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Stefan problems with the unilateral boundary condition

on the fixed boundary

Shoji Yotsutani

§0. Introduction.

In this note we consider the following one-dimensional two-phase
stefan problem with the unilateral boundary condition on the fixed
oundary : Given the data, ¢ and £, find two functions s = s(t)

immd  u = u(x,t) such that the pair (s, u) satisfies

 (0.1) s(0) = &, 0 < s(t) <1 (02t <T),
(0.2) Uex ~ oYt ~ 0 (0 < x <s(t), 0<t<T),
(0.3) Uy ~ CqUp =0 (s(t) <x <1, 0<t=<T),
(a)  u,(0,t) € yy(u(0,t)) (0 <t <T),
(0.4)
(B) =u (1,t) € y (u(l,t)) (0 <tz
S) 1
(a)  u(x,0) = ¢(x) (0 £ x<4),
(0.5)
(b)  u(x,0) = ¢(x) (2 2 x < 1),
(0.6) u(s(t),t) =0 (02t <T),
and the free boundary condition
L (0.7) b s(t) = u (s(t)+0,t) - u _(s(t)-0,t) (0 < t <T)

‘he quantities cys €y and b are positive physical parameters of
:he problem. T 1is a positive constant to be discussed later, and the

lunction ¢ and the value &, 0 < & < 1, are the initial data for (S).
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Fach  Y;> i =0, 1, is a maximal monotone graph in :R? with
Yi(Hi) 30, where Hi is a constant satisfying (—1)-i Hi > 0. We put
the assumptions of signs for Hy and Hy from the physical reasoning.
(0.4) are the unilateral boundary conditions and (0.7) is the so-called
stefan's condition,

The system (0.1)-(0.7) is a simple model of a heat-conduction
system consisting of two phases (e. g. liquid and solid) of the same
substance>which are in perfect thermél contact at an iﬁtefféqe.'u(x,t)
represents the temperature distribution in the’éystem, and the cur?e
s(t) represents'the position of the interface which varies with time t
‘as solid melts or liquid freezes. The unilateral boundary conditions
(0.4) model several physical situations, including the temperature
control througﬁ theiboundary [7, Ch. 1] and the heat fiow’éubjéét to
the nonlinear cooling by the radiatibhydﬁ the‘bouﬁdary't9; Ch;‘7];

The boundary conditions at the interfate ((0.6), (0.7))-refleCt
respectively the facts that the temperature at the interface must be
equal to the melting temperature (taken to be zero) and that the rate
of melting is propotional to the raté‘of absorption Qf‘théJﬁéét‘

energy at the iﬁteffacé. In formulating (0.7), wé have assumed, without
loss of generality, that the therﬁal conductivety in both bhases‘is 1.

The problems of this type with linear boundary conditions on the
fixed boundary have been considered by maﬁy»authors (RuBiﬁsteih [15],
Kamenomostkaja [10], Friedman [8, 9], Brézis [1], Cannon-Primicerio
[4, 5], Cannon-Henry-Kotlow [6], Nogi [13], etc.). On the other hand
Bénilan [22] has treated this type's Stefan problem of n-dimensional
case by using the theory of nonlinear contraction semigroups in Banach

space »Ll

. He got a integral solution. However we do not know the
differentiability of the Benilan's integral solution. One-phase problem

of this type was recently studied by Yotsutani [20].



62

Our purpose 1is to study the global existence and uniqueness of
the classical solution.
In §1 we state the main results. In §2 we explain the difference -

scheme.

§1. Statements of main results.

We suppose that 0 < & < 1, and ¢(x) satisfies the following

condition (A) for simplicity.

¢(x) 1is a Lipshitz continuous function on [0,1] satisfying
(A)
¢0) € D(vy)> ¢(1) € D(y;) and (2 - x) ¢(x) 20 (0 2 x 2 1),

DEFINETION. The pair (s, u) 1is a solution of (S) 1if

s € CLo, 1) n €70, 1D, v e ¢, wpp. €Ty (=0, 1,
b

T dxdt < +=, and (1)-(7) hold, where Dy =D, pU D
3

Of(l) tu 2

XX

/ 1,T°

. p= {x,8) 5 *DT i< - x <D syy G =0, .

THEOREM 1. Let ¢(x) satisfy (A). Then there exist a critical

time T (0 < T" < +x) and a pair of functions (s, u) defined on
[O,TK[ such that (s, u) 1s a solution of (S) on [0,T] for any
T 0 <T <T ).

.

Further if T < +w, then the following relations hold,

lim s(t) =0 or 1, 0 <s(t) <1 (0 <t <Ty.

t —).T w
REMARK. 1In particular, if Y; (1 =0, 1) 1s a single valued
maximal monotone, then Ux|D € C(Di,T) (Di,T = Di,T U {x=11})

i,T

3

for any T,

- ud,e) =y ud,e) (0 <t < T,
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THEOREM 2. Under the same assumption of Theorem 1, the critical

time T  and the pair (s, u) on [0, T°[ are uniquely determined.
REMARK. We can loosen the assumption (A) a little.

We construct a solution by using a primitive implicit difference
scheme with only a device of capturing a free boundary explicitly
through step-by-step process in time (see §2). Uniqueness is based
upon the maximum principle, its strong form, a parabolic version of
Hoph's lemma and - the comparison theorems for the unilateral problem -
assoclated with the heat equation. The proofs of our theorems is giver

in [21].

§2. Difference scheme

Let & be a rational number with 0 < & < 1.

We use a net of rectanglar meshes with uniform space width h an
variable time step {kn} (n =1, 2. 3, ***). Time steps {kn} are
n

assumed to be unknown and they are determined by the rule that h/k

gives gradient of a desired free boundary at each time t =t so

n’

that the free boundary crosses each mesh lines just at each correspon

mesh points. Let us introduce discrete coordinates

Xj =Jh (J =O$ 1: 2, ..'..) M)>
Tn /’
tn=Lp=l kp (1'1.‘_‘1, 23 33 ..'..): t0=03
where h wvaries in such a way that &/h = JO and 1/h = M are

integers, and net functions s, and u? which correspond to s(tn)

and u(xj, tn) respectively. By our rule we can put
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(2.1) s_=J_+h (Jn : interger, n = 0, 1, 2, *ec=*),

Further we introduce usual divided differences

n _ 1, n _ .n n _ 1 n _
(2.3)  ulg = i? Wl - 2uf v ufi, e = = (uf - u?—l), ete.
n

In our scheme the heat equation are replaced by pure implicit

difference equations,

n - n._ = 3 Py
(2.4) iz - equig = 0 (1sjsd -1,
. n — -
(2.5) Uj‘x-}z - ClUJ-E =0 (Jn + 1 <] = M 1.

The boundary and initial conditions are put in the following forms,

n n
(a) ugy € vglugd,

\276)
(b)  —uyz € vy,
(@) ud =45z e(x) (0 <igIg- D,
(2.7)
(d) uf = o5 = e(x)  (Jg* 1z,
(2.8)  uj =o.
n

The Stefan's condition is replaced by an explicit formula

h _ n-1 _ .n-1
(2.9)  #bp- = uy "y T Yy %
n n-1 n-1
where + or - sign correspond to the cases of positive heat flow
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to the interface or negative one at t = t = respectively.

Our algorism is the following. B : a positive constant.

0 0 _ . - 0 _ 0 _ . \
17wy =6, (023270, 1), Y, 0, up =05 (Jg* 1<) <M,
sg = Jo-h =9
For n =1, 2, 3, **+ successively,
1
2.1° if u?'lx—u§'1§>eh’z, then we take J_ =J _; +1
n-1 n-l
and get kn from
blL - un—l _ un-—l _
k J X J X
n n-l n—1
1
2.2° if ug_l < ug_l < th, then we take J = Jn_1 -1
n-1 n-1
and get k from
- b o 0l n-1
kn Jn-l Jn—l
1
2.3° if lug_l < ug—l zl = th, then we take
n-1 n-1
1
J =J and k_ = bh? / B
n n—-1 n ’

3° solve the system of difference equations (2.4) and (2.5)

for {u?}j under the boundary conditions (2.6) and (2.8)

with the initial condition {u?_l}j R

° _

4 1f Jn < Jn_l > Jn—2 O? Jn > Jn—l < Jn—Z’ then Jn and
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1
. _ _ .2
kn are revised as Jn = Jn—l and kn = bh"/8, and then
return again to the step 3° (as n =1, we conseder J_l = JOX
5° if J_ =1 or M -1, then stop computing.

REMARK 2.1. Step 3° 1is well-defined by Lemma 4.1 of

Yotsutani [20].

Acknowledgement. The author would like to express his hearty

thanks to Prof. H. Brézis for his valuable advices.



[il

[2]

[3]

[4]

[5]

6]

[7]

67

References

H. Brézes, On some degenerate nonlinear parebolic equations, i

"Nonlinear Functional Analysis, Proc. Symp. Pure Math. XVIII,"

(F. Browder, e.d.), Amer. Math. Soc., Providence, R. I., 1970,

28 —-38.

H. Brézis, Problemes unilatéraux;'J. Math. Pures Appl.,'51

(1972), 1 - 164.

H. Brézis, Operateurs maximaux monotones et semigroups de

contractions dans les espaces de Hilbert, Math. Studies; 5,

North Holland, 1973.

J. R. Cannon and M. Primicerio, A two phase Stefan problem witl

temperature boundary conditions, Ann. Mat. Pura Appl. (IV), 88

(1971), 177 - 192.

J. R. Cannon and M. Primicerio, A two phase Stefan problem witt

flux boundary conditions, Ann. Mat. Pura Appl. (IV), 88 (1971),

193 - 205.

J. R. Cannon, D. B. Henry, D. B. Kotlow, Classical solutions ol

the one-dimensional, two-phase Stefan problem, Ann. Mat. pura

Appl. (IV,, 107 (1975), 311 - 341.

G. Duvaut and J. L. Lions,

physics, Springer, 1976.

Inequalities in mechanics and



b8

[8] A. Friedman, One dimensional Stefan problems with nonmonotone

free boundary, Trans. Amer. Math. Soc., 133 (1968), 89 -114.

[9] A. Friedman, - Partial differential equations of parabolic type,

Prentice - Hall, 1964.

[10] S. L. Kamenomostkaja, On Stefan's problem, Math. Sbornik,

53 (95), (1965), 485 - 514,

[11] N. Kenmochi, Free boundary problems for a class of nonlinear
parabolic equations : an approach by the theory of subdifferential

oparators, to appear.

[12] L. Nirenberg, A strong maximum principle for parabolic equations,

Comm. Pure Appl. Math., 6 (1953), 167 - 177.

[13] T. Nogi, A difference scheme for solving the 2-phase Stefan
problem of heat equation, in Functional Analysis and Numerical
Analysis, Japan-France Seminor, Tokyo and Kyoto, 1976: H. Fujita

(ed.), Japan Society for Promotion of Science, (1978), 361 - 382.

[14] I. G. Petrowsky, Partial differential equations, originally
published in Moscow in 1961 by Fizmatgiz under the title Lektsii

ob uravneniyah s chastnuml proizvodnumi,

(15] L. I. Rubinstein, The Stefan problem, translation of mathematical

monographs 27, American Mathematical Society, 1972.

[16] D. G. Schaeffer, A new proof of the infinite differentiability
of the free boundary in the Stefan problem, J. Diff. Eqs., 20
(1976), 266 - 267.



69

(171 D. G. Wilson, A. D. Solomon and P. T. Boggs (Ed.), Moving

boundary problems, Academic Press, 1978.

[18] M. Yamaguchi and T. Nogi, The Stefanbprcblem, Sangyo-Tosho,

1977, (in Japanese).

[19] S. Yotsutani, Evolution equations associated with the

subdifferentials, J. Math. Soc. Japan, 31 (1979), 624 - 646.

[20] S. Yotsutani, Stefan problems with the unilateral boundary

condition on' the fixed boundary I, pre-print.

[21] S. Yotsutani, Stefan problemé with the unilateral boundary

_ condition on the fixed boundary'II,‘pfe—priﬁt

[22] P. Bénilan, Opérateurs accrétifs et semi-groupes dans les
espaces P X P 2 ®), in Functional Analysis and Numerical
' Analysis, Japan-France Seminor, Tokyo and Kyoto, 1976: H. Fujita

(ed.), Japan Society for Promotion ofchience, (1978), 15 - 53.

[23] A. Damlamian, Some results on the multi-phase Stefan problem,
Comm. in Partial Differential Equations, 2(10), (1977),

1017 - 1044.

Shoji YOTSUTANI

Department of Applied Science
Faculty of Engineering
Miyazaki University

Miyazaki 880

Japan

10



