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Rings With Good Formal Fibres

Jun-ichi NISHIMURA (Kyoto Univ.)

§0. Introduction.

Let A , B be noetherian rings with ring-homomorphism VY :
A - B . We know that the fibres of ¥ hold a key to the ascent
problems. Moreover we have a lot of beautiful theorems of this
type, for example (2.1). But, in many cases, we are given only
tﬁe conditions on few special fibres. So, in order to apply
the - ascent theory, it becomes necessary to obtain sufficient
information on all fibres from the known data on special fibres.

Fix a local ring (A,m) . Suppose for any noetherian ring
B with ring-homomorphism % : A+ B , a good property on the
fibre at the closed point implies the same -one on any fibre.
‘Then, putting B = A (= the m-adic completion of A ) with ca-
nonical map p : A > A , A should have good formal fibres.

In this direction, Grothendieck constructed a general theory

of rings with good formal fibres. There he left the following:

(0.1) Problem ([4, (7.5.4)]). Let (A,m) , (B,n) be local
rings with local homomorphism ¢ : A> B . Let P be a property

of local rings. Suppose

(0.1.1) P 1is flat,
(0.1.2) Y =19 ®A/m is a P-homomorphism, and
(0.1.3) A is a P-ring.

Then is Y also a P-homomorphism ? (for definitions, see §1.)



2

Concerning this question, André obtained an affirmative
answer in the case where P = ((geometrically) regular). His
result leads us to a positive answer for several P (cf. §3).
But, for general P , we have only a partial result (cf. 85).

On the other hand, due to Krull, Zariski and Nagata, it is
well-known that complete local rings themselves have many beau-
tiful properties. So, not only in connection with the former
problem, in order to study local rings, it is important to have
a criteria for a local ring to have good formal fibres. Thanks
to Nagata and Grothendieck, we know that if a local ring has good
formal fibres then the rings of (essentially) finite type over
it have also good formal fibres and that the formal fibres of
any localization of a complete local ring are (geom.) regular.

With these facts in mind, Grothendieck expected that if a
noetherian ring A has good formal fibres, i.e., the fibres of
the canonical map pp : Ap > (AP)A (=the pAp—adic completion
of Ap ) has a good property for any p € Spec(A) , then, for
any ideal I of A , the I-adic completion A* of A also
has good formal fibres. More generally, he asked the so-called

"Lifting Problem":

(0.2) Problem ([4, (7.4.8)]). With A and I as. above.
Let P be a property of local rings. Suppose
(0.2.1) A 1is separated-complete in the I-adic topology,

(0.2.2) A/I is a P-ring.

Then is A also a P-ring ?



Rotthaus found a deep connection between the two Problems
(0.1) and (0.2). She succeeded to prove Problem (0.2) for semi-
local rings in the case where P = ((geom.) regular), showing
that an affirmative answer to Problem (0.1) for some P implies
an affirmative answer to Problem (0.2) for the same P . But,
as she uses the "openness of P-loci'" of complete (semi-) local
rings in order to show the above implication, her method does not
work well for non-local noetherian rings. Hence Problem (0.2)
for general noetherian rings is still open even for P = ((geom.)

regular) case (cf. (4.5), (4.6)).

81. Notation and Terminology.

In this note, we use the standard notation and terminology
as in Bourbaki [2], EGA [3,4], Matsumura [7] or Nagata[8]. A
local ring means a noetherian ring with only one maximal ideal.
Let P be a property of local rings. We say " P(A) is
true" (or P(A) , for short), when a local ring A has property
P . When k is a field and A is a local k-algebra, we use
the notation P(A,k) in place of P(A) , to emphasize the k-al-
gebra structure of A . Similarly, if X is a locally noetherian
scheme over a field k , we write P(X,k) when P(Ox,x’k) is

true for any x € X . With notation as above, we define:

(1.1) Definition. Let X , Y be locally noetherian schemes
with a morphism f : X ~Y . Let P be a property of local rings.

