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X REGRIEL VR L i< 2, XO kA G o D

X >H™ > |H® >

AER LT dimixy >dim(HE) > dim(H&) > -

»
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N INTH RieXFL 2 XeH®RIX o FRTE T H 3 .
dim(Xe) <eo TH3205 nafSALTH™ 3Z2FXF%
Thare D H®, Aw= Ds(D)e e 57(DY mz21 €&,
I Xe Awfms: 3 X oSG2 AN TvHI &~ T
LU'ms Xe Aue ¢ X = X dFEBTEFTCH S Unui Xo Al
AN Th3asb, M7 BIEL T Umsy Xehm

=X Am 23 Au=H, 2513 Ks 3K x4 3.

§ K B TP STHH . Lo B AU T X ARyt > 2
IR, s i X 2@ ¥y T3,

TR 2T 2, Xnwd#ttEva> T - NWHTHLI 33

Dy X AX )W OF - systen T 3 L a X & + 3 B4 03,
(X.§8) W POTPEtE>2ThHB0

3L Xe, Xsg, f)(::,nfngc/ IXgnlose 8 P7 ot » 23
3. (X,0) & CE-sysftem 5513, (X/ X5 Xeon , ) B OF -
SysTem T8 3. -7 X/XeXoer 13 X/ Xeon o BNREY
Fav s, X/XeXc,on 13 solencid B TH 3. FBEFE 1 1<
£9, (X/AsXe,n, T (D2D EROTFPZE 2. (Tea
YT X/ X . YRROCTP. %2t >, (Xa/Xs.n, ) 3 PO
TP EI1->2S, (Xe.T)EITTRPCTRELt>, ¢ 5L T,

(X, o) RPCT.P EL>.
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TP ETE S XnT -NWHEThs T3, Loy 3,

(X&) 2 CE -system TH STewy 9 & 5T 53 FA n (X.9) 4P
CTR*t > eTh3.

1 BH Xi8PTat o 33. PE€ 11 x - T (X, ¢) 1&
PCTPEt 20 X/XKRFIL T P & (X/Xx,,5)CE
—system ThHHe MHMEZFEL (X/X, T BPOTP.EE >,
LN TR4 & T (X, DVRBPO TP 26D

Wy 2iF4 . XwEEZrW3e 33, oy d(X.o)aw

,
X

OF -system T 3 ko X E T@R/MAIRC TP 2t~ 2
Tho,

L A BZs Zx, M, M &§FIRE2.3.5 0262 T3,
WA 4I1LE > 7T alBY=Ban-> AZeg=Ix w15, T(AZp) =
AZg WiKT T3, &£ ~1Z3 =AZe AR 13 v- F%& , A3
Sadnick > T Zs BRETALGL2 S, (Zeg.v)dPE 1t &
STPCTPREIS, (X/Zg, DINPCTPEL- L CER
5, X/Zp =AZr/Zs xB/Zn h 3. (X, n OF -
s)/.sfem RSPtk > (AZe/Z3,7) A1~ (P/4,:,u)
10 OF -~ sysiem TH 5 o MBIZW 2 i- & 9, (AZ2/Ze, 5)13
POTP. Bt Do B/Ze =Mx Mz Ty, (Meys) 13 1Someley
TH3as5, Pio ) B/Zg =Mio LT~ 7 (B.Zg)R
PCTPRPEES, Pa4ick -7 (X/Za.7) 3P CT > %E
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TR aztl, XoHfijgnwod&End Xe tB<, Xo 2

HANHABZs §MABE 32t 22 t L. ZanA e FdHEw
nS (Ze®) IPOCTP &t > (X/Za.s) WP CTPTH
Sl iRt irtTa.

S0 U X =X/7s, N=/AZs/Zs, B'=R/Zp, Xi=Xe/Zp
LR EANB I wpr EXEAXB TEH ), T AD)=AT mN
T T3, A o898 Xe, Xp, IXenTnzo, X8, nfnse &P
Gt I3 AAFonz 1AL T, Ta=X/Xen X3 5
B Jo o 0K (Y )e 3 Xe/Xen 2|1 RE LSS, A
T

‘(7‘1'

