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Difference Analogue of Nonlinear

Evolution Equations in Hamiltonian Form

Ryogo Hirota ( T~ 8l &% )
Department of Applied Mathematics

Hiroshima University

The followings are only the summary of the results on the discretiza-
tion of Hamilton's equation of motion. Details will be published else-
wnere. |

We define the following basic difference operators with the increment

€. The central difference operator;

o (x) = (2/¢) sinh E 2 g(x)

2 39X (1)
= e e(x + e/2) - £(x - g/2)] . (2)
The averaging operator;
fo(x) = cosh.(g"éi) f(x) (3)
= [f(x + e/2) + £f(x - e/2)]/2 . (L)
Note that f(x + &/2) = fo(x) + (g/2) Axf(x) . (5)



The binary operators;

A £(x)+g(x) = (2/€) sinh (5D ) £(x)-g(x)

et [f(x + e/2)a(x - €/2) - £(x - £/2)g(x + €/2)],

. _ 5 .o
HXI(X)'S(X) = cosh (5 DX) f(x)-g(x)

[f(x + e/2)g(x - e/2) + £(x - e/2)g(x + e/2)1/2 .

The difference operators with double increment 2g ;

b, £(x) = Axﬁxf(x)
= (2e) HE(x +e) - f(x - €)],
M, £(x) = (L2 + (e/2)%7) £(x)

[2(x + €) + £(x - €)1/2 .

Note that II 2 _ (8/2)2A 2 = 1.
x x

/With these difference operators,we find the following formulse;

(8, £ a(x) + £(x) (A, g(x)] = & [T £(x)-g(x)] ,

(8, 2e(x) le(x) - 2(x) (8,261 = o [8,2(x) &(x)]

We have the chain rule of differentiaﬁion

I

(1)

(8)

(9)

(12)

(13)

(14)
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ele(x)] = (105 | (17)

4
dx

A difference analogue of the chain rule is stated as follows

8, 2le()] = (82| 108 50T (18)
S ECIES .0 | (19)
where
A s(g)|, = (2/e)e(ag" +e'/2) - £(g' - €'/2)] |g' = M glx)  (20)
ge' = eAXg(x)
I s(g)|, = [£(g' +e'/2) - £lg' - e'/2))/2 |&' = T g(x) (21)
legt = eAxg(x) .

The concept of total and partial differential is crucial to write the
equation of motion in Hamiltonian form. When f is a function of functions.

gl, g2’."’ gn, we ha‘ve

n of dgi
z [=1l=7] ‘ (22)
i=1 Bgi dt ‘.

d _
dx f’.gly g2: > %n] =

A difference analogue of eq.(22) is expressed with the form

n
o ce e = 1
Axf[gl, 85" "s 8yl iil[Agif]xj[Axgi] s » (23)
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where A ?]x is expressed with rather complicated forms in general cases,

1

but for n = 2, we find a simpler one

[
H
I

Il

Af] A (g, g)|. - (25)
g, Jx g & 1 2lx -

Now we consider the nonlinear evolution equations ‘in Hamiltonian

form.

Let H be a functional of (p, u) and their x-derivatives

H=/{(p(x, t), ulx, £)) dx . | (26)

Hereafter we limit our investigations only to the nonlinear evolution equa-

tions in Hamiltonian form which can be written in the form

v ¢ du SAL
du _ §H F Y. A e I .
at  Sp ° at = " Su* °F =9 | (27)
do L3
dt 8p
does not involve p explicitely, the Hamiltonian form reduces to

o
g

&g
I
O

2l

(28)

[

where}4 is a Hamiltonian density, %E is the Euler derivative with respect

to u

and Q is a skew-symmetric operator defined by

J A(QB)ax'= - [ B(QA)dx ’ (29)

One of the advantages of writing an evolution equation in Hamiltonian
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form is that it ensures that H is the conserved quantity;

1]

é% (o, w)dx (30)

wnich venishes due to eq.(27). If H does not involve p explicitely, we

have
aH _ Loff au
at - fsn e & (32)
_ S sh

which vanishes because of the skew-symmetric preperty of Q.

The difference analogue of the Euler operator is obtained by using eq.
(é3), the total difference expressed with the partial differences and eq.
(15), the basic relation leading to the difference analogue of the integra-
tion by parts.

Here we define the central difference operator with respect to time

oy
a a(t) = s ult + 6/2) - u(t - 8/2)] . | (34)

We write the difference analogue of eqs.(27) and (28) in the form

_ sl sl

At“’ﬁ't’ 8P = - 53 |t » (35)
_ sl

Aou=0Q 5t (36)
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where the r, h, s is obtained by using egs.(23) and (15), whose explicit

form for the given H will be found in the following list.

1. Evolution equation

- 9
Yex T %t T Ju ulu)

(Nonlinear Klein-Gordon eq.),

Hamilton density

_1 2,1, 2
TEETERS TRSLRRN

Euler Derivative

% ¢~ &P,
sl _ 2
Su [t A2x Htp - AuU(u) t o,

Atp Su |t

t

_s_ﬂl
Sp
2. Evolution equation

u, = 6buu + u
t X

(KaV equation)

(37)

(38)

(39)

(k0)

(k1)

(h2)
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(i) Hamiltonian density
1 2
= - -2—(A2Xu) , _ (Lb)

Fuler derivative

4

u

(o]

2 + (88,0/2)°

I

.= 3(Htu + (A2x T u) . | (45

O

Difference analogue of the evolution equation

-89 >
Bu=0 32 lt (16)
(ii) HamiLtoﬁian density
12
=5 , (L7)
Fuler derivative
s |
Su v = T, : ‘ (8)
Difference analogue of the evolution equation
Au = (A 34 2(M,u)A,  + 27, (T u)] éﬁ?' ‘ (49)
t 2x t 2% 2x' % Su |t

»

3. Evolution equation

~J
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3
llt =lOU. ux-*-um (50>

Hamiltonian density

>

}¥=;2"u2 ‘ (51)

Difference analogue of the evolution equation

Au = [A

3 3
£ + (Mu)7a, + 4

3
2x ZX(Htu)

+ ()28, (Mew) + (Tu)d, (Tw)*1(Lw) (52)

The .skew-symmetric operators in egs.(49) and (52) are constructed so as to

conserve the quantity Zu as well as the Hamiltonian A,



