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1. Introduction

Let a control system be described by

d
az-x(t) = Ax(t) + u(t)

on a Banach space X.v We study the controllability of the system when the
» control u(t) is»given by a sum of delay feedbacks:
m

u(t) = I a x(t-h), 0<h
r Y i

< ++++ < h..
r=1 n

1

This controllability leads to the following problem:
For the delay system

m

d = -
az-x(t) = Ax(t) + §1ArX(t hr), ,
= o (1.1)
x(O)v=.xo;7 x(s) = g(s) - s € [-hm, 0),

does the reachable set (with respect to initial value XO and initial function
g) £fill X or become a proper subéet of X 7?

This problem is called pointwise completeness or pointwise degeneracy. The
problem was first‘proposed by Weiss [18] in his study of controllability for
retarded systems in Euclidean spaces.

In case of X = R, the pointwise completeness was investigated by several
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authors Brooks and Schmidt [3], Zmood and MaClamroch [19] and Zvérkin [20]
for autonomous and nonautonomous single delayed systems.

It was Popov [13] who gave an elegant answer of pointwise degeneracy for
autonomous single delayed systems in Rn. His result was extended by Asner
and Halanay [1l] for autonomous systems with multiple commensurable delays.

For such éystems Charrier and Haugazeau [5] gave another extensions which
depend on linear operator theory. Kappel [11] also obtained similar results
for general nonautonomous retaraed systems and gave a further analysis of
systems with commensurable delays. For systems of neutral type in’ Rn, the
problem was solved by Choudhuryr[G]'and Asner and Halanay [2].

The only one papér which studies the problem in infinite dimensional space‘v
is Charrier [4]. The paper gives an example of pointwise degenerate system
in a Hilbert spéce but does not gi&e any detailed study és in [1-3,5,6,11,13;2
19].

The purpose of this paper is to develop a general'theofy'for pointwise
completeness and degeneracy of (i.l) in infinite dimensiénal (Banach)-épaces.

We employ the delay system (1.1) studied by Datko [8]. In Section 2, we
give a definition of exact and approximate pointwisé completeness by taking
into account of X being infinite dimensional. A necessary and sufficient
condition and a negative result for exact pointwise completeness are establishe
in Section 3. Section 4 stﬁdies approximate pointwise completeness and point-
wise degeneracy as a complementarybconcept. A main theorem is contained in
Section 4. In’SeCtion 5 we specify the results of Section 4 to the syétems
with commensurable delays. In specifying such results the representation of

fundamental solution of (1.1) given by Nakagiri [14]'is effeétively used.
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2. System Description and Definition

Let, X be a reflexive Banach space with norm ||- H. Consider the differ-

ential system with multiple delays

m

d

—_— t) =4 + - >

It x(t) x(t) z Arx(t hr), t >0, (2.1)
r=1

S:
x(0) = xo, x(s) = g(s) s € [-h, 0). (2.2)
Here we assume that 0 < hl < ... <h =h are positive constants, x(t),

m

g(t) € X, operators Ar (r =1,---, m) are bounded on X and A dgenerates

a strongly continuous semi-group T(t), t 2 0 on X.

In the system S, xO € X and g are called an initial value and an initial

function , respectively.

Under the above assumptions, R. Datko [8] has constructed the fundamental
solution G(t) of the system S by the delay perturbation of T(t).
That is, G(t) satisfies the following relations:
i) G(t) = O (the null operator on X) if t < O. (2.3)
ii) G(t) 1is strongly continuous on r' and satisfies

m

G(t) = T(t) + L f T(t—s)ArG(s—hr)ds if t 2 0. (2.4)
r=1’0
Let XO € X and g ¢ Lé(—h,O; X), pe [1,°]. Then the function
m
x(t) = G(e)x, + [ G(t-h_-s)A_g(s)ds (2.5)
0 r r
r=11—hr

makes sense, the integrals being Bochner integrals in X, and is strongly

+ .
continuous on R . Since x(t) depends on’ X, and g, we denote this by
x(t; xo,g). It is proved in [8] that x(t; xo,g) satisfies the

integrated form of (2.1) and (2.2), i.e.,

=3-
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t

m
x(t; xo,g) = T(t)xO + JO{T(t—s)rElArx(s—hr; xo,g)}ds

if t =2 o0. (2.6)

In this sense this function x(t; xo,g) is called the mild solution of S.
In what follows we study pointwise completeness and pointwise degeneracy by

means of the mild solutions.