TCH 3. Cla » (4= E10& »T X/(XenXaB) 2
FTHdZ o- FETARDEEH, nBEL T, HalYa)od

&
Ry

Yo oREATAT 10 3. (X,0)130E-syslemTh 355
P2 v P31 -1, Y(H,,(Yn)a, SIIFCE ~system T H 3 L
28 > T (HalYa) o/ Ha, @YX CE-systemt $ 3. Ha(Tu)e/
Ho AFZE s, A4 cd > ¢ (HalY)e/Hn, o)

RPCTPEEL Do PRtk =T (Ya/Ha. =) SRCT P

-

t > P6 &y (Hao) BPC TP EE >0, (Y, )

-

Y

CT PR &2tD, T8989 (X/Xe,nXsB), 7) (nz1) 13
FOT.PYe >0 —F (Ba) » (XS:H"/IXB,V],G') i1 shigtia

SERTH IS, POTP ¢ 20 P4 e P3icd>T
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0 Introduction.

In [5] M. Sears proves that in the group of (C) of homeomorphisms
on the Cantor set C , +the set of expansive homeomorphisms is dense by the
c®-topology. The notion of the pseudo orbit tracing property of homeomorphisms
play an important role constructing an invariant smooth probability measure
( see R. Bowen [2] } . Our aim is to prove that the set of homeomorphisms
with such the property is dense in 9¢(C). by the C°~topology. We know ( c.f.
see p.128 of [4] ) that every compact totally disconnected wetric space
is homeomorphic to the Cantor set. By this fact, it willlbe followed that
our result contains N. Aoki's result ( fl] ) that every group automorphism
of compact totally disconnected metric group X has the pseudo orbit tracing

property.

81 Definitions. Let X Dbe a compact metric space with metric 4 ,
Let X ©be a compact metric space with metric d 4, and O be a homeo-
morphism from X onto itself. A sequence {x.}, " CX is said to be a &-

pseudo orbit of it 4q( O Xy, xi+1) <$ holds for all i . A dynamical

tystem (X,0 ) is said to have the pseudo orbit tracing property if for every

€>0 there is § > O such that for every § -pseudo orbit {xi} i=:°°°CX ’
there exists an x< X such that d( Uix, xi) <E& for all i .

We denote by @& (X) the set of all homeomorphisms from X onto itself,
and by 4B (X) we denote the set of all homeomorphisms from X onto itself

which satisfy the pseudo orbit tracing property. We define the metric ‘d on

(X) vy

d( 0, T) = max d( ox, Tx) O,tegﬁ(x) .
xeX

24
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§ 2 The Cantor set. Let C CL0,1) be the Cantor set; 1i.,e. C is the
set of the numbers x € [0,1] with x= 31/3 + 32/35 + e ( a, = 0 or 2
for i 2 1. ). Let d be the metric on C defined by d(x,y) = |[x-y]| (x,y

€ C ) . In this seotion we shall prove the following Theorenm.
Theorem 1. B (C) = F(C)

To prove Theorem 1, we need some definitions and some lemmes,

For r 21, we call the set C N [i/3%, (i 1)/3%] (0¥ 1 €372 )

a Cantor subinterval with rank r if ¢ N (i 377, (i+1)3-r) 3¢ . Clearly
any twoCantor subintervals with the rank coincides or are disjoint. Therefore
we denote the Cantor subinterval with rank r which is the i-th set from
the left by I(r,i) .

Following properties are easy to check.

T
Property 1. (1) C =L}i_l I(r,4) for all r>1.
(ii) For every r >1 and 1< i€ 2°

I(r,i) = I(r+l,2i-1)  I(r+1, 21)

(1ii) For every T3 1,821, every 1 <i< 27, and every 1
< j< 2% with I(r,8)N I(s,3j) ¥¢ , I(r,i) N I(e,j) coincides with

I(r,i) or 1I(s,j) .

For given Cantor subintervals I(r,i) and I(s,j) , we define a
Homeomorphism . from I(r,i onto I(s,) by followi
P P (r,1)(e,3) (r,i) (8,3) by ng

equations

25



?(r,i)(a,j)(x) =Y 7 31‘—5(x_x°) (x € I(

y, are the least numbers in I(r,i) ‘and I(s,j)
Following property is easy to cheok.
Property 2. (1) For every r> 1,

<2¥ and 1€ j< 2°,

P (r,i)(s,3) | 1(r+1,2i-1) = 3’(r+1,2i-1)(s+1,

and

35

r,i) ) where x, end

respectively.

s21, and every 1< i

23-1)

9’(r,1)(s,j)l1(r+1,2i) = 8,(:ﬁ-+1,21-1)(sh»l,zj--l)

holds.