We call f a P-morphism if

(1.1.1) f is flat, and
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(1.1.2) Pt l(y),k(y)) is true for any y €Y .
The equivalent definition for rings is:

(1.2) Definition. Let A , B be noetherian rings with ring-
_homomorphism ¥ : A >B.. Let P be a property of local rings.
We call ¢ a P—homqmorphism if

(1.2.1) - ¥ is flat, énd

»(1.2.2) P((B/pB)P,k(p)) is true for any P € Spec(B) ,

where PnA = p and k(p) denotes the residue field of A.P .

(1.3) Definition. Let A be a noetherian ring. Let P be
a property of local rings. We call A a P-ring if, for any
A.
€ Spec(A) , the canonical : A (A) = the pA_-
P p() nonical map P, o (p) ( PA,
adic completion of AP ) is a P-homomorphism.

(1.4) Definition, In the case where P means (geom.) regular,
normal, reduced-irreducible, or reduced, a P-ring is called a

G-ring, a Z-ring, a C-ring, or an N-ring, respectively.

§2. Conditions for P .

Let P be a property of local rings. In many cases, P
satisfies some of the following conditions»(cf. (2.1)):
Pp ¢ For any field k , P(k) is always true.
Let A, B be local rings with local homomorphism ¢ : A > B .
P If ¢ is a P-homomorphism, P(A) implies ‘P(B)

I

PI* : If ¢ is regular, P(A) implies P(B)

Py If ¢ is flat, P(B) implies P(A) .



Let (A,m) be a local ring.

PIII : For any p e Spec(A) , P(A) implies P(Ap)
PIV : For a non-zero-divisor t e m , P(A/tA) implies P(A)
PIV* : If A 1is catenary, for a non-zero-divisor t e m ,

P(A/tA) implies P(A) .

Let k be a field and A a local k-algebra.

PV : For any finite extension field k' of %k and for any
maximal ideal M of A Gkk' . P(AX) implies P((A Qkk')M,k')
PVI : If A is a complete local ring, Up(A) = { p ¢ Spec(A) |

Ap satisfies P } is open (in Zariski topology).

(2.1) Table (Examples).

I (I*%) 11 I11 IV (Iv*)| V VI
coprof < n x (0) o el o o o
. (Sn) o) o e} e} o o
Cohen-Macaulay ® o} o e} o o}
Gorenstein ) e o o o o
cowplete . ® o e} o o} o}
intersection
(Rn) o o o (9) * o
n-normal
o) o o o * o
(=(S,, )*R D)
reduced o o 0 o * o
reduced-
irreducible A © ° © A ©
normal o o o o] * o
regular <] o o o * o




§3, Some Results for Problem (0.1).

The most remarkable answer to Problem (0.1) is:

(3.1) Theorem (André [1]). Let (A,m) , (B,n) be local rings
with local homomorphism ¢ : A > B . Suppose

(3.1.1) Y is formally smooth, and

(3.1.2) A is quasi-excellent (= a G-ring).

Then Y is regular.

(3.2) Remark. The condition (3.1.1) 1is equivalent to:
(3.1.1.1) Y is flat, and
(3.1.1.2) U =9 ® A/m is regular.

André's Theorem implies:

(3.3) Proposition (cf. [9,(2.4)]). With notation as above.
Suppose

(3.3.1) Y is flat, and

(3.3.2) ¢ is n-normal, and

(3.3.3) A is an n-normal ring.

Then ¥ is also n-normal.

In particular, putting n =1 (or 0 ) , suppose

(3.3.2.1) ¥ is normal (or reduced, resp.), and

(3.3.3.1) A is a Z-ring (or an N-ring, resp.).

Then Y 1is also normal (or reduced, resp.).
Similarly, one can show:

(3.4) Proposition. With notation as above. Suppose



(3.4.1) Yy is flat,
(3.4.2) { is reduced-irreducible, and
(3.4.3) A is a C-ring.

Then ¥ is also reduced-irreducible.