To give a definition of pointwise completeness, the following set of reacha-

bility is needed.

Rw)={xex:x=x(t; x /9) where x_ € X and g € L (~h,0; X)}.
t p 0 0 P

DEFINITION 2.1. The system S 1is said to be

(1) Lp-exactly pointwise complete at time t if Rt(LP) =X 5

(ii) Lp pointwise complete at time t if Rt(Lp) = X.

3. Exact Pointwise Completeness

In this section we study exact pointwise completeness.

For Banach spaces X, W and a densely defined linear operator L : D(L) < w
-+ X, we denote their dual Banach spaces by X*, W*¥ and its adjoint operator by
L*, respectively. The following abstract result is used to derive an equiva-

lent condition for exact pointwise completeness.

Lemma 3.1. Let X and W be reflexive Banach spaces and let L be a bounded
linear operator from W into X. Then the image of L £ills X if and only

if there exists K > 0 such that

el oS kI ] for all x* € X*. (3.1)
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This lemma follows from inverse mapping theorem [15,p.83] (see also [7]).

Lemma 3.2. G*(t) = G(t)* is strongly continuous on R+.
Proof. Since X 1is reflexive, the weak topology of X coincides with the
weak* topoiogy. Then T*(t) = T(t)* is weakly continuous on -R+. From the
property T*(t+s) = T*(t)T*(s) and a weii known result [10,p.306] that T*(t)
is strongly continuous on R+. By (2.3)

G*(t)

T*(t) is strongly continuous on [O, hl],

th
so at £

T*(t)ﬁ+ j T*(s-h_)A*T*(t-s)ds:
0 1l ¢

G* (t)

is also strongly continuous on [hl, h2]. ‘Hence G*(t) 1is strongly continuous

on [0, h2]. Continuing this procedure it is verified by (2.4) that G*(t) is

. +
strongly continuous on R .
Now we can give an equivalent condition for exact pointwise completeness.

THEOREM 3.1. Let p e (1,%). Then the system S is Lp—exactly pointwise

complete at time t if and only if there exists Kt > 0 such that
0

) [ 1/
et =k, Max (] et |, j_hn P (b9 000 /9 )

for all X* € X*, ‘ (3.2)
‘'where 1/p + 1/q = 1. Here the operator F;(s) is given by
m

F¥(s) = I x A*G*(t-h -s) for all s € [~h, O] (3.3)
=1 F T r

and Xr is the characteristic functiqn of [—hr, 0] (x =1,---, m).

Proof. Let W be the direct sum of X and LP(—h,O; X) whose norm II-”W
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is introduced by

oo lly =+ s, cnon .
. CTp s
We denote this Banach space W by X @ LP(—h,O; X). Let the operator
Lt : X @LP(—h,O; X) * X be given by
Lt(xlg) = G(t)x + Gtg(') for (Xlg) € X @Lp(—hlo; X)- (3-4)
Here Gt : Lp(-h,O; X) + X 1is given by
0
: |
Gtg(.) = T J G(t-hr—s)Arg(s)ds for g€ 'LP(-h,O; X). (3.5)
r=1 —hr

It is evident that Lt is linear and bounded. By (3.4) we have
L ( - ; X =R .
t(x ® Lp( h,0; X)) t(Lp)
Then Lp—exact pointwise completeness at time t is equivalent to
X L (-h,0; X = X.
L t( ® P( ))

Since pe (L,»), W=X@ Lp(—h,O; X) is reflexive and W* 1is represented by

W* = X* @ Lq(-h,O; X*) (1/p + 1/g = 1) whose norm “ - “ is given by

W*
“ (x*,g*) ” wx = Max {H x* HX*' H g*(-)H Lq(-h,O; x*) } (3.6
*
To apply Lemma 3.1, we shall calculate Lt’
For x* ¢ X* we have.
0 :
m
<L (x%,9),x*> = <G(t)x,x*> + <I f G(t-h -s)A g(s)ds,x*>
t . —1) X X
: r=1’-h
r
0 -
= <x,G*(t)x*> + [ <g(s),F§(s)x*>ds
-h



