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ON CONSTANT SUBRINGS

Kazuo KISHIMOTO

Department of Mathematics, Shinshu University

Throughout, A will represent a ring with identity
element 1, and B an extension ring of A with the
common identity 1.

A sequence L = {fo =1, £ S # 0} of

17 rtg

End(BA) = Hom(BA,BA) is called a derived sequence with

an associated sequence (abbr. a.s.) if, for each i = 0,1,
-1 S, there exists a sequence {gi,O’gi,l""’gi,i} of
End(BA) such that

(i) 9i,0 is an isomorphism

(i) £, (xy) = z}t___ogi'k(x)fi_k(y) for x,y & B.

(1) If o is an A-ring automorphism of B and’
D is-'a o-derivation of B with D(A) = 0, then {DO =
1, Dl = D,...,DS = p° # 0} 1is a derived sequence with.an
a.s {g(k,i-k) ; k =0,1,...,i} where g(k,i-k) is the
sum of all different products of k's D and i - k's o.
We denote it by 7.

(2) An iterative higher A-derivation {d, = 1,4

0 1r--
..,ds ; di # 0} (See [2], p. 191) is a derived sequence

d ; k=20,1,...,i } . We denote it

with an a.s. {gi K = 9y
r

by H.
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Let [L] Dbe the multiplicative subsemigroup of
End (B,) generated by L. Then, for any A € [L] and
b €B, AbéEnd(BA) by Ab(x) = A{(bx) (xe B). Moreover,
if A= £, £ (bx) = [l gy x(B)E;_ (x) shows that

£5b = Jmo 93,k (P F5 g
Thus we can seé that

(*) Ab = szQQ (b,& B, Q& [L]) for any A€[L].
Moreovér, bQ is an image of b under a homomorphism
9N, 0 whiéh is a sum of products of gi,j' Hence we denote
b, = gA,Q(b)'

The purpose of this note is to study relationships
between B and A when L=D or H and A = Bl = {
beB ; £b) =0, Aé[L]}. For this purpose, we put some
assumptions on L.

First, we assume that

(a) Abc = (Ab)c for any A€[L]l] and b,ceB.
Remark I. If L[=10D, H, then [L] satisfies (a).

Now, we put further assumptions as follows:
(b) There exists a subset V = {(fl)rl(fz)rz-ﬁ(fs)rs;
' 7 r Ta... s
0 < r, < qi} such that (fl) (f2) (fs) # 0 and
each A of [L] is obtained by n(A)Q for some Q€ V

and an integer n(A).

(¢) t ='(fl)ql(f2)q2 ...(fS)qs is a unique element
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in V such that f,6 =0 for all i =1,2,...,s.
(d) For any A,Q€EV with A # Q, fiA = fiQ implies

fiA(= fiQ) = 0.

We now consider a free left B-module A= A(B;I[L]) =
zQév&)Bu(Q) with a B-basis u(V) = {u(Q) ;Q€ V}.
Then A Dbecomes a ring by the multiplication

(1) u)u@) = nA,2Q)u(l’') where n(A,Q) is an
integer such that AQ = n(A,Q)T, TeV.

(2) u(M)b =ngA g (P)u(Q) which is given by (*).

Remark II. (1) If L = D= {D0 =«l’Dl =D,...,
DS( = D°) # 0} and DS+l = 0, then 7 satisfies (b),
(c) and (4). |

(2) Let L= #H={d, = 1,d;,...,d,#0} with s = p° -
1 for some prime p and ds+l = Q. Since did.

_ i+j . . s
= I( i )di+j if i+ 32> s
0 if i+ j< s, if A 1is an algebra over GF(p)
then each element of [L] is obtained by n(ro,..,re_l)-
(dl)rﬂ(dp)rl.. .(dpe_l)re-l (0 < r; < p) for some integer
= o Ti... Te-1 .
n(ro,..,re_l). Hence V {(dl) (dp) (dpe_l) ;

0 < r.

; < pl satisfies (b), (c) and (d).

Under these preparations, we shall state several
results. The detail of them will be seen latter in papers

to appear.
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Theorem 1. A = EA&V ® u(l)B.

It is clear that the map Jj: A——$>End(BA) defined
by Jj(bu(p)) : x——35DbA(x) is a ring homomorphism.
Moreover, if we note that End(BA) is a A - B-module,
j 1is a A - B-homomorphism. In the rest, we assume
that A = B[L]; Then, by make use of Theorem 1 and the

similar method of [1], we have the following

Theorem 2. Let j be an isomorphism.

(1) J(u(t)B) = Hom(BA,AA)

(2) 1If Ba is finitely generated projective, then

there exist elements le§2,.;,xm and  YyiYpreees¥py in

B such that z?=l§igt,lizi) = 1 and ZT=1§igt,A(yi) =0

for all A(# 1) € V.

(3) Ba © > A, if and only if there exists an element

X € B such that t(x) = 1.

A‘system of elements {xl’XZ""Xm H yl,yz,..,ym} of
B which satisfies the condition of (2) is called a [L]-
system for B/A. Moreover B/A is called a [L]-Galois

extension if B[L] = A and B has a [L]-system.

Here after, we assume that A 1is an algebra over

. _ _ _ - p-1
GF (p) for a prime p, D = {D0 = l,Dl = D""’Dp—l D
# 0} with pP = 0 and oD = Do, # = {d; =1, dj,...,

dpe _ l} with dpe = 0. Then we have the following

L
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Theorem 3. Let  [=Dor H .

(1) B, is finitely generated projective and j is

an isomorphism if and only if there exists.a [L]-system

for B/A.

(2) If B/A is a [L]1-Galois extension and'{xl,§2,..

r X ;~Zl’22""'ym} is a [L]-system, then B = A[X1L§2’

R S0 SYRERTI A

Let E be a derivation of A and let AI[X;E] =
{Zinai i aj€ A} Dbe a skew polynomial ring of derivation
k _ vk k, i T
type. Then (X + a) = zi=0X (()A;_p(a) where Ag(a) =1
and A (a) = E(A_;(a)) + A_p(@)a (See ]3]). Then we

have the followings by the aid of Theorem 3.

Theorem 4. If B/A is a [D]-Galois extension with

and |o| < p, then there exist a derivation E

Ba 8> Ay

of A, elements ¢ &€ C (the center of A) and ae€e A such

that
(i) E(h(c)) = E(a) = 0
(ii) EP - h(c)E = I_ (the inner derivation effected
— LA AN 4 p—z
by a), where h(c) = (Ap_l + EAP_2 + +E ) (a) .

Moreover, if this is the case, (Xp - Xh(c) - a)A[X;

E]l] 1is a two sided ideal of A[X;E] and B is isomorphic

to A[X;E]/(XP - Xh(c) - a)A[X;E].

Conversely, if there exist a derivation E of A,
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elements c¢&C and ae A which satisfy (i) and (ii),

then B = Alx] = A[XE]/(XP - Xh(c) - a)A[X;E] (x = X +

(x - Xh(c) - a)A[X;E]) has an A-ring automorphism o :

X — X + c, a g-derivation D : Xx——>> 1 and B/A is

a [pl-Galois extension for P = {D0 = l,Dl = D""’Dp—l =

pP™1y ana DP = 0.

Theorem 5. If B/A 1is a [H]-Galois extension with

B, ® > A, then there exist a derivation E of A and

an element ae€ A such that

(i) EP =1

(ii) E(a) = 0
, o '
Moreover, if this -is the case, (x - a)a[X;E] is

a two sided ideal of A[X;E] and B is isomorphic to

AIGEL/ (XPT - a)Alx;E].

Conversely, 1if there exist a derivation E of A and

an element a€ A which satisfy (i) and (ii), then B =

e
X + (Xp - a)A[X;E] has

Alx] = A[X;E]/(Xpe - a)A[X;E] (x

an iterative higher derivation H {d0 = l,dl,...Lgpe_l}

DI dr 55

with dpe = 0 such that di(xj)

0 if j < i

and B/A 1is a [H]-Galois extension.
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