-1 o
W) P T 1)(s,3) 7 Fls, 1)) (

11527 ,1¢€ 5¢2°%,

Definition 2. For r2>1, wecall an f e 3 (C) al r-—type

homeomorphism if f—]l.I(r,i) = (f(r,i)(s,j) ’ for some s > 1 and some 1%

i< 2% for all 1 i<, By LI(C) s, We denote the set of

Lr-type homeomorphisms.

Following properties are easy to check.

Property 3. (1) L5c)c r('c) (

(11) For every r 21, m> 0, fCLr(C)y
(OSjSm), the set

2b

1<rgr' ),

and every 1€ i < 2

j ~
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N0y Iz, )

is a Cantor subinterval if N jl:o f‘i(I(r,ij) )+ @ .

(1i1) For every r > 1 and f €  T(C) there exist ¢ > o such
that d(£71(x), £1(x)) < ¢ d(x,y) for all x,y € C .
Lemma 1. U r>l'I’ T(C) 4is dense in & (¢)
Proof, For every f € 2 (C) and every € > O y there existwan r > 1

such that 37 €€ ., Since I(r,i) (1< i< 2¥) 1is open and closed, f—l(I(r,i))
is a disjoint union of Cantor subintervals.

Por fixed 1€ 1< 2°, put

-1 . k ) ..

£ (I(r,i) ) = Um-l I(sm,Jm) (disjoint ) .
By Property 1 (ii) , we can choose r 7T and 1% 1m$ 'n (1 €< k)
such that

I(r,i) = Uml:l I(rm,lm) .

Define a homeomorhhism g3 f-l(I(r,i) on I(r,i) by g
i 1I(s,3,)
= ‘j’(s ) i) (1<m€kx). Since 1€ 1 <27 isg arbitary, we can
m’In Ta?lg -
- - <1< )
define a homeomorphism g e} (C) by g [ 7 l(I(r,i)) g, (1 <122 )
Clearly d(f,g)< 3 <E . By the definition of g and by Property 2 (1),

and (ii) , qur.(C) for some r'X r .

7]
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Lemma 2. For fef "(c) (r21), put
A=1{i= {ij} “ 1< i, €2% forall jl.
and

At ={iea ; N,

531 00 Iriy) ¢ @,

then the following (i), (ii), and (iii) holds
(1) For every 4 & A' , there exists the minimal n =n(2) > 0

such that following (a) or (b) holdss

(a) ﬂj?l £d I(r,ij) = 0321 £d I(r,ij) = I(r',i) for some
r* r and some 1% i€ 21",
(b) mjzl £d I(r,ij) c 1(r,i) for some 1< i< 2%,
(ii) There exists N = maxj. ., n(d) ,
(iii) Put B = { (3,17, +ev 5ip) 5 1€ i< 2¥ for all O=xjg N,

and .No £ I(r,ij) £+ ¢}, then N

27 I(r,i, holds for ever
j= ——rto (r, J) ‘F¢ Y

J -~

2={1.]. © e A with

i.f1. &€ B for all k.
J7 J==0a

(Lrdgr oo oigy)

Proof. Since () ;

unless i nj{:l £7Y I(r,ij) = $ by Property 3 (ii) . Clearly

Iil 7Y I(r,ij) (m 2 1) are Cantor subintervals

a=J . + =3 .
rank( () j:l £ I(r,lj) ) § rank( N jzi £y I(I‘,lj) )

for all m > 1, and tkterefore (a) or (b) holds for some n > 1 .
Since fe;;r(C) , from the minimality of n(2 )> O and from Property
3 ( ii) , trere exists an "> r such that rank ( ﬂxs(_iz ) £ I(r,ij) )< "

9
for 211 9§ = { ijfe A' . Therefore the sets of the form

23



are finite. On the other hand, if

i}

ﬂ’;g) £d I(r,ij) A RCE) o= (r,i'))

j=1
holds for some {= {iji and some {' = §i'3§ in A' , then n(2) =n(2a')
by their minimality. Thus we can take N = maxj.,, n(d ) .
v e "= . e > - . cee .
Now we shall prove (iii). Take & {ljf A with (lk’1k+l’ ’1k+N)
¢ B for all k . Then

