]). o' eW (i=1,2) BEEL T.

(i) . {Yl it al=x7,
i n n n
0 i i
X ', E ise,
max o [an+l | &’n]) otherwise

i, j=1,2, i#j, n€ N,
(i) el =wl, i1,
%ék?ﬂéﬁ\énENK%LT\(ﬁ“f%o&d%)ﬁnuﬁﬁé
HEBRTS Bo
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% T,
i i i .
A = {X =ZEI[X | & 1}, i=1,2, neN,
n n n+l n
EB X,

* s
r*(w)=inf{k_2_nleA1}, o (a))=inf{kén|wEA2},
n k n k
71=Gl(t*.0*), i=1, 2,

n n n n

9 %, ‘C:,U: i OLA rule & MEIE N TW 5,
ROZKHEREANT 5

&#1: x'<vy!'  i=1,2.
&#2: x' = v!, i=1,2.
(o) (o)
&#3: A'cAl . i=1,2, neN.
n n+l1

&fa: PI(u Abn(u AdH1=0.
n n n n

CDAL>DEHEDHET. ROERE2H %,
- ¥ 1 % 2
HE1.l. EneNikxL T, rn=tn(7 ), o =0 (v 9.
KA1 2. 7i(i=1,2)ti ML 1OKZHBR2 A T,
M1l &neN LHLT. (r:,a:>c¢na:mmﬂ—mn.—%vmmo
RicEEBRAE25 L %,
o Ui=(UIi\)Eﬂ/ (i=1,2) RERT. KREH T
i i
E[Un+1|Un>0] >0,
P(Ui <0 IUi§0)=1, P(Uiéo for i=1,2)= 0.
n+l n n .
E 3 zi=(zi>ew (i=1,2) RIETHERE L. E3EF B (<B<)icH L T,
koo i

. . n . R .
xiowlie s g¥ul yioxiig™gerz! | %7 i=1.2, nenN
n n k=0 k n n n+l n

e, XL oYL wl RWoER T, RELEB LI ~A4% Bl do o Ts
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% %
T , 0 BERBI O,
n n

e —intkznl ulso), of=inttkznlulso)

n k n k

, ¥ -
Epi. EHLL 25, &neN BXLT (r),00) Rnidd 3HHAT

»H Bo

8§ 2. WHE Dynkin R

ComTiH. HEMHE S BIE Dynkin HMEEZEL 3, TTiBALED
iZ. Dynkin BB R BB LERBAMICH>VWTRELOHESBREIL TV B, B
DEOMERBIRLZCTCTOR L, LrLABL, UTTcbdd ki, Bh
BR2HNoRAEILIHMELELEEIHD. ToOo X DRI IcE Hisanol6],
Gugerli[518 & %, T, MAHB =27 ¥ —LDHFEL TR, Tanaka B [7,
14, 15145 5.

§2.1TIE. Y+ F—HEMHE (BELEHI) BT s=rvyr vy 7r—2VvHRBHEZ
BN, v F—BAERBELIEBOMOEREI>PVWTR~NS, §2.2T1R., L —}
EREEOHEROAV- ' BRBALFLEHMOEOEEZR2RY. §2.3C1R, ZHMN
FHOHEFEHOMEZEALT, ~Lv—- tREZELBMOMERYD 5,

§2.1. Y+ F—RBALrEANLBER

COEMTR, Y+ F—REBACEITIEELZ BN IKE L5, £/, T oD
RRRELUBCEELR®IAEZ R4,
if\ﬁm%%§%0@iﬁﬁ@m@é%%Afiﬁ

An:{(t,a)el“rzll T Ao <™ a.s.}

E B E.

al= ess sup Gl(t,o), i=1,2, ne N,
(r,o)EAn

r¥ B, a:=(ai,aﬁ)%nl:£ﬂé~‘/+ FRBEHEVS. Hoblc. neN

: fa*xiqj,&at?(rfaﬂeAnﬁﬁﬁﬁnw\

cxlTe al= 6l(¢
¥ % n n
(z ,0 ) EnlikBIF B best optimal Tdh 3. i.e.
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e .
G;(t ,a)gG;(t,o), V(r,o)eh . Vi=l2

—fi%ic. best optimal RELEMHOMPELET B3I ERETH B, I T,
a‘:(a;)m&'g%%%@«x‘af:m:\ —fr . X, Y. WeW x L.

