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On the Uniformization of Analytic Sets with the Countable Sections

and Related Results

By Yutaka YASUDA*

Institute of Educational Technology, Tokai University, Hiratuka

‘Introduction.l In a letter of Hadamard to Borel [1], Hadamard

discussed an effective choice of an'element from a given Borel set.
Then Luzin [8] introduced thé general problem of uniformizétion,

and announced several results. 6ne of these is that everybanalytic
set is uniformized by the defference of two analytic sets. In 1978,
Steel and Martin gave an example of an analytic set ﬁhich can not

be uniformized by the defference of two analytic sets(Cf. Mochovakis
[107).

In this paper, we will state some results concerning uniformization
of analytic and Borel sets with special properties and enumerability
of Borel, analytic and co-analytic sets. Our main aim is to give
thé positions in the g~algebra generated by the analytic sets. We
use the recursion theoretic methods, or Effective Descriptive Set
Theory. We assume familiarity with [12,14]', and use the notations
of them. In our proofs we shall often use the following uniformization

theorem which was first proved by Kondd in the classical case:

[Number Uniformization Theorem|Kondd [3], Kreisel[?]). Every

TT% set igfﬁuxﬁpan be made uniform by a set of the same class.
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§l. Our main tools in this paper are Harrison's Effective

Perfect Set Theorem[2] and

L’{‘heorem 1. There is an Hi relation C(o(,n) and a mapping

. (&)
(%, n) > MK, n)ew defined on the set C such that

ne At(oﬁ) < In{Cle,n)éap = S, ) ]
and the relation "= («,n)" is/l] wifornly on (,n)€C. Conversly
there is a mapping (%,B) F>$ 1 (&,p) € ¢ defined on the set
{(:p) 1peft()} ‘suon that

Pedi@) = &, §7HK, By = B

and the relation "n =é—1(d,(3)" is A% uniformly 93{?:65%(0().

S

The first part of Theorem 1 is due to Kechris [3].

§2. We can extend Steel-Martin result(Cf.Introduction) as follows

‘Theorem 2 l There i_s an 2} set in ww me which can not uniform

by an (Ei)}"ﬂ" set.

This shows that Watanabe's result [17] s Which is an improvement
of Luzin[10],(Cf.Tanaka[l5]) is the best possible. |

For the a.nalytic’ sets with the countable sections, we have

Theorem 3. [ Every 21 set in% x‘c with the countable sections

can be uniform by an (Z%)f set.

For the negative side as Theorem 1 we have

iTheorem 4. There is an Z} get in%ﬁa\fu with the countable

sections which can not be uniform by an analytic sete.

'Corollary 5.‘ There is an Zi set in‘ﬁ;'xa{:uwith the countable

sections which can not be uniform by a co-analytic set.

e
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} §3.[ Luzin [10:! showed that every Borel(analytic) set with

the countable sections is the union of countably many Borel(analytic)

curves(Cf.Kondd [7] and Tanaka [16] )e We can prove

— N - 1 W ‘Q‘?
‘Theorem 6.J Iie_‘g B bﬁ a_:r_xﬂi Sfjﬁ :l.n wX weuch that if B is

>
non-empty then B is denummerable. Then there 1_§_ an [J% set B*

s W
inwr K wsuch that

. £ R X
(1) B*n>§ are [)% pairewise disjoint uniformizators of B,

(ii) B(dyﬁ) <> HnB*(n,‘X,(})e

. ; <A >
Let A be an 2% set inL:.;'fichc such that if A is

| Corollary 7.

<Ky . i .
non-empty then A is denummerable. Then there is an Z]i set A¥ in

WX (uX & such that

(i) A*<n>§ are 2; pairewise disjoint curves,

(ii) A(O('s{?z)@ Tna*(n,o,B) .

§4. Sierpiniski [1@ showed that every denummerable,Gdn set is

effectively denummerable. We have

Theorem 8. Let E be a denummerabledi

the members of E can be enumerated by an L/]i mappings.

set of reals. Then

Kond&[ﬂ showed that every denummerable analytic set is effectively
denummerable. Sampei [12] and Tanaka [15] showed that every denummerable

E& gset of reals can be enumerated by an ﬂ%’ mapping. We can prove

l'l‘heorem e [ Let E be a denummerable Zi set of reals. Then the

members of E can be enumerated by an (Zi),,fﬂ (Z’bf’ﬂ‘c mapping.

iTheorem 10, There is a denummrable 2% set of reals whose

melMbers can not be enumerated by an Zi mappinge.

{.Corollary 11. There is a denummerable Z’% set of reals whose

members can not be enumerated by &_E'IWi mappingo

-3-
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For the denummerable-TT% set of reals we have

Theorem 12. Let E be g_denummerablg‘TT% set of reals. Then

the members of E can be enumerated by an (Aj;)fy,magging.
This is an answer of a problem of Kondd [6].
In the neare future, we will publish the detaild proofs of

the above theorems elsewhere.
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