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Equivariant Sphere  Theorem

2x B MBEEY (Teruhiko Soma)

GEESX MR LTV group ¥ 35, XoT7 E5Y
1" G- equivariant THZX 3, GoBR gL T geY
=Y H308 g YN Y= gondh B CEND,

3-manifold M1z embed IM = 2-sphere S "M D
PO embedded 3-ball € bound LTEVWYE Mo T
essential THHX VD, 371 3-manifold #" essential
9-spheve €23V E irreducible THD XN\ D.

o )R B R0BMIEI NG EIE EEBRT B ¢
T%H 3, Meeks-Simon-Yaul3] 135 MG RE 15
TOD S TS5 23R RAMRT RE 2TV ER
"T& %,

232 ( Equivariant Spheve Theorem). M % compact,
orientable 3-wanifold ¥ 3 3. G & MEL: orientation
preserving C=diffeomorphisms X CTUAFR L TV 3
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finite group ¥ 3%. £ L MA" irreducible T\ S
' M 1 G-equivariant essential 2-sphere £ 5T,

CoRFoRAL (TROLI>DRPESND, TRYS
21¢2RIZ0 WP LLFLRRETES ., %215 Satuma
[7, Theorem Q(w] ozhdmiz Lo RIBEEHR 4SO,

% 1. M¥% compact, orientable 3-manifold , p:M > M
& finite covering ¥ 3% 203 MM™irreducible T
31H0XE L HELER M A irveducible (3B I T $ 5,

%22, pM>33%S30P9D linkL 12 branch (TW3
reqular branched covering X 3. = o ¥ 3 MA irreduc
ible THHE HOXT+LA4HK 3 L9 prime (3T5bs non-
composite # 2 non-splitable) X33 TES. ‘

§1. % 4%
Zo)-bow TWRE G Ccategory THIRI B, 3 1
3T 3-manifolds 13 orientable &,73~c4ﬁina‘,\<a
Surface F o % o simple loop ( #" essential "% %X l?},‘é

2
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(A" F o Tcontractible ThWIx £ 5, BRI pro-
per Simple ave (4, da) in (F 3F) 1" essential 1'% 3
3, A 9Fn FH \WA1T3H arc 12 homotopic vel Id
THBOWIxEWNY,

M% compact 3manifold (| E % IMt embed 3M 1=
surface ¥ 3%, 3 F& S2 D' M4k o compact surface,
£:(F oF) = (M, B) % continvous mapt 3, &L fx: alF)
— T (M) B injective TEH ', £ & incompressible map
CAEHD, 3T fx: Tu(F 3F) = 11(M,E) 1" injectiveo
T £ & 0- incompressible in (MJE) THB X\,
Incompressible map (d-incompressible map) £: (F 3F)
> (M, E) " embedding 1" &2 F, T(F) & incompressible
(o-incompressible) surface n (M,E) z\V 5,
3-manifold M 4" atoroidal T'&d ¢, MA"E L HAE O
incompressible torus & oM @ &3 component ¥ 47 T
1), 72 M 1" incomprecible, 3-incompressible annulus
530 IEND,

Compact, irreducible 3-manifold 4" 2-sided incomp-
ressible surface €81 ¥ =, Haken manifold x5,

M % metric q €% riemannian manifold x (, F
& compact, orientable surface ¥ 3%, f:F>ME

3
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piecewise smooth map ¥ 93X f o area Af)

EROEXTEST 2,
A= | w

1’:f:“L) W F o local coovrdinate (x,4) (T
w= ] 21— gt Ty dxdy
TEHIND -form ¢35 (2= q(fx, ) )
Piecewise Smooth map T: (F oF)> (M,E) " 2D
proper homotopy class @ % 0 4£R 0 precewise Smooth
map f 23 (T A £ AR ¥ 33X least area
map THBIT\N D,