+Y I +W 1

g(r'o):xrl‘c{v c o<t T T =o0"

G (t,0)=E[g(r,0)| F 1,
n n

EBE,

a = ess sup G (t,0), neN
(r,o)EAn

&?5oaﬁ§akhLﬂKﬁmbfh&
k@ﬁ@&ia=(an)®E¢%§§ﬁ%iﬁ’%57’h’Ck\5o FEHER TR EEEIERM
Buedds2+nEBHEicTE 3,

EM2.1. (i) ald3k%EA717: BneNigcxL T,

an=max(Xn,Yn,Wn, E [an+1 | 3(7“])-

(ii) a i (max(X ,Y , W )) 2XBRLTCVWEEBNOB2VF v 7 —
n n n"'neN
Tdh b0
Zz T,
B = ess sup E [max(X Y 'Wt) [ E;n]

tEFn,r<oo
EBL &, ;9=<Bn)€rm“@z.1@1‘é’§%@o:&ﬁ>6\
*2.2. an:Bn' ne N.
CDRED. LA S NI & (backward induction) T a=(an) ERD BT
ERTELE, ROFBERZRLOFHEERZRDPSTCART ILENTEL Y, RERHORE
MICE>TEETSD %o

fhiA2. 1. aoo:/SOOZMm’ sup_ max(Xn,Yn,Wn).
EFR2.1. neN &35, 620 XLl T,
(t ,0 )e A P> a <G (t ,0 )+e
e’ & n n n e’ e

D& &, (ra,os) 2alcBVT (a,e)-BETHBEWVWS, FHic, e =0
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ODEE, HiR (a)-BRBATHB LWV I
FH2.3. neN,e>0%F&EL.

= 1 <
T inf {k=n | ak_max(Xk,Wk)+s} ,

&
n
n‘s —inf {k=2n| X. +e<a. <max(Y

ag K k=

k.Wk)+zs}

&s<a\u:,%ﬁmnmsmfm,eyﬁﬁf&&

COFEBMOIEBHIX. aicXld B optional sampling theorem &+ {t8n=k< oan}
T a =X +e. {0=k<t%)kT a <Y +e. {t%=0°=x)k7T
k k n n k k 8n en
ak§Wk+e EWMBEELTH WS, ¥/, HE2 1D, T /\on < o a.s.

Td 3

8. Log®EIcBWT.

Il

€

. > <
T 1nf{k_nlYk+s<ak_max(Xk,Wk)+8} .
&

Il

o inf {k=2n/| «a Smax(Yk,Wk)—l—e}

n k™
tbf%)ct‘l\o if:.\

?:= inf {(kzn|a =8 Swax(X .Y W)+el,
EBCE T R (BRHLT) nieBVTe -RATH 20 E. ¢ =k O
N A=?k MMXKWN+8},B={ﬁﬁ8<ak§MHerﬁ+5}&
L T. tn=k (on A), =k+1 (on B); 0n=k+1 (on A), =k (on B) &BK
&\C@(ﬂ?o:)énmﬁbfw,e%%ﬁﬁ&éo '

€
n
=

ROEBIZe =0T EHERTH 3,
EPH2.4. neN Z2FF& L.

= i > =
T inf {k=n| ak max(Xk,Wk)} ,

=9 3 %

= inf {k2n] X , < a

g k> %

=max(Yk,Wk)}
¥ ¥ . e 3 ¥
B, 'cn/\an<°<> a.s. 5. (rn,on)ld:nl:ﬁh\‘((a)—%;@’@&éo

HEB. CORBORE "t A0 <o as RHTEFARMELTH.

max(Xk,Yk,Wk) y — (as k=) FNBEZ S H 3%,
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§2.22 ~v—IrRBR#EEXHIF—{L