(*) A

J’io £ I(r,ij) + @

hols for all m 2 1 . Indeed it is clear that (*) holds for m < N, Assume

N mel - N noo- :
that (*) holds for m . Then () 51 f I(r,lj) (N 5=0 f I(r’lj+l) )

# ¢ . By the definition of N , we have either

m+l -] . NN -] Cy . )
ﬂ j=1 £ I(r’lj) = ﬂj=1 f I(rylj) = I(I' ,l) ) I(r,lo)

. ¢ AT
for some r'< T and some 1< 1€ 2 , oOT

-3 . N -J . .
$+ NGy e 1may) < L 7 I(nig) € nig)

Anyway we have () ?:ﬁ £ I(r,ij) + § . Since C 1is compact and Cantor

subintervals are closed, (iii) is followed from above.

Proof of Theorem. For r2 1 and f Q[,r(C) , take N and B as
in Lemma 2. Choose & > O such that d(x,y) < é (x,y € C ) implies

a(£3(x), £3(y) )< 37T for Jj)¢ N+l . Let {xﬁsz‘_"b be a p -cseudo orbit

29
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then df fk+lxj, £

-r < .
in C» xj+1)< 3 for all |k|< N+1 and all j .

por every J , take 1 ¢ ij s 2° such that %€ I(r,i Since d(x,y)

J)'
< 3—r (xy € C ) 1implies x and y are in the same Cantor subinterval with

rankrT by Lemma 2 , there exists an x € C such that d(fJx,xj) < 3-r

t
for a1l J » By Property 3 (i) , fel T'(c) for all r'> r . Thus by the
game argument as above, we have that (C,f) has the pseudo orbit tracing

property. Since L (C) is denee in X (C) , we have @ (C) 1is dense in 3£ (C).

3 3. Appendix. Next Proposition is probably known, but we cannot find

it in literratures, so0 we will give here its proof for the completeness.

Proposition. Let X ©be a compact totally disconnected metric s&pace

without isolated points. Then X 1is homeomorphic to C .

" Proof. Let d' Ve a metric on X . Since X 1is totally disconnected,
there exist a kl > 1 and open closed subsets Xl, o ,szl of X with
xin xj =¢ (i=j) and dia.m(Xi)< 2“1d1am(x) (1<€i< 2]‘1 ) such that
2y K
X=U il Xl Notice that every Xi (1<1i€ 271 ) 1is also a compact

totally disconnected metric space without isolated points. Therefore there

exist k, > 0 and open closed subsets X, witk X, . N X,, ., =&
’ 1y 1,3

( (1,3) 4 (2',5') ) and diam(Xi j) g 2‘2diam(x) (1€i<€ 2% , 1£ 3¢ 2% )
b

2*2
such that X, ={J 7 7 X, . for all i.
i Jj=1 1,3

Repeating this process inductively, we can choose a sequence {kn}n_1

of positive integer and open closed subsets X, . (1 €1i € 2kn ’
11,12, SRR n

, m 2 1) such that
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)
ii) diam(X, . . ) € 27%a1am(X) (my 1),
ijsds o bi
k k
271 2'm
iii) X= US.T X, and X, = U5 X, . .
J=1 "1 Igp e 0 4 J=1 119 eee 91 193
(1<4 €25 ,1¢n<n,nz2).

Thus we can define an one-to-one corr2spondence between a sequence {ij}j—l

k. i >1)

Ve

and a point x € X by fwmfi Xi i = {x} .
= 1? i

By Property 1, we can define an one-to-one correspondence between a sequence
{ij}j—l (1€ ij < 2kj , 32 1) and a point yeC by

Mo BTk 5+ 5 223(50) ) - ()

where K(m,j) = Zi:i-l km—n :

From above correspondences, we can define an one-to-one map h from X

onto C by

() = N2 82 e, 1+ 10 2K(m*3)(ij-1) )

m=1
. _ co -
for all x e X with {x} = e el it
1 m
. . . . k.+ ... +k
For each £ > O, there exists an L 2 1 such that 371 L >
-1 . , . .
€77. Take 0 < § g min( d (x.l i Xy Y ) s (il, ,1m)
1l m0 1 mo o

3 (i'l, SIS A ) ) . Therefore d'(x,y)<& implies that h(x) and h(y)
o
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are in the same Cantor subinterval of rank my and so d( h(x), b(y) ) <€ .

Thus b is a homeomorphism.
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