L*
= <09 R Xy e

* *
where Fé(s) is given by (3.3). Hence th* is expressed by (G*(t)x*,Gtx*)

*
angd Gtx* is given by
0

. .
<g,Gtx*> = J <g(s),F;(s)x*>ds
~h

Lp(-h,o;\x),Lq(—h,o; X*)

for each g € Lp(-h,O; X) .

Since G*(t) is strongly continuous (Lemma 3.2), F;(s) is strongly continuous

on [-h, 0] except for s = hr' r=1,---, m-1. Then it follows by (3.6) that

0
I L]l = wax € || exrxe] ([ I ep o) ]| a0 ™9 3 <on, (3.7)

Then applying Lemma 3.1 with W = X e)LP(—h,O; X) and L = Lt’ we obtain condi-

tion (3.3) for Lp—exact pointwise completeness from (3.7).

Since G(t) = T(t) for t € {0, hll, we have the following corollary.

COROLLARY 3.1. If T(t) is a strongly continuous group, then S 1is Lp—exacte

ly pointwise complete at any time t € [O, hl] for each p € (1,x).

Next we are concerned'with a negative result for exact pointwise completeness.
Such a fact for mild solutions in non-delay systems is first pointed out by
Kuperman and Lepin [12] and more detailed researches are given by Triggiani
[16,17]. In these works some types of compactness of operators are assumed to
show such a fact called the lack of exact controllability. We shall show that a

similar situation, which is called the lack of exact pointwise completeness, can

be viewed for our delay system S.
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Lemma 3.3. Let p e (1,°] and T(t) be compact for all t > O. Then G(t)

and Gt are compact for all t > O.

Proof. It is easily verified by (2.4) that T(t) is compact for all t > O
if and only if G(t) is compact for all t > 0. By (3.5) and changes of inte-
gral variables the compactness of Gt follows from those of Gi : L (0, hr; X)

p

- X given by
r o »
G g(-) = J G(t-s)A g(s)ds for g e L (0, h ; X) (3.8)
t 0 r- P r

for each t >0 and all r=1,"-°, m. It is not difficult to prove the compa-

ctness of Gz. We remark that this lemma does not hold if p = 1.

THEOREM 3.2. Let X be infinite dimensional and let p € (1,°1. . If T(t)

is compact for all t > O, then S is never Lp-eXact pointwise complete at ahy

time t > O.

Proof. We shall prové this theorem by Baire category theorem as in Triggiani
[16,17]. et R =1L (s ), where S is the closed ball in X® L (-h,0; X)
nm n m m PR P . v
of radius m with center the origin (0,0). Since Lt(x,g) = G(t)x + Gtg(-),

Lt is compact for all t > 0 by Lemma 3.3. Hence Rhm is compact in X
for each n, m=1,2,--- . Since X is infinite dimensional, an cannot-

contain any open ball and hence is nowhere dense in X. This implies by Baire

category theorem [15,p.80] that
x - uf an :n, m=1,2,""° } #¢.

Since

uRtu,)= u URmiCU{ R _tn, m= 1,2, 1,
t>0 = P n=1 m=1

S 1is never Lp—exactly pointwise complete at any time t > 0.



4. Pointwise Completeness and Pointwise Degeneracy
It follows by Definition 2.1 and Hahn-Banach theorem: that - S  is.not 'Lp
pointwise complete at time t if and only if there exists x* # 0 in X* such
that =x*e¢ R (L) ,i.e.,
: tp

<x,x*> =0 for all x¢ R (1).

In this case S 1is said to be Lp pointwise degenerate at time t with respect

to x*. If S is Lp pointwise degenerate at time t with respect to every

x* € E¥* for E* € X*, S is called Lp pointwisé degenerate at time t with

respect to E¥*. S

The following lemma is fundamental in. the arguments below..