COHTH, SL— FBRBOBAEEALT, A5 —fblko-TL— bR
BEOHEL2FAN *Vv—- I BRERXFELEEOBEERD 3,

SN x=(x1,x2), Y=(Y1,Yz)£<:5®"9“67</]\5§{¥:<‘: L <. X >y
isL,2 L& x>y ox 2y ,i=1,2 OLE x2y; X, =y 051,20 & &,
X=y; X2y 2D x#y O&&, x2y &b EikT B, F I,
G:(t.0)= (Glll(t.a)\.GIZI(t.o)),e=(1.1)<‘:$o‘<o
ER2.2. neNET B, 620 kKXHLT,

(z_,0_ )eEA 1 )
e’ & n
G*(’L',O')>G*(‘C , 0 )Ytese &3 (t,0)eA BEELRL
n n &' & n
(resp. G*(t,o)?G*(t ,o0 )t e e)
n n &' &

D& E, (te,aa)%nGZBL\TE(resp.ﬁ)a—Nv—FEE’C“&%&D&:
Bic, e=00D0LEHIZT TFresp. W) V—FRBBTHB3EWVI,

T, RDODEH>ICAHA 5 —~L%EIT 50 8%1_2_0,11+12=1$:7}f:’9“
l=(lyl?ER2®éw&L\So%l>0%&kﬁkes®é¢&?5o
LeS kXL T,

+AZY

+2.2W

X (A)=a_ X
n 1

W (A)=2 W
n 1

Y (A)= 1A Y1+A x?
n 1 n 2 n

s B S = T
=2 R S SO

& LT,
g{t,0:20)= llgl(t,o)—i-lzgz(t,cr)

=Xl_(l)lt<o+Ya(l)Io t+Wt(l)Ir

< =g

G (t,0:A)=E[g(t,o0:2)| F 1=12 Gl(r,0)+l Gz(t,a)
n n" 1" n 2 n

Vn(l)= €SS sup G (t,0:2)
(r,o)eAn

LB, COEE, ZEHNEEICBIF 28 (cf. [1],[13]) ¢REIKEICLT. RO
20@%%%?&%0
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Hif2.2. c>0,neN,1eS:2FE8ET %,

Vn(l)<Gn(t8,08: l)+’e
&K%(%,%)EAnﬁﬁE?%&%\K%,%)wnmﬁmfﬁs=Nv—
FPRBTH B, BT, AESO D& E, (ts,os)linc:f\sh\’cf;ﬁa—ﬁv—F
RETdH b,

#HiH2.3. neN, 1eSE2FEHE LT 3,

V (A)=6G (¢ a%: 2)
n n

&m5<zfaﬂeAnﬁﬁE¢5aa (c¥ o rnepuTE L — B
@f&ac%m\xesO@&§\(rfoUMnmsmr@Nv—r%@f&
%0

ROBEITH2. 15T CREBSN %,

B4 reSEHEHEZRET B,
(i) V(1) Bk#AE A3 : neNiXHLT.
V (A)=mnax(X (X)), Y (A),W (A),E[V (M) 1 & D).
n n n n n+l n

(ii) V(2 (max(X (2),Y (1), W (1)) AXBLTVBEHE/ND
n n n ne N
BV F vy¥y —VTdh b,

FoBBELEEHE?2.3,2.406, COHOFER2 ~OFH%A2E 3%,

EFPH2.5. neN,e>0,12€S 2=2FE&FEL L.

T :inf{kgnlVk(l)émax(Xk(l),Wk(l)H-z—:}

= om P om

¢  =1inf {k=n | Xk(l)Jrs<Vk(l)§max(Yk(A),Wk(A))+8}
&ﬁ(&\(tiof)@nﬂﬁ“f%s—”V—b%ﬁf&%o%K\AES
E

@&3\(fWU:)MnKﬁhT@a—NV—b%ﬁf&éo

0

EH2.6. neN, L eSS EEFEEE L.

t = inf {k=n| Vk(/l)=max(Xk(A),Wk(l))}

= inf {k=n| Xk(k)<Vk(l):max(Yk(l).Wk(k))}

% .
EB L L. ‘L':/\O'n<°0 a.s. o, (t:,oz)cinl:%‘h\’fﬁgl\“v—b%i}ﬁ_
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' ¥ %
THbHo Hit, 18 0L &, (v 0 JEnEBVTH V- FRETSH 3o

