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On the strong convergence of the Cesdro means

of contractions in Banach spaces, IT

By = Kazuo Kobé.yasi (sagami Institute of Technology) -

1. Introduction. Throughout this note X denotes a uniformly
convex Banach space and C 1is a nonempty éiosed ébﬁvex subset of
X. A mapping T: C + C is called a contraction on C, or T &
cont(C) if || Tx - Ty H‘g |l x -y || for every x, y & C. A family
{Tr(t): t > 0} of mappings from C into itself is called a contrac-

tion semigroup on C if T(0) = I, T(t + s) = T(£)T(s), T(t)&E

cont(C) for t, s Z>O and 1lim || T(t)x - x|| = 0 for every x &€ C.
t+v0 ‘
The set of fixed points of a mapping T will be denoted by F(T).
We set
-1 n-1 5 : _1 t
S X =n ) Tx and o.x =t I T(s)x ds
n 1=0 t )0

for x&C, n = 1,2,**+ and t > 0.
The purpose of this note is to prove the following theorems

which are obtained by the author and Miyadera ( see [8] ).

Theorem 1. Let T & Cont(C) and x &C. The following (a)-
and (b) are equivalent:
(a) There exists an element y of F(T) such that (the stfong)

lim SnTkx =y uniformly in k = 0,1,2,°°-.

n-—> oo
(b) F(T) # @ and

(1) 1im || 275 7¥P% + s T
n m

n,m-w

2+m 1
x)

- tretts M o+ 27l 1My |
n m

holds uniformly in 2 = 1,2,+°°.
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Theorem 2. Let {T(t): t > 0} be a contraction semigroup on
C and x &€ C. The following (a)' and (b)' are equivalent:

(a)' There exists an element y of M F(T(t)) such that

t>0

(the strong) 1lim o, T(h)x = y uniformly in h > 0.

£t > w

t

(b)! F(T(t)) # @ and

t >0

(1) lim || 27 (0. T(t + h)x + 0. T(s + h)x)
S £ 5 ‘

1

- T(h) (27T T(E)x + Z_lcsT(s)x)ll =0

holds uniformly in h > 0.

Remark 1. Let T & Cont(C) and {T(t): t > 0} be a contrac-

tion semigroup on C. If F(T) # @ ( resp. (\ F(T(t)) # @ ), we

£t >0
have the 1limit (1) ( resp. (1)' ) for each & = 1,2,+++ ( resp.

h>0).

2. Proofs of Theorems. We first note that for every sequence

{xn} in X the following equality holds: For any %2, p > 1 and k>0

1 zil 1 Qil 1 pil
(2) - X, = 97 (p~ > SUNPU
150 i+k 120 320 J+it+k
-1 Pgl :
)T L - DXy ) T Xippegor)

i=1

Lemma 1. Let T & Cont(C) and x &C. If (b) of Theorem 1 is

satisfied, then {IISnTnx - £ ||} is convergent for every f & F(T).

Proof. Let f&F(T) and o = sup [ISnTn+Jx - TJSnTnxll for

j=>0
n > 1. Since
3 ntm o _ (n+m)_1 ngm—l(s phtm+i Tm+iS %)
n+m L n X = at X
i=0
n+m-1 . .
+ (ntm) ™7 ) Tm+lSnTnx
i=0

-2 -
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n-1 . .
¢ In(ntm) 17§ (n - [Tl | p2(ndm)4i-l g

i=1
by (2), we have

~ n+m-1 .
S M - £l s e+ )™ T TS M - 1 |
i=0

n-1 s .
+ [n(n+m)]—1 Z (n - i)”,I,n+m+:L—lX _ T2(n+m)+1—1X”
i=1

< o+ I Tx - £]] + (n-1)]x-£] /(n+m)
for n, m > 1. Letting m » «, we get

. m n
lim sup || s, T x = f Il < a, + I s, T'x - £l

m > &
for n 2 1. Since taking n = m in (1) yields that 1lim o_ = 0, we
n->o
obtain that 1im sup || S T"x - £|]| < 1im inf}| s. T'x - || .
: m > o m n = o n .
Q.E.D.

Lemma 2. Let T & Cont(C) and x & C. If (b) of Theorem 1 is

satisfied, then there exists an element y of F(T) such that

lim S Tn+kx = y uniformly in k = 0,1,2,°°-.
n >

Proof. Take an f & F(T) and set u, = SnTnx - f for n 2 1.
By Lemma 1, 4 = i%?wllun || exists. Since || Uiy = Uy | > 0 as
n + ©, we have
(3) i{me[un tu s |l = 2d for every i > 0.