As an application of Propositions (3.3) and (3.4), we have:

(3.5) Proposition (cf. [4, (7.5.7)], [8, (47.3)1). Let

(A,m) , {B,n) ", (W,w) be local rings with local homomorphisms
0 :W=+A and T : W= B . Suppose

(3.5.1) T 1is flat,

(3.5.2). B/wB is (geom.) normal (or reduced-irreducible,

reduced) over W/ w,

(3.5.3) A/m 1is an extension of finite type over W/w,
(3.5.4) A is a Z-ring (or a C-ring, an N-ring, resp.),
(3.5.5) A is normal (or unibranch reduced-irreducible,

reduced, resp.).

Then the m(A ®WB)—adic completion (A OWB)* of A QwB is also
normal (or (locally) reduced?irreducible reduced, Tesp.).

In particular,.if B is complete, the complete tensor product
A QWB of A and B over W is also normal (or (locally)

reduced-irreducible, reduced, resp.).

§4, Some Results for Problem (0.2).

Thanks to Marot and Rotthaus, we have nice and fundamental

results for Problem (0.2):

(4.1) Theorem (Marot [5]). Let A be a noetherian ring and
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I an ideal of A . Suppose

(4.1.1) A is separated-complete in the I-adic topology,
(4.1.2) A/1 is universally japanese (= pseudo-geometric).
Then A 1is also universally japanese.

In particular, if A is universally japanese then, for any ideal
I of A, the I-adic completeion A* of A is also univer-

sally japanese,

(4.2) Theorem (Rotthaus [10]). Let A be a semi-local ring
and I an ideal of A . Suppose

(4.2.1) A is separated-complete in the I-adic topology,
(4.2.2) A/1I 1is quasi-excellent (= a G-ring).

Then A 1is also quasi-excellent.

In particular, if A is a semi-local quasi-excellent ring then,
for any ideal 1 of A , the I-adic completion A* of A is

also quasi-excellent.

As we remarked in Introduction, Proposition (3.3) implies:

(4.3) Proposition. With notation as above. Suppose
(4.3.1) A is separated-complete in the I-adic topology,
(4.3.2) A/I is an n-normal ring.

Then A 1is also an n-normal ring.
In particular, suppose
(4.3.2.1) A/1 is a Z-ring (or an N-ring).

Then A 1is also a Z-ring (or an N-ring, resp.).

In the same way, we have:



(4.4) Proposition. With notation as above. Suppose
(4.4.1) A is separated-complete in the I-adic topology,
(4.4.2) A/I is a C-ring.

Then A 1is also a C-ring.

{4.5) Remark (cf. [9, (5.3)]). For general noetherian rings,
the above propositions are not valid. We constructed a 1-dimen-
sional noetherian domain A which has the following properties:
(4.5.1) A is a G-ring, but

(4.5.2) A[[X]] 1is not an N-ring.

So, in order to obtain a satisfactory answer to Problem (0.2) for
non-local noetherian rings, we need to supply some missing global

conditions. Here also Rotthaus got a good result:

(4.6) Theorem (Rotthaus [11]). Let A be a noetherian ring

and I an ideal of A . Suppose

(4.6.1) A>-Q,

(4.6.2) A is universally catenary,

(4.6.3) A 1is separated-complete in the I-adic topology,
(4.6.4) A/I 1is excellent, and

(4.6.5) dim A < o |

Then A 1is also excellent.

§5, Some Results in Characteristic 0 .

If a local ring contains the field of rational numbers Q ,

Problem (0.1) is valid. In this section we give an elementary
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proof of this fact. But we don't know if we can apply the tech-
nique used in the proof of (5.1) to general cases, because the

separability condition plays important roles in many places.

(5.1) Proposition (cf. Marot [6, Theorem 2.5]) Let (A,m) ,
(B,n) be local rings with local homomorphism ¢ : A > B . Let

P be a property of local rings. Suppose

(5.1.1) P satisfies the conditions PI’ PII’ PIII’ PIV’
(5.1.2) A>qQ,

(5.1.3) ¥ is flat,

(5.1.4) ¥ =y ® A/m is a P-homomorphism,

(5.1.5) A is a P-ring.

Then P 1is also a P-homomorphish.