Lemma 4.1. - Let X and . W be Banach spaces and. let L be a densely defined

linear operator from W into X. Then
* 1
Ker L = (Range L)7
—_— *
‘Especially, . {(Range L) =-X - if and only if . Ker L ={o0o} in x*.
By lemma 4;1, we dbtain the following result.

THEOREM 4.1. Let pe [1,%). - The system S is LP pointwise degenerate at

time- t > 0 with respect to -E* if and only,if
E* © Ker G*(t) n o ﬁv{ Ker’Fz(s) :'s € (-h; 0)\{ “hy.eee, fhm}}v}' J<(4.1)
Moreover, the system Sv is Lp pointwise compléte ;t time t >0 if and only if
{0} = ker e*(t) n { n { ker Fi(s) @ s ¢ (-h, 10)\{ =h ,cee, -hm}} 1 (4.2)

Proof. By Lemma 4.1, the system S is Lpipointwise degenerate at time t

with respect to E* if and only if

E* < R (L )l = (Range L )t = Ker L*
t'p t t
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Then by (3.6) it follows that
G*(t)x* = 0 in X* for all x* € E*
t

and G'x*x =0 in Lq(-h,O; X*) for all x* € E*,

where 1/p + 1/g =1 and gq # 1. Hence if x* € E¥,

0
< G* > J<( * *> )
* = =
97°¢* L (-h,0; X), L (-h,0; X*) 9(s), Fi(s)x*>ds = 0
p q ~h .
for all g € Lp(—h,O;,X).
This implies
F;(s)x* =0 in X*  for a.e. s € [~h, O]. . . (4.3

Since F;(s) is strongly continuous on {-h, 0] except for s =h,, i=1,--

m~-1, we have by :(4.3) that

Ff(s)x* =0 in X for all s € (-h, 0)\{ —hl,-'-,—hm} )

Thus x* belongs to the left hand side of (4.1).
The latter part of this theorem will be clear.

The condition (4.1) 1is equivalent to that for all x* ¢ E¥,

G*(t)x* = 0 in X* and F;(s)x* =0 in X*
for all s e (-h, O»i-h ;" =h }
. . 1 m
(4.4)

Since (4.1) and (4.2) do not depend on the space of initial functions
Lp(—h,O; X), we omit LP in the terminology of Lp pointwise completeness and

Lp pointwise degeneracy.
We now write the second condition in (4.4) by

-10-



<x,F*(s)x*> = 0 for all x € X and all s € (-h. ., -h.)
t j+1 J

j =0,1,---, m-1. (4.5)

It then follows by (3.3) and changes of integral variables that (4.5) is equi-

valent to

m
< ¥ G(t+s-h )A x,x*> =0 for all x e X and all s ¢ [h., h. .1,
r r Jj j+1

r=j+1
j=0,1,°-"-, m-1. (4.6)

Lemma 4.2. The fundamental solution G(t) of S satisfies the following

7\
relation:

0
m

G(t+s) = G(t)G(s) + £ J G(t—O—hf)ArG(o+s)d0 for all s, t = 0.
~-h
r

r=1
(4.7)

Proof. Since this lemma follows easily by direct substitutions, we omit

its proof.
The following lemma is due to R. Datko [9,Lemma 2.4].

Lemma 4.3. If x € D(A), then. G(t)x is strongly differentiable for

+ . e
almost everywhere on R and satisfies

) m
—g-c(t)x = AG(t)x + I A G(t-h )x
dt r r
r=1
m +
= G(t)ax + I G(t—hr)Arx for a.e. te R . (4.8)
r=1

The following theorem gives an infinite dimensional version of the results

by 2Zmood and MaClamroch [19,Theorem'2] and Kappel [11,Theorem 2.1].

-11-
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THEOREM 4.2. The system S is pointwise degenerate at time t > 0 with

respect to E* if and only if
E* ¢ N Ker G*(s). (4.9)
szt

Moreover, the system S is pointwise complete at time t > 0 if and only if

{o} = n ker G*(s). : : (4.10)
st

Proof. It is sufficient to prove this theorem that

X* € N Ker G*(s) (4.11)
s2t
if and only if
x* € Ker G*(t) n{ n { Ker F¥(s): s € (-h, O)\{-hl,---, -hm}} }. (4.12)

The condition (4.11) is equivalent to that
<x,G*(s)x*> = <G(s)x,x*> = 0 for all x € X and all s 2 t. (4.13)

First we shall show that (4.12) implies (4.11). Let (4.12) Dbe satisfied.