§2.3. HEftMmE ~v— FRH

CoHTE, v - FREGHLEEMOBERY 2 b, SHNHEOEE
HEOMAEEAT Bo

BRI coEEEM 2. M e# (-1 2) R L T,

_ ol 2y 12
M~—(Mn)neN~(M , M) ((Mn'Mn)>n€N
4%, ¥/, HEMEE CORBE%. ”:(”1’”2)2 0. (r,o')EAn XL
<.
9] ¥
d(z,o;M,z)=lIM —G (7,0)ll
n n n L. P
94 %, {HL. x::(xl,xz).y::(YI,YZH:%TLT\
2 1/
I x —y | = (= 2.l x. ~y "', 1=p<e (1 -norm)
u,p i=1 1 - 1 1 p
lx=—y Il = max (g .| x.,—y.), p=o (1 _-norm)
: o 1 1 1 oo
i=1, 2
Tdh b, & 5ol
p _ . p .
dn(M,u)— ess inf d (7,0 :M, u)

(t,0)e A n
n

& B Lo
FH23. neN,u208% 3, ¢20x LT
(¢ ,0 )eA o dp(M,u)gdp(r ,o0 M, u)— ¢
& £ n n n & & _
D& &, (rg,os)%:nltia‘l«\'('(s;p.M)—EEtL\’)o i, e =00¢& &,
Bz (p, M)-Bt&8 &V I, '
RO2->OBBILZEHMTEHOHEHEGBEHRICLTESONWSERTH %5,

Fif2.5. M=2a, i.e. Mizai, i=1,2, neNERFL. 6 >0 &,ne N%EF
BEd 3, o i,

(i) {f?-.%a@u:(ul.u )20 u

+u. . =l (¢t ,0 YBanikkBW
2 1 > 3
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T(e ;1 M)-BRBETH 3L 5. (rs,os)linlcib‘h\'CSSa—/\“l/—b
BBETH P, Fic, u>00¢& &, (te,aa)iin KBV Tie -2 L —
PRETH 5, ‘

(i) p=(1,1)D&&, (v ,0 )PakBVT(e ;> M)-BREATH %5
(48 (ts,ae)linGCio‘L\'CQEa—f\“l/—F%E’C‘&%o

2.6, M2a EREL. neN,u20%2F&E3 5%, 1 spsoicxtl T,
(¥ e pneBLT O M) -BETHEEE. (r LoH)RnkBLTEH
N — N BETH B, Bic. p>0.1<p<ownix. (tLoHiknsu<T

gﬁ/‘"l/"‘ "%ET&%O

DLF. p=1l0EE0B%2EA5: M oeW(i=1,2), £>0, k2nicki L Ty

u _ 1 1 2 2
Xk (n) ul(Mn Xk)-|~,uz(Mn Yk)'
u _ 1 1 2,2
Yk (n) ul(Mn Yk)+,uz(Mn Xk)'
b, 11 2 2
Wk (n)—,ul(Mn Wk)+‘u'z(Mn Wk)

EBCE M2a D& &,

1 _ 11 2.2
dn(r,o,M.;u)—ul(Mn Gn(t,a))-huz(Mn Gn(t.a))

_ u 7 7
—E[Xr(n)IT<ra+Ya(n)Ig<t+Wt(n.)Irzal."f'n]
X 5.
1 . 1
d (M,u)= ess inf d (7,0 ;M,u)
n
(z,0) A
n
T H %,

EM2.7. M= a H»-o MiEW(i=1,2)Ci'711/7"/’f—llf'f‘&ié?:ffiﬁb\ @20
4B, Tk &, |

(1) d (M, u)RK%EH%3: neNiHL T,

d 1M, ) =min (XE LY E W ) BLal, (M, u) | F D)

Gi) ' (M, 8 Gin (XX, v 2 @, whmy) | kxEshTu

BRBRRKDEINVF VEF —LVTH 3,

€N

_10_
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COREOEHE. M o= v F—arlEEAVT. TELICRET A

Wo

: . - . - +
ifﬁl. 2M1=E[supneN (max(X;,Y;,W;)) 1, i=1,2, EBLE, M=
(M, MDBEELIOREEZ A 129

toegBEEEL2AHVT, THEH2L3L2ACHUBERZTO > EICED, kD 2
SOEHEE2H %,

EH2.8. THLIOZH.2RET 50 ne N, u=(u1,u2)?0:ul+u2=l,
e>0%HEEE L.