We now show that {S_T'x} is strongly convergent to an
n
element of F(T). To this end set
n=1 ntk+i-1 2(n+m)+i-1
)} [T X =T x].
=1

1

i

v(n,k) = [n(n+m)]~
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n+k-1 .
, ntk_ -1 n+k+i
ince 8, T "x = (n+k) izo 5,T x + v(n,k)

| vin,k)|| < (n - l)[[x‘— £ ||/(n + k), we have

| u

by (2) and

ntkc * Unag |l
n+k-1 . .
= | (n+w)”t Y (s TMERL g pMEFL | oopy
S i=g M m |
n+k-1 .
[(n-m/(m+k)(n+k)] (Sme+k+lx - f)
i=0
m+k-1 . ‘
me” ) (s ™ L ey v v(n,k) 4 v,k ||
i=n+k
n+k-1 . .
- +
<f2/m+100] 1 fl27hs 1t v s o™ L)
=0 S

+ [lx = £f|[[{m-n)/(m+k) + (n-1)/(m+k)+(m-1)/(m+k) ]

..]_(

n+k+1i

orm>n > 1 and k > 0. Combining this with || 2 T x +
. +k+1 -1 n m
>me tx) - £ < “om * | 277 (s, T"x + S _T'x) - £ ||, where
X = Sup|]2_1(S 0y 4 g Tz+mx) - Tz(2_18 ™x + 27 1g me)||,
n,m 2>0 n m n m
ve obtain

2(m-n) n-1 m-1
52anm+“un+um” +Hx_f||[m+k +n+k+m+k]

3

for m > n

v

1 and k > 0. Letting k » «, we get from (3) that

2d < 2a + |l u + u |
n,m n m
c2a, o+ lugl gl
for all n,m > 1. Since 1lim o = 0 by (1), we have that
n,m>e M
lim llun o | = 2d . By uniform convexity of X and 1lim ||unH

n,m->®

TR

n-> o
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=d, 1im ||S T™x - s ™x]|| = 1im |Ju = u || = 0. whence {S T"
’ n,m > n m ! r“mJLfl m” > W © {n x}

converges strongly. Put y = lim,SnTpx. By (1) withfn

n
m ST 'x
im s,

-1, ™x | <2l x - £l /n o+ | s T

X - TSnT?xl|-+ 0 as n + o,
and hence y & F(T). -
Finally-, by (1) with n = m again,

o
sup | s 77 - ]
k20

n+k

IN

sup IISnT

x - T8 ™x]| + I;S ™x - y|] + 0 as n » o,
k>0 n noo

Q.E.D.

Proof of Theorem 1. We first assume that (b) holds. By

virtue of Lemma 2, there exists an element y of F(T) such that

1im s Tk,

n-—>x

= y uniformly in k > 0. Therefore, for any € > 0

N+j

there exists a positive integer N such that IISNT x -yll < e
for any j > 0. Since

n-1 o - N-1

g Tkx - n—l Z 3 Tk+1X + (nN)—l Z (N-—i)(Tk+i—1X _ Tk+i+n—lx)
n P\ .~
i=0 , i=1
by (2), for n > N we have
n-1 .
k -1 k+ .
s, 7% - yl|l <n .ZollsmT' x -yl F@-1lx - yll/n
i= ’
N-1 . n-1 .
-1 k+ -1 k+
_<. n z ” SNT lx - y“ +n Z “ SNT lX - y” ‘

i=0 i=N

+ (N - D] x - yl[/nv

IN

N||x -yll/n+ e+ (N -1)]]x -yl /n.

Hence sup IISHTkX - yll * 0 as n > . This proves that (a) holds.
k>0

Next, assume that (a) holds. Put y = 1lim S x. Since y & F(T),

1nn >
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F(T) in nonempty. Moreover,

| 27 (s 7™ % + s T ) - rhemls 1% + 27s T ||
n m n m

n+% 1

IA

-1 m+ 2 ~1 n - m
Il 2 (8,7 "x + 8 T "x) -yl + [ (2778 Tx + 2778 T'x) - y||

1A

27|l s 1™ Pk <y I+ s T P -yl 1S, T - vl + IS T -y

Since the right hand of the above inequality goes to 0 as n » o

uniformly in & > 1, (1) holds uniformly in & > 1. Q.E.D.

Proof of Theorem 2. First, assume that (b)' holds. Similarly
as in the proof of the preceding lemmas, we have the following
(c) and (d):

(¢) 1lim llotT(t) - £ || exists for every f & (Wt s oF(T(E)).

t >

(d) There exists an element y of rw F(T(t)) such that

t>0

lim otT(ti-h)x = y uniformly in h > 0.
£t >

To prove (c) and (d) we use the following equality instead of (2):

-1 (* G L R
t j T(E+h)x dE = ¢ J [s j T(&+n+h)x dn] dg
0 0 0

S
+ (ts)_l J (s = MI[T(n+h)x - T(n+t+h)x] dn
0

for t, s > 0 and h > 0. Now, the same argument as in the proof of

Theorem 1 implies that 1im o _T(h)x = y uniformly in h > 0, which

[

t
shows that (b)' implies (a)'. Conversely, we can obtain that
(a)' implies (b)' as in the same argument as in the proof of

Theorem 1. Q.E.D.