. Marot showed that an affirmative answer to the resolution of
singularities for excellent local rings implies a positive answer

to Problem (0.1):

(5.2) Proposition (Marot ([6, Theorem 2.2], cf. [4, (7.9.8)],

{12, Teorema 3.4]1). With notation as above. Suppose
(5.2.1) P satisfies the conditions PIII’ PIV’ PV’
(5.2.2) P is flat,

(5.2.3) ¢ is a P-homomorphism, and

(5.2.4) for any finite A-algebra C which is a domain,

there exists a regular scheme Y and a proper birational morph-
ism g : Y - Spec(C) .

Then Y is also a P-homomorphism.



Proof of Proposition (5.1). First we note that, since P

satisfies the condition PI and A is a P-ring, we may replace
A by its m-adic completion A and B by its mB-adic cpmple—
tion B* (cf. [9, (2.4)]).

We prove the proposition by induction on dim A . Suppose
dimA< 1. We may assume A is a l-dimensional domain. Then,
taking the integral closure A of A , we may also assume A is
a discrete valuation ring. Hence, using the condition PIV , we
get the conclusion.

Let dimA=4d (2 2 ) . Suppose the assertion is valid for
any quasi-excellent local ring of dimension less than d . Fur-
thermore, as P satisfies the conditions PI and PII , we may
assume B is henselian. By noetherian induction, we may also

assume A is a domain and P ® A/p is a P-homomorphism for any

non-zero prime p . Hence it remains to show:

(5.1.6) If P is a prime ideal of B such that PnA = (0)

then Bp satisfies P .

Proof of (5.1.6). Take a non-zero element a em . Let Q

be a minimal prime of P + aB . If QA =qgm, by inductive
assumption, wé : Aq - BQ is a P-homomorphism. Thus we may
assume QnA.; m . Also we may replace B by BQ . Hence
dim B/P =1 .

Let k' be the residue field of B . Since ch k' = 0 and

B/mB is assumed to be henselian, by the structure theorem of com-

plete local r ings ([8, (31.1)]), we see that B/mB has a coeffi-

11

cient field k' as an extension of the canonical injection PA/m) .
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On the other hand, we can construct a complete local, flat
A-algebra (K,E) with canonical map Y : A > A such that m =
mA and A/m = k' (3, 01(6.8.2)]). Then, as k' is separable
over A/m , A is formally smooth over A ([4, OIV(19.7.1)]).

Hence, by André's Theorem(3.1), Yy 1is regular.

Consider the following diagram:

. A/m B/sz
Y 2 *
Yo
\\\\\‘) ;
A B
¥

Since A is formally smooth over A , we have an A-algebra ho-
momorphism Y : A > B such that Yoy = ¢ . Then

(5.1.3%) ¥ is flat (cf. [2, §5, n%4, Proposition 3]), and
(5.1.4%) P=YeA/m is a P-homomorphism.

Put PnA = 5 . Then B/P is a finite K/S-module, because B/n
= A/m, P+ aB is n-primary and A s complete (cf. [3,.01(7.
4.2)]). Hence dim X/; =1 . This implies that VY & K/E is a
P-homomorphism. Consequently, BP/EBP satisfies P . Moreover,
as EnA = (0) and Yy is regular, KS is regularf Therefore,

using the condition P we see that Bp satisfies P . Thus

v >’
the proof of (5.1.6) is finished and this completes the proof of

(5.1).



Once we prove Proposition (5.1), we have (cf. Introduction):

(5.3) Proposition (cf. Marot [6, Theorem 3.2]). Let A be
a éemi—local ring, I an ideal of A . Let P be a property

of local rings. Suppose

(5.3.1) P satisfies the conditions PI, PII’ PIII’ PIV*’
and PVI’

(5.3.2) A>Q,

(5.3.3) A is separated-complete in the I-adic topology,
(5.3.4) A/1 is a universally japanese P-ring.

Then A is also a {universally japanese) P-ring.
In particular, if A > Q@ and if A is a.universally japanese
semi-local P-ring, the I-adic completion A* of A is also

a (universally japanese) P-ring.

(5.4) Remark. We don't know if the reducedness condition

on formal fibres in (5.3.4) is indispensable.
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