¢ & —int {k=n| di(M,u)gmin(Xf (n).Wf (n))— &}
o ® =inf {k=n| le (n) — & >d]1((M,u)2min (Y;‘ (n),W: (n))— &}

as<&\(mja:)Mnusmrga-mu—rﬁ@r&éo%m‘u>o
@as\(ﬂ?oi)Mnusmf@s—ﬂu—r%ﬁv&%;

EP2.9. THLIOKXEAXRET %0 n€N, p=(pg , 0 )20:u0 +p =1

) 1 T H,
AEEE L.
c¥= dnf (k2nl d XML ) =nin(X X (), WE ()
n k k k
o= inf (k2n ] X2 m>alM. g)=nin (Y* ). W )}
n k k k k

&ﬁ(&\rpm:<®aﬁ.36& U:apﬁnwﬁufﬁﬂv—bﬁﬁ

T&éoﬁm\u>0®&%\(z}o?ﬁnﬁﬁhf@ﬂv—bﬁﬁfﬁéo

2 35 XK

[1] Aubin, J.P. (1979) "Mathematical Methods of Game and Economic Theory”,
Amsterdam, North-Holland.

{2] Besoussan, A. and Friedman, A. (1974) VNonlinear variational
inequalities and differential games with stopping times,
J. Funet. Anal., 16, 305-352.

[3] Chow, Y.S. and Robbins, H. (1961) A matingale system theorenm and‘

_11_



42

[4]

[5]

(6]

[7]

(8]
[9]
[10]
[11]
[12]

[13]
[14]

[15]

applications, In Proec. 4th Berkeley Sympo. "Math. Statist. Prob.”
Vol. 1, Berkeley and Los Angels, Univ. of California Press
93-104.

Dynkin, E.B.(1969) Game variant of a problem on optimal stopping,
Soviet Math. Dokl., 10, 270-274.

Gugerli, U.S.(1987) Optimal stopping of a Markov chain with vector-
valued gain funetion, In Proc. 4th Vilnius Conference "Prob.
Theory Math. Statist.”, Vol.1, Utrecht, VNU Science Press
523-528. ’

Hisano, H.(1980) An existence theorem in a vector-valued optimal
stopping problem, Mem. Fac. Scie. Kyushu Univ., Ser.4, 34
99-106.

Lai, H.-C. and Tanaka, K. (1986) On a D-solution of a cooperative

m-person discouted Markov game, J. Math. Anal. Appl., 115,
578-591.-

Mamer, J. (1987) Monotone stopping games, J. Appl. Prob., 24,
© 386-401.

Morimoto, H. (1986) Non-zero-sum discrete parameter stochastic games
with stopping times, Prob. Th. Rel. Fields, 72, 155-160.

Morimoto, H. (1987) On noncooperative n-player cyclic stopping games,
Stochastics, 20, 27-37.

Nagai, H. (1988) Nonzero-sum stopping games of symmetric Markov
processes, Prob. Th. Rel. Fields, 75, 487-497

Ohtsubo, Y. (1987) A nonzero-sum extention of Dynkin's stopping
problem, Math. Oper. Res., 12, 277-296.

EBIKIEE(1982) "SEHMEBEOBMB ", HTHIK.

Tanaka, K. (1989) The closest solution to the shadow minimum of a
cooperative Dynamic game, Comp. Math. Appl., 18, 181-188

Zhaohua, L. and Tanaka, K. (1987) On an optimal multistrategy and a
weak optimal multistrategy of a Markov game, Scie. Rep. Niigata
Univ., Ser.A, No.23, 1-11.

_12_