Then by Lemma 4.2, we have
0

<G(t)G(s)x,x*> + J <Ft(0)G(o+s)x,x*>do
-h

<G(t+s)x,x*>

0]
f <G(0+s)x,F:(O)x*>dO =0 for all x € X and
-h

This shows (4.11).

Conversely, let (4.11) be satisfied. Then by Lemma 4.2 and (4.13), we

have

_12_
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If x € D(A), by Lemma 4.3 we can differentiate - f(s,x) for a.e. s
obtain that
m P .
£'(s,x) = L <G(t+s-h )A x,x*>
r’r
r=1 R
0 )
m
+ L <G(t-0-h )A G(s+0)Ax,x*>dg
r’r
r=1"-h
r
0]
oo <G(t-o-hr)Ar(’Z G(s+0-h.)A ) x,x*>do
r=1’-h j=1 3]
r
=1 (s) + I (s) + I_(s) =0 for e v
=I,(s (s 5(8) = o a.e. s .
Since Iz(s) = f(s,Ax), we see from (4.14) that
Iz(s) =0 for all s = 0.
I3(s) can be decomposed as
o 0
m m m ,
I(s) = 21 (s)= 2L (2 <G(t-0-h )A_G(s+0-h.)A.x,x*>d0) .
3 . 3,3 . r r 33
If 0 < s‘<'hj, G(s+0-hj) =0 for each O ¢ [-h, 0} so that
I. .(s) =0 for 0 £s <h,.
3,3 J
If s 2 h,, we use Lemma 4.2 again and obtain from (4.13) that

f(s,x)

0
. m

z <G(t-O9-h )A G(o+s)x,x*>d0
: r r
r=1 —hr

]

<G(s+t)x,x*> - <G(t)G(s)x,x*>

=0 for all x € X -and all s Z 0.

_13_
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I, .(s) = <G(t+s-h,)A_x,x*> - <G(t)G(s-h.)A.x,x*> = 0.
3,3 J 3 Jj 3

Hence I3 j(s) =0 for all s 20 and j=1,---, m. Then by (4.5),
, :

: +
Il(s) =0 for a.e. s € R, Since Il(s) is piecewise continuous and

t+s-hr 2t if s 2 hr' it follows by (4.13) that

m : .
= Z < +s- k> = .
Il(s) - G(t+s hr)Arx'X 0] for s ¢ [hj, hj+l]
r=7j+1 3

Since D(A) is dense in X, (4.6) holds. This proves that (4.12) implies

(4.11) ‘and completesrthe proof.

It follows from Theorem 4.2 that S is pointwise degenerate aF all t 2 to
with respect to E* if S is poinﬁwise degenerate at time tO VWiéh rggpéé£~
to E¥*. | - o

By Theorem 4.2, we shall call n Ker G*(s) the degenératé space‘of S a£

s2t . o :
time t. It is clear that the degenerate space is a closed subspace of X*.

Example 4.1. Let X = LZ(O' 1). We define the semi-group T(t) by :

T(t)f = g ; g(s) = | f(s+t) if: 0.£ s+t £ 1

0 if s+t > 1.

—

It is easy to verify that T(t) is a strongly continuous semi-group on LZ(O,_l),

T(t) =0 for all t > 1 and its infinitesimal generator A = 4/dt.

We now consider the delay system

d : - -
- = Ax(t) + A -1). .
3t x(t) (t) lx(t 1) (4.16)
If A, = I (the identity operator on X), then the system (4.16) is pointwise

complete at all &t > 0. Next consider the case where -Al = T(1/2). In this

case the system (4.16) is pointwise degenerate at all t > 0 and the degenerate

-14-
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space of the system at time t > 0O is given by

A

for x € L, (0, 1} if o< t< 12

( gk =
gt en,0, g% =X, g%

IA
t
A
=

{ g* ¢ L (0, 1): g* = x for x e L,(0, 1} if 1/2

Xt1/2, 13

{g*ern_ (0, 1): g = %3 x for x e L_(0, )} if 1 <t < 3/2
2 [_2‘_tl l} 2

X* if t 2z 3/2,

where X is the characteristic function of I. Note that the degenerate

space is infinite dimensional for all t > O.

Example 4.2. (Extended Charrier's example [4]) We consider the single

delay system'(4.l6) on a general Hilbert space X. The inner product and the

norm are denoted by < , >% and II ”X' respectively. A in (4.16) is assu-

med to generate a semi-group T(t) on X. Let E* = EE'{ xI,---, x; } and

{ k*,---, x* } < D(a¥). We assume that there exists a set { y., -+, y_ } © D(a)
1 n 1 n

such that

* =(S * = r Kk =
<yk’xj>X K, 3" <T(l)yk,xj>X 0 and <T(1)Ayk,xj>X 0

for all kx, j=1,+--, n.

Then if Al is given by

n
= % * - ko k ,
A, x k=l{ <T(1)x,x}> Ay - <T(1)x,A xk>xyk}

the system (4.16) is pointwise degenerate at time 2 with respect to "E*.,

It is possible to extend this example to the case where E* 1is spanned by

infinitely many elements xi,---, x;,--- in X*.

-15-
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5. Systems with Commensurable Delays

In this section we consider the system S with commensurable delays hr =

r , xr=1,---, m T > 0.
To give a useful formula of G(t) in this special system, we need some pre-

paration. First we define the index sets A(3,x) for all 3, k =1,2,--- by

A(i,k) = { (il,---, ij): 1<di,0-, ij <m and il+ ...‘+ ij =k }.

Next we define the operators Tk(t), k=1,2,---, by

T, (t) = T(t)
k-1 £ 1
T, (8) = jil A(j?k—l) JOT(t—sj_l)Ail---- jo T(sl—s)AijT(s)dsdsl---dsj_l,
k 2 2. (5.1)
t
Then Tz(t) = JOT(t-s)AlT(s)ds, for example.

For each natural number i, we define the matrix of operators Ti by

Ti(t) = [ ) O covennvns o )
T2(t) T(t) S
: ) ": 0
T, (t) -=---- T_(t) T(t) (5.2)
Lt 2 )

where Ti(t) are given by (5.1).
We denote the transpose of i direct sumof X, (X® XD --- @X)t, by Xl.

Lemma 5.1. Ti(t) is a strongly continuous semigroup on X" such that its

infinitesimal generator Ai is represented by

~16-
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A = ( O tevveencnnns o )
i
Al A O .
A . . .

Am m-1
o) .. .

o L. -
0---0A A _--A A .

m m-1 i) _ ’ (5.3)

on D) = (DB ®DMA) ® --- @A) .

i
Lemma 5.1 says that D(Ai) = D(a) . But we can not give such representations
Ak . . k k-1
of D( i) in terms of the domains of operators A , A Ar etc. for k =2 2.

| k-1 :
We define Di <X by Dt = n p@aF?
j=1

j-1

ArA ) for r=1,---, m and

k=1,2,"°" . Then we have the following lemma.

Lemma 5.2. oA o [ p@a¥) n DX g DY, .
L D.4- i 1 min(i,m)
e
D(A
\ ( i_l) J
DrD(Ak)nDkn---'nDk, L )
1 min (i, m)
k k
D(A ) n Dy
b(a¥)
\ : ). (5.4)

Since the proofs of Lemma 5.1 and Lemma 5.2 are complicated and tiresome, we-

omit the proofs. ‘The following lemma is an easy consequence of (5.1) and (5.2).

Lemma 5.3. If T(t) 4is analytid, then Ti(t) is also analytic for each

-17-



Now we define Zi inductively by

Z =1 and Z = I for i 22, (5.5)

Ti_l(T)Zi_l

It is shown in Nakagiri [14] that G(t) is represented by

G(t) = IiTi(t—(i-l)T)Zi when t e [(i-1)T, iT), (5.6)

where Ii = [0,+---, O, I].

o]

Let X, be the largest subspace of X such that Zixi c n D(A:)_ It
n=0
then follows by Lemma 5.2 that if

(o]
n (D(Ak) n Dt n ... ND)
k=0

is dense in X, then X, is also dense in X.
i

The following theorem is a consequence from Theorem 4.2 and (5.6).

THEOREM 5.1. The system S is pointwise degenerate at time tO € [(k-1)1,kT

with respect to E* if

[e0) oo
**n*
E*c n nKer Z.(A)T,. : ©(5.7)
. ii i
i=k n=0
Moreover, the system S 1is pointwise complete at time tO e [(k-1)1, kT) if
[e o} [e.e]

0 nker 2 (ANOPTT = {o}. (5.8)
. 1 1 1
i=k n=0

Especially for the pointwise completeness, we obtain the next theorem.

THEOREM 5.2. The system S is pointwise complete at time tO e [(k-1)T, kT)

~

if

Xx=sp {T.A"Z.X,: i =k, kt1,***, n=0,1,2,--- } (5.9)
111 1 ,
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or, more generally, if

x=sp { TAT (s)Z.%x, : i=k, ktl,»--, n=0,1,2,-- },

s, arbitrary in Ji' (5.10)

where Jk = [to—(k—l)T, T) and Ji = [0, T) for i 2 k+l.

Conversely if T(t) is analytic, Xi is dense in X for each 1 = k, k+1,

... and the system S is pointwise complete at time tO € [(k-1)T, kT), then
X =-§{ IAnT(S)ZX : i=%k, k+t1,---, n =0,1,2,--- } ’
iidi it itd
B s, arbitrary in Ji—{O}. (5.11)

Remark 5.1. The condition (5.7) ((5.9)) is not necessary for pointwise dege-
neracy (pointwise completeness) in general. But if Xi = X for all i =k,

k+1,* - , i.e., A is bounded, (5.7) ((5.9)) is necessary and sufficient.

COROLLARY 5.1.. Let A ‘ be bounded. Then 'S is pointwise degenerate at time

to € [(k-1)T, kT) with respect to E* if and only if (5.7)  holds or

Ex © ( sp { IiAEZix :i=k%, k+tl,<-+, n=0,1,2,--- })l. (5.12)

Furthermore, S 1is pointwise complete at time tO e [(k-1)1, kT) 1if and only

if (5.8) holds or
x=sp { TAYZX : i =k, ktl,~--, n=0,1,2,--+ }. (5.13)

To give a generalization of rank condition for pointwise completeness, we

consider the condition (4.2). First we give the representation of Ft(s)
without using characteristic functions. Let t € [(k-1)T,kT) Dbe fixed. Let
Xi r (i=1,2,"*, r = l,?", m) be the largest subspace of X such that
r
e o]
Z.ax, < npAD).
iri,r i
n=0
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For negative integers i = -1, -2, .-+ we put X, r =X for each r=1,---,
i,
. 0 1
m. We now define Xi' Xi by
m ‘ m
0 1
X, = N x . X, = nNXx £ i = .
i k+i-r,r’ _Ckti-r,e OF 7t Lrresem

r=i-1 * r=i
Then we obtain by Theorem 4.1 and differentiations of (5.6) the following

result.

THEOREM 5.3. The system S is pointwise complete at time tO € [(k-1)T, kT)

if
o n 1
( AKX, : i=l,---,m, n=0,1,2,"-" }

X = sp 1 ,
sp 1 G(tg)X k+i-r k+i-r k+i-rr

r=1i

or, more generally if

m
=1 x, ( & 1 AT 4
X =sp 1 Gltg) (r_i_l kbi-r kti-r kti-r o1 kti-rPre1) Xif
31 AN T Lz ADX ;s }
(r—i k+i-r k+i-r k+i—r(si) k+i-r r)xi : i=1,---,m, n—0,112:j" '

si arbitrary in [O, to—(k—l)T) and si arbitrary in {to—(k—l)T, T)

(5.15)
. . . 0 1 .
Conversely if T(t) 1is analytic, Xi' Xi are dense for all i =1,---, m
and S 1is pointwise completée at time t0 € [(k-1)T, kT), then
$ 1 A 07 0
= sp T
X = sp L aleg)x, (r_i_l ktior krior krior (S8 TkeiorPren) %y
n n 1 1 ‘
(¢l A T (s)< A )X, : i=1,---,m, n=0,1,2,--- 1},

-3 k+i-r k+i~-r k+i-r i kt+i-r r' i

1 . .
sg arbitrary in (O, to-(k—l)T) and 5 arbitrary in (to—(k-l)T, T).