ZE ( Freedman -Hass- Scott [21). M % oW pres-
sible t5 55 R oM % £ D Hakten manifold x L, E% oM
= embed 3 M T compact, incompressible surface
T3, §EMEROMP convex BB ¥ 5 5 riemannian
metric 3"EXZIMTVBLARET S, F % compact oYi-
entable surface x L, 1:(F aF) = (M, E) &incompres-
sible ) 9 -incompressible embedding ¥ 32 ¢ x S o)
(), Gy & HE $ 3 least area map R (F OF) = (M E)
PHET B, |
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iy R & F (2 properly homotopic in (M)E).
@ A & embedding THBH, 3% 3 RD & M 9 1-Sided
proper subwanitold T*HY > A: F — &(F) 4 double

covering 1: 4%

JITOMA" convex x i3, M DB E1:E TS mean
curvatuvre vector field " zero %% 7 inwavrd point-
ing LHEBI¥EWNI, 525 MTE compact 3-manifdd
M k12 OM 4" convex 2153 & > 5 riemannian metric
t 7533085 TE 3.

M% riemannian 3-manifoldx 3%, 3% F % rieman-
nian metric m t#2 compact orientable surface L,
f: F =M % piecewise Smosth map v 3%, 0T ¥,
to energy Ef, 20 ERORTRET 2.

EGf, w = L 1d1% du

rEL du 8 (F, ) oarea formed3d, F ko 2
o metrics ua, gz 1R conformal structuve &
THIBeE, B, w)z B, M) T D03 <k
SHTWD, LR T uoRBIBF Lo conformal

structure® 6x33 L F ELf,/w: E(f, &) rE<

-



1A TR,

$ 2. Equivariant Sphere Theorem ¢ 2L ER

M % compact, 3- -manifold xL G &Mz ovientation
preserving C=di ffeomovp\mSm\cL THER LTV B finite
qroup v 3§23, dM O component = 2- spheve " 5HCT
%1% 0ztAY BBRATH B,

(2.1) 3M 0 % component 13 2-sphere T 1\ XRE
T35,

2 XeM LEY B G isotvopy subgroup E Gy~ {qeal
gx=xy 33, 20eE Z={xeM| Gxx B Mo
1-dimensional subcomplex 13 (& 1) HBEGY
free sk MD ¢33, 2=¢ THD. NID EMEHYBL
 G-invariant regular neighborhood €3 3 (Bredow
[1, Chapter VI, Theorem 2.21%8). 20z I GOMR
b Mim Mo int N(Z) £ A0SR free tiARE RET 3o
Lk s> 7 quotient map p: M= M/GroMy £~ o BIR §

pIMy: My = My /G 13 (u\nbm\nc\neo\) covering T %o
3= p(DRIM/G R 1- dimensional subcomplex m‘&‘) ‘

6
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N(Z)= pIN(Z) 13 o MG :ET D regular neighbor-
hOOd \Cfé% (E 1)0

N(Z)

1

(2.2)3(M41/G) 0 % component 13 2-spheve T Ti\,

18R, 0My/ &) 0 BB component S 4" 2-sphere TH 3
¥3%, £ LSnON=¢gfs@¥ SCoaM/G) &Y 4>
p1p3CS): pH(S) > S W& coveringlztd . pi(S) CoM
TEDTS, tMEQDLRFETD. £ LSnNXE 13
508 SUINE) 0 %3 component A EIL, o
#3415 embedded 2-dish (D, D) C (My/Gr, A) ¥W
W13, DA Ze 1R U transverse Xk D& 5 1ENE)
Do disk Dy Ebound 325512 T's 3(R2),

T



a0

& Q
20 ¢ F DU Dy & Zx transverse L 1& &b B M /G
D% 0 2-sphere TH3 M, 20¥31s 2-sphere 3HE L4

3\ (Thurston [9, Chapter 131 £83). O

Myers I51&1) ) intMy/G o ¥ o Simple foop [ T° Ml/&
~int N(0O) 1" atovoidal, ivreducible , o -irveducible 1313
359t P ARID, tTTNN@IUNW) vh<e
Z U L D% simple loop component Loy 1 & 157 (
TH<, AN50% XL vertices §1T5H3%6,V
Cl, 2VL-Vaofarc component =234 L T 9N k=
FW 1R disjoint 15 embedded annulus €B3 0 &1z

Wikt 2, 2 0f5hannul EMHomESEE L,
(2.2) 0 53oR € Fliko iRy, T EA incompressible
in M/G-wntN TH2 v ERY e T3, E= pHE),
N=p ' (R), C=M-mtN e & <X, plC: C> M/G=-
int N 13 unbranched covering T'#3 45 | E 13 incom-

