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REMARKS ON ORDER OF A FUNCTION
ON AN ANALYTIC SPACE

By Shuzo Izumi

1. Introduction

If f 1is a germ of an analytic function on an analytic
space, we can define two kinds of order of f: algebraic
order and analytic order. .First, we compare these two.
Then we treata certain analytic map, comparing the order of
the pullback with the original order. In both cases, we
obtain linear inequalities assuming some conditions on the
tangent cone. (In reality, order and inequality are
expressed by degree of flatness and inclusion of ideals

hereafter.)

Let k denote the field R or €. 1If X 1is an analytic
space over k, (GX ; m;) denotes the local ring of germs
b s

of analytic functions at % € X.

(a) An element f € Gk ¥ is called p-flat if fe mg
b .
(b) feo is called weakly p-flat if c-|f(x)] = |x-%|°

holds in a neighbourhood of ¥ for some representative

f() of £ and for some ¢ >0.

(c) Let (X, 3) be a germ of analytic space and let C and
c* be its tangent cone and projective tangent cone
respectively (cf. [W]). c*¥ is isomorphic to the fiber
over § of the blowing-up of X with center 3.

(d) By a curve we mean an irreducible analytic space of
dimension 1. A germ of a curve on (X, %) has a unique
projective tangent in |C*|(cf. Wl).

(e) Let A Dbe a real analytic set. We can define a

A
d-dimensional Hausdorff (outer) measure lﬂd: 2 ._—>[0,uﬂ
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on A (d>0). BCA 1is called d-finite if /ad(B)<°° and
d-sigmafinite if it is a countable union of d-finite sets.
(f) Let A Dbe a globally irreducible real (resp. complex)
analytic set of dimension d. We call B<CA A-thin in A
if B is (d-l)-sigmafinite (resp. (2d-2)-sigmafinite).
(g) Let O be an ideal of A = k[xl’---,xn] and let
lClCanbe the intersection of the zero sets of fe€ 0. We

say that C = (|c], A/a) has roperty (Z) if it satisfies

the following condition:

If fe€ A vanishes on lCI, then f €0,
If k =€ (resp. R), this property is equivalent to the
property Jor = ot (resp. RJ?{= oo (see [Bo-R] for references)),

|3. Theorems1

By [RlJ, (2.2), and kojasiewicz inequality, we have the

following:

I Proposition 1. Let &:(Y, )—> (X, 3) be an anlytic map
between curves over k. If the induced homomorphism

P Ek,§—-+ OY,Q is injective, there exists & >0 such that

W_l(mg)CngupJ (p = 0,1,2,*++). (Here [ ] denotes the

\integer part.)

By a modified form of (B-R), (2.19), the above proposition,
and by subadditivity of /Mk, we have the following:
[ Theorem 1. Let (X, %) be a germ of a complex space such
that its tangent cone has property (Z). Then there exists
x>0 such that weakly p-flat functions on (X, ¥) are all

{xp)-flat. In real analytic case, we have only to assume

further that the set of the projective tangents of curves 1is
*]

lnot s -thin in each component of ]C
Remark 1. We may only assume that the functions are weakly
p—-flat on a subanalytic set which is not/u—thin "directional-

1y".
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Remark 2. The real case of this theorem was announced by

Risler ER2] assuming nothing on C and C¥ Later, however,

he told me that there was a mistake in his proof ([Rz],
Prop. 1).

Let $: Y——> X be an analytic map between analytic spaces
over Lk, T: X— X the blowing-up with center %eX,

P Y——> Y the blowing-up with center Q_1(§) and let

~r

d: Y——> ¥ be the strict transform of & (cf. (Hl).
’  Theorem 2. In the above, suppose that the tangent cone C
of X has property (Z) and that there exists a subset A
in the boundary of ‘p_loé—l(;)ch such that $XA) is not
ImM—thin in each component of'C*h:lgL'Then there exists & >0
. p (xP)

such that, if (f“})lé My for any n e/o(A) , fe m,;
(p=0,1,2,---).
° -1 _-1

Remark 3. If k=0C, the boundary of p "3 (%) coincides

) -1 -1
with p & " (3).
[ Corollary. Let &: (Y, M)——> (X, §) be a germ of analytic

map over k which is open in M (in the sense of [F],
p-133). Suppose the same as Theorem 1 for X. Then
(k) there exists & >0 such that (fo@%le mg implies

§ fe m§XP1 for p=20,1,2,-

(%) implies that the induced homomorphism ¥: GX’E———a GY,Q
is injective. The converse is not true. (Considering Samuel
functions, we see that (¥) implies dim GX,§§=dim6Y’ ‘ On.
the other hand, we have an example of monomorphism Y such
that dim OX’§>>dim DY, .) Hence the author 1is interested in
the case r(%) =dim GX, (r( ) denotes the geometric rank:
cf. [G), M)). If (X, §) 1is regular, this equality assures

(k) (cf. [T), p. 178).

E¥ ¢’ functions and completion

By Taylor expansion we can easily see that the results in

. . . r .
the previous section are also applicable to C functions for

-3~
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p=0,1,2,-++,r (not altering o).
The condition (¥) is equivalent to the similar condition
on the completion.

Proposition 2. ¥: A——> B be a local homomorphism of

local rings and let ¢} A—— B be its completion. Then the
following conditions are equivalent.

. -1, g P oy N1 P

(1) ¢ " (mp) < mp (ii) ¥ ) < my ~

This proposition follows from the fact that A (resp. B)

is faithfully flat over A (resp. B).
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