(5.16)

If A is bounded, then G*(t) is analytic in t € ((k-1)T, kT) for each

k=1,2,--- . Let tO € [(k-1)T, kT). Then we see easily that
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N Ker G*(t) = n Ker G*(t),

t2t0 t2(k-1)T
so that S 1is pointwise complete at tO € [(k-1)T, kT). if and only if S is
pointwise complete at to = (k-1)T. Thus we obtain the following corollary.

COROLLARY 5.2. Let A be bounded. Then S 1is pointwise degenerate at

g € [(k-1)T, kT) with respect to E* if and only if

"E* C Ker *1* o { 2 : Ker ( g A*Z* (A )
k k i=1 n=0 =i r k+i-r k+i-r k+i-r

* ny* ) } (5.17)

or
—_ m n V / 1

* C 112 1 7 . i e = e
E ( sp { K kX, (r_i Kbior ktior k+i-rAr)X : i=1, ,@, n=0,1,2, | D)

(5.18)

Furthermore, S is pointwise complete at tO € [(k-1)T, kT) if and only if

m

=sp i1 11 v 1 AN 2 . i=1,--- = cen
x=sp {T7x, (r_i ko et iorikeiopAp) ¥ ¢ i=1,o0eym, n=0,1,2, },
(5.19)
oxr
m @ m *
7*1" non $ axZ” A* n1 =
ker LT, n L ker (Farly i Pnicy) Twiyd = 100 (5-20
i=1 n=0 r=i
Especially if m = 1, (5.19) is reduced to
— n
X =sp { IkaX, IkAkaAlx ; n=20,1,2, }. (5.21)

. . N
Consider the finite dimensional case where X =R , A and Al are N X N
matrices, so that Ik' Ak' Zk are N X Nk, Nk X Nk, Nk X N matrices, respec-

tively. In this case the condition (5.21) is equivalent to that

Nk-1 _
rank | Ika, IkaAl, ces, IkAk ZkAl ] = N.

This fact follows by the Cayley-Hamilton theorem and gives the main result by

Zmood and MaClamroch for Euclidean N-space [19,Theorem 3].
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We next specify Theorem 5.2 and Theorem 5.3 in the special case where m =1

oo .
and A, commutes with A. Let X = n p(a™. Clearly X, is dense in X.
- n=0
COROLLARY 5.3. Let m = 1, Al commute with A and T(t) be analytic.

Then S is pointwise degenerate at t0 € [(k-1)T, kT) with respect to E* if

0o . 00 .

E* € n n Ker (A’l')l(A*)n

i=k n=0

or if
k o .
B* © Ker G*((k-1)D) 0 { n nxer ) @an" ).

i=1l n=0

Furthermore, S 1is pointwise complete at t0 € [(k-1)T, kT) if

X =_§§{ AiAnXOO’: i= k, k+tl,**+, n = ol‘llzl... }

or if

x ='sp { Aa"%,, G((-1)DX : i=1,-+:, m, n=0,1,2,--- }.

We now recall the definition of approximate controllability. Let A genera
a semi-group T(t) on X and let B be a bounded operator from a Banach space
U into X. Then the system {Aa, B} is said to be approximately controllable

~

X. We define Zi by

if U T(t)BU
t>0

i 0] , - for i 2 2.

N
Il

[
N2
i}

and
o Tl

The following corollary is immediate from Theorem 4.2 , Lemma 5.3 and (5.6).

COROLLARY 5.4. Let T(t) be analytic and the system { Ak' Zk} be appro-

ximétely controllable on X . Then S 1is pointwise complete at any time t €

[0, kT).
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