8
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pressible in CTey, Cw irreducible , 0-1yve ducible,
atoroidal 3-manifold U'H 3, o
vex “

arc M/G{' \\
N—3F0Up &

4
-.‘ a\'c
~

Barc 1= X ie33
ON E gy annulus

SEM embed Xd & essential 2-sphere x4 %, £
L SAN=g TN, SCC ey ST essential in
MTE2IrRRTI%. &> TSNNXg, 0 SEMoD
@ isotopy T8T (T SNONCE 72 SANA" solid han-
dlebody N o mevidian dishs 121355 R T'%3, P=
S-imt(SON)r& < (P oP) & (C,E) (= properic
embed Y M T planar surface T&3 (®4),
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F 1 (P oP) ¥ (C,B) Ko planar surface x L, oP @
% component 0P A Na® o T\ 2 disjoint 13 meridian
disk D; % bound 35¢ ¥ P13 completionTRET &S ¢
wa s 8P = PULW D) €« P o completionxnv s, 3(P)
13 ( isoTopy n M I DhoEYBIESTIN,
ES5P s s> RET D,

P {2, P)CLCE | surtace ipy s essentia mt
FoBms ), Pxg,

Topological space X 123 LT %9 connected compo-
nent of@% % X\ TEIzxItT 5,

Po={PEP | 1BPI=n]}
LH<, BEL n=min{ 0P| | PERY, RoZRPA
ihcompressible, o-incompressible in (CE) Ta32
BB BT IN D,

3 N>2,

> 0sEBRE C A atorotdal T & ) A 2 EA™ incompressible
mCTE&BZ & VBRS D,

ety CEERR I 0CH convex (182851
Gr-invariant riemannion wmetric "EHIMTVWB T

|10
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%, 205 dTimetric M"FETIZ20ERIOIEHTEH
3 ( Bredon [1, Chapter I, Theovem 2.11 %83),
10Pl=n 133 planar surface PE1IBEREL 1F <,
P BTPRH L embedding fp: P = C T £p(P)=
Pfiztoz | 2RIt 3. Freedman-Hass-Scolt
OEIRE ), fp13 least area wap Rp 1= proper homo-
topic &Y, 9D Ap & embeddingTH3 T, H30 13
Mo ¥ o 1-Sided submanifold Rp(P) ko double cover-
hg % B |

EA, x0T, 20 proper \nomo“(opjdass o)
least area mop 3k ->cRIBRSTBWA 2P0 1D
EHRE( TR, ¢ &<,

compact , ovientable surface F45M Ao proper
immersion o Bl Lt T LA " AR e ts 2 £ A
2T aks o @R A v TRA D E N EFHDES
3B eE A o) 1 £ 0 energy En) 41 A
32BENHD. thizd> TMAY induce ¥ M3 contor-
mal structure € dn ¥ 3% ¥ Altn)= ";j E(fn, dn)
tsa, tLFEA 2-disk THME FEEE T2 con-
formal structure Beg->T&2 45 Alfa)= 5 E(f)

11
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CEIXHTER, (T -MoBSIFLRREE TS
ontormal structure W -Eeb TV, LE A5 T
SIS o EHEAMATS T2t Fs T, (4n) & control

LI MW 135 130, Schoen-Yau L8, Theorem 3.11 13
% T A" incompressible 3 -incompressible THM 13", {4n}
3 F o moduli R(F) o %0 compact &5 128 3MB I
TRk, 351, toBE (XERSDAAERD: ¢
R&5 ) Sn— S ERF) xfgEZTF 3,

(2.4)}ER, AlRp)= mflARp) | PERY et d
PerR mB7ET2,

SEeH, MR LAWY T2 ¢, {Padm € P

ARy > AR 7 Alfy) >+

tBEIE0MBRT S, REL = Rp, e 33, dnk
fn 2 &5 Tinduce ¥ M= P ko conformal structure 32
C, E@Rp,d0)= 2ARW (N12, V8RR T %3, £ T
2R LEEDI R Gp> 6 €RP)VBRETED. {R,] 0 W55
{Ring} T harmonