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Composite Structures of a Class of Soliton Solutions

R. Hirota

Dept. of Appl. Math. Hiroshima Univ.

i§l. Introduction
. We have been investigating our proposition that nonlinear evolution
eqﬁations which exhibit solitons are decomposed into the fundamental
eqﬁations, the bilinear equations. Until now several types of the bilinear
equations have been found.
The first type involves only one dependent variable f and is expressed
with the binary operaters

Fco, De,..) ff

where F is a polynomial or exponential function of Qx’ Dt’ etc., and Dx’ D¢

(r.r)

are the binary operators defined by

D Dt ) - gt = (a")i'ﬁ' a_f"a?)f"’“?(’ 9,
t’.t
The nonlinear diffe;htial equations which are transformed into eq.(l.i)
are
(i) K4V equation.
(ii) Boussinesqg equation.

(iii) Kadomtsev-Petviashvili equation.

-_/__.
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(iv) Model equations for shallow water waves.
(v) Higher order KAV equationms.
(vi) Toda equation.
(vii) Discrete analogue of the KAV equation.

(viii) Discrete-time Toda equation.

The second typg involves two dependent Variables)f' and £, and is
expressed as /
F(D,De,o)f-f=0 frmi=y2, (1.3
The nonlinear evolution.equations transformed into eq.(1.3) are ‘
(i) Modified K4V equations.
(ii) Sine-Gordon equation.
~(iii) Modified Boussinesqg equation.
(iv) Benjamin-Ono equation.
(v)  Self-dual nonlinear network equation.
(vi) Eguations describing a Volterra system.

(vii) Discrete~time nonlinear network equation.

In the present paper we shall discuss on the third type which involvs

four dependent variables f', f, g', and g
Fi (3,000 F + Fay (0,097 9 = 0, (1.42)
Fs; (Dy,D)f"9 + Fai (DD - 9"= 0, (1.44)

for i=1,2.

.§ 2. DNonlinear Schrddinger Equation and the Classical Heisenberg Ferromagnet
Let us start with the relation between the nonlinear Schrddinger equation

and the one dimensional classical Hiesenberg ferromagnet (Lekshmanan,
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Takhtjan, 1977). We have the nonlinéar Schr'o‘dirigér equation and the Heisenberg

ferromagnet equation v
. » - 2 -— Y rI
1 L}'t + lFxx +2—’\+I 1,1’ - 01 ) (2 )
)Se =)§’<Sx1, Ish=1, | , (2-‘2.)
where the subscripts indicate partial differnceations with respect to

indicated variables.

_ ¢ - , ,
According to the classical differntial geometry, the spatial variation
‘ A
of a twisted curve are governéd bry'the Serret-Frenet equations
A ~
i FftY=[0 K 0 t
dx|
n -k O T
”~
b o -T o

where ¢ is the arc length parameter. The function's T(x, t) and)}{(x, t)

(2:3)

o D

are the torsion and curvature, respectively while "r:, % and % are the usual
tangent, normal, and binormal to the curve.
Hashimoto. (1972), Lamb (1976) found that if the motion of the twisted

curve is described by

_4_42 ={ 0 -k T Ke (%]

dt| ke A .
" kT o Rrylm (2:4)
~ k »
b ~kx -2 T* 0 || b

thén the comptability condition on egs.(2.3) and (2.4) gives the evolution
equations of ) and T which are combined to give the nonlinear Schradinger
equation

Y+ Y +2)¥ Y =0, (2.5)

where
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v ¢
x/, = K%[ij'(‘ff:x')dx'l (2-6)

On the other hand, eleminating }¢ and T out of egs.(2.3) and (2.4) and
identifying the tangent vector ‘«Ewith the unit spin vector -g, one obtains the
Heisenberg ferromagnet equation

—— - —

’St = S %X Sxx.

Now we shall analize the above relations using the bilinear formalism. First

(2.7)

k %
we introduce four dependent variables £ , £, g and g, where X denotes

complex conjugate, and constuct the tangent vector 2 = ({:,, tz) t 3 )

2§7F -

Ff+97%.
¥, Z#’

t3 = ixff- j’?j ° (2\7)

tlz"' tzz + f; = 1. (2.10)

X
Then the Seret-Frenet equation gives that\l/isk expressed with £ , f, g* and

t,tity = (2.8)

Note that

g as follows. .
= k [i e, x)dx (2.11)
Vo= xenp _L, ]

_ 2Dy f | (2.12)
FF+87d - "
provide that the following céndition on f, £, g and g are satisfied
ol >
D,((,C;)c+g.3)=o‘ (2.13)
On the other hand, we know that the honlinea.r Schr'o'dinger equation is

transformed into the bilinear form

(1D, +D)G-F =0, | (2. 14a)
DEFF=2GYG , R 144)

though the transformation .
y=6/F, (2.15)

where F is a real function.
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The equation (2.12) suggests the composite structure of the solitén
solution to the nonlinear Schrodinger equation, Actually we have proved that
F and G defiwed by

F7'= .)C*)C + ?’F?‘ | (2.16a)
GR=Dg f. (216

" :
satisfy eq.(2.1hk) provided thatvf*; f, g and g satisfy the following

bilinear equation

g(<)c’—'.‘)c+?*.g)=o, (2.17a)
(CDetD )T - 979020, | (2.17€)
(¢D,+ D) F-3%= 0. | (2.17¢)

Furthermore we find the classical Heisenberg ferromagnet equation in the

continuum limit

is also transformed into eq.(2.17) through the transformation
JS =(SD;SZ,S3) ' (2:'?0.)

518, = ——f——fff :;,7, (2.19¢)
= ﬁ———ﬂz— (2-’7(’)
ST

The bilinear equation (2.17) plays the fundamental role in the

nonlinear SchrBdinger equation and in the classical Heisinberg ferromagnet.

2?3. Pohlmeyer-Lund—Reége—Getmanov Equation

In this section, we consider the Pohlmeyer-Lund-Regge equation
. MmO |
Oxe —aim 0 o0 = TS5~ fafe= 0, (3.1a)

(lan*0), + (fitan’6 ) = 0. (3.1¢)

which is transformed into the Getmanov equation
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‘%t+.' 9,&.9::*(’; '_'CF(I“‘,CF*QO); 0. (3.2

through the transfomation SO
? MQ&P B (3.3)
TﬁekPohlmeyer—Lund—Regge equation has been found through the geometrlcal
con51deratlon of the sine-Gordon equation and is known to be transformed
into the inverse scattering form. B
On the other hand, Getmanov transformed eq.(3.2) into the trilinear

equation

DD FF <2479, (34a)
FZ(Dth—I)g-F]=CI/2.)3*Dthj-j (3.4¢)

through the transformation

G=g/F , F heong mad . (3.5)

He found 2-soliton solution to it and conjectured N-soliton solutions.
We shall show in the appendix that F of eq.(3.5) has the same dtructure

as that of eq.(2.16)
FZ':_.)c";(.,j*g | (3.€)
and the trilinear equations are transformed into the bilinear equation
Dylf f+§%9)=0, (3.7a)
DD AFEf - g1 3)+297g = 0, (3.74)

(DD -DFf-§7= 0. (3.7¢)

The bilinear equation D (fl £ + g'. g) = O suggests that the quantity

defined by

'1//= ;*2:{—&:‘%% : . (3.8)

would play a similar role to that in the nonlinear Schraainger equation.
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In fact,'qfdéfined by eq.(3.8) is found to satisfy the equation
Vet = "/’(,’”"‘ftlz)“/z 3P
which is much simpier’than the Pohimeyer—Lund—Reggé;Géfmanov(equation.

The Pohlmeyer-Lund-Regge equation reduces to the sine-Gordon equation

| Oxe = am e ® (310
ifﬁ=o. '

It is known that the sine—Gordon‘equation is transformed inﬁo the
pilinear form ; o o ‘
Dfo(f~)c—j~j)=o’ (3. Ha )
(D«De=1)f- § =0, (3.104 )
through the transformation

o=2Tan'(3/f). - By
For real f and g, eq.(3.7 b) and (3.7 c¢) is the same as eqs.(3.il a), (3.11 b)
except the second tefm Zg*g in eq.(3.7b).’This suggests us anotherv
' generalization of the sine-Gordon equation to the complex one.
We introduce a set of bilinear equation
Dftf ﬁ?*.j).—. 0, (3.13@)
D«D: (fTf-9%9)=0, | (3.13¢8)
D -0ffg=0, (3.13¢)
and construct a compoex sine-Gordon equation through the dependenﬁ'Variéble
transfofmation ) ' - ‘ ‘ 7
f:!y;&f(f)@«a@ e (id), - (3.14a)
gsz(F)M‘»QWF([/?), - (314¢)
where P, 9 » ol and ﬁ are real functions of x and t. o
Substituting eq.(3.1L4) into egs.(3.13) and eliminating P and o/ we

obtain
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th‘:_’m49‘%%ﬁzﬁt =0, (3.15a)
2 ' .
(Féfaﬂt O)y + (,Bx'[amﬁ(—))t =0, (3.15¢)

which is the same equation as the Pohlmeyer-Lund-Regge equation except the
second term in eq.(3.15 a) where we have (1/4)sink @ in stead of (1/2)sin2§.
The difference is crutial in the nonlinear evolution equation. Any scale
transformation never transform eq.(3.1) into eq.(3.15).

HeréSafter we call eq.(3.15) "complex sine-Gordon equation."

Now we have th nonlinear evolution equations as generalizations of the
siné_Gordon equation. One is the Pohlmeyer-Lund-Regge equation and another
is the complex sine-Gordon equation. We met with the similar:.situations
before. The first case is concerned with the higher order KAV equation. There
are three types of fifth order KdV equation, the fifth order KAV equation of
Lax, the Sawada-Kotera equation and Kaup's equation. They differ only in the
coefficients of nonlinear terms. The second case is concerned with the model
equations for shallow water waves. Among them the fifth‘order K4V equation
of Lax, Kaup's equation and one of the model equatio for shallow water waves
afe'obtained through the inverse scattering formalism. The others are obtained
through the bilinear formalism.

One of other generalization of the nonlinear evolution equations is to
construct the differnce-differnce eéuations. Difference analogues of the
nonlinear evolution equations were first constructed by using the inverse
scattering formalism, and then by uéing the bilinear formalism. We have

_constructed a discrete sine-Gordon equation using the bilinear equation
(3.10).

Taking the similarity between egs.(3.7) and (3.11) into account, it is



possible to construct difference analogues of the Pohlmeyer-Lund-Regge

equation and of the complex sine-Gordon'equation. We shall describe them in

the:?orth coming paper.

‘§ . Landau-Lifshitz Equation

The Landau-Lifshitz equation ,
§t=)§x’,§xxt §xg§ ' “.1)
3 (S, 5., 5> ., ISh=1, 4.2)
=g (3.8 950, §.<didd,, (4.3)

describes nonlinear spin waves in a ferromagnet propagating in a direction
orthogonal to the anisotropic axis.
Sklyanin and Borovik have succeed in representing eq.(k.1) as a

compatibility condition

Le-My+[L,M]=0, (4. 4)
for the set of two equations for 2Xx2 matrices (#(y)t A )

=L, L=L(5:a (4.5a)

P =eMP, M=M(5:2) “4 560

vhere ) 1is the spectral parameter.

Bogdan and Kovalev have succeed in transforming eq.(4.1) into the

trilinear form

f")c'[[in *D"z“a("'a)]?'fﬁ+Z*{D;3~g-a0‘6)f'f}=0/ 4. 6a)
g {(-iDy+D-a i $)1g § 1 DS f-a0-0)7 3 =0, (44)

through the transformation

-
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25"

Ry 27

P I .
= 4
53 f"f" 7,,? 4.716)
a = (IB -J—I )/24 y SERRFS AR U A . Lol 7{‘{-_8@_ )
8= (R-TH/R-T)>  (4ge)

: They have obtained 2-soliton solutidh'andhconjectured§N—sbiiton solutions.

Ve have transforned eq.(4.1) into > the bilinear form.
Du(£%F + 9% g)- e 49
(DD -gmg) =0, 3w
(DD g a(fg*f;)m&!f’fy f30=0. (41¢)