3. Corocllaries. In this section we shall consider

sufficient conditions for (b) and (b)'.
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Lemma 3. Let T €&Cont(C), x€ C and F(T) # @. Suppose:

(i) T is affine on C, or
(11) 1im || ™% - ™3 || ¢

n -+ o

= B(i) ) exists uniformly in i > 1.

Then we have condition (b) of Theorem 1.

Proof. If T is affine on C, then it is evident that (b)
holds, and hence assume condition (ii). Take an f & F(T) and
an r > 0 withr > ||[x - f£{], and set D =F{z€§)(:|lz -fll < r}
mC and U = TID. Since D is nonempty bounded closed convexband
U & Cont (D), by virtue of [7, Theorem 2.1] (cf. [6, Lemma 1.1])
there exists a strictly increasing continuous convex function

y: [0,») » [0,®) with y(0) = 0 such that

'3 kS X L
|| U (121 Ayxg) - ileiU x|l
sy omax Dllxg - xgll - 10 xg - U oxgfl ]
1<i,j<k _
for any Al,-o-,Ak > 0 with Al Fooe +Ak =1, anykxl,-~-,xk:EED and
any k, 2 > 1. Consequently,
zAn—l m-1 © n-l 9 m-1 2
I|T (izo Xy * iZO Wiy - (iZO A Txg + 'Zo wy Ty |l
-1 L L % L
< v Hmaxtll xg vyl = Tty =TI xg -l - T -]
% % C o | |
v, =gl = 1Ty, =T Il 5 0<1,5 <n-1, 0<p,q<m-1})
' n-1 m-1
for any Ay, u; 2 O with .g 'Ai + .Z by = 1, any X, y,;&D
i=0 i=0
and any n, m > 1, £ > 0. Using this inequality with Ai = 1/2n,
X, = Ti+nx for 0 < i < n-1 and B = 1/2m, y; = Ti+mx for 0 <

1 < m-1, we obtain
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1) I!TQ(Q—lSnTnX + 2—lsmeX) _ (2-lsnT9,+nX + 2-1SmT2+mX)II
< v Hmax (] T - 2] P o BT
”Ti+nX _ Tp+nxl|-|LT2+i+nx _ T2+p+nxl|’
'ITp+mX _ Tq+mX]|-l|T2+p+mx _ T2+q+mx}|:
0 <i,j ¢<n-1, 0 <p,q <m=1})

‘or any n, m > 1 and & 2 0.

For any € > 0 choose a § > 0 such that Y_l(ﬁ) < e. By (ii)

n

‘here exists a positive integer N such that B(i) < || T x

_ Tn+ix H

B(i) + § for every i > 0 and n > N. Hence if n, m > N, then

” Ti+nX _ Tj+mX” _ || T2+i+nx - T

2+i+m
I ]

< B(]j?m—i—n]) + § - B([j;l-m-i—nl) = §

or every i, jJ > 0. Combining this with (4), we obtain that if

1, m > N, then

L,,=-1 n -1 m -1 2+n -1 2+m
| 77 (2 S,Tx + 2778 Tx) - (2778, 7" "x + 2775 T "x) ||
-1
<Y T(8) < € for any 2 > O.
fhus (1) holds uniformly in 2 > 0. Q.E.D.

Similarly as in the proof of the above lemma, we have the

"ollowing

Lemma 4. Let {T(t): t >

0} be a contraction semigroup on C,

(& C and f\t 5 OF(T(t)) # #. Suppose
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(i)' each T(t) is affine on C, or . .

e

(ii)' 1im IIT(t)x - T(t+h)x|| (=B'(h)) exists uniformly in h > 0.

Then we have condition_(b)? of Theorem 2.

Combining Theorems 1 and 2 with Lemmas 3 and 4 respectively,

we have the following corollaries.

Corollary 5. Let T & Cont(C), x &C and F(T) # #. If one of
conditions (i) and (ii) of Lemma 3 is satlsfled then there exists

an element y of F(T) such that lim SnTkx =y unlformly in k. 2> 0.

s
Corollary 6. Let {T(t): t > 0} be a contraction semlgroup

on C, x €C and (W F(T(t)) # @g. If one of condltlons (1)' and

t>0

(ii)"' of Lemma 4 is satisfied, then there exists an‘element'y of

N

s oF(T(t)) such that 1im o, T(h)x =y uniformly in h > 0.

tow T

Remarks 2. 1) Let T € Cont(C) and x € C. If {T"x} has a
convergent subsequence, then condition (ii) of Lemma 3 is
satisfied (cf. [5, Theorem 2.4]). 2) Let X be a Hilbert space,
and let T € Cont(C). If T is odd, then condition (11) of Lemma 3

is satisfied for every x &€ C (cf. [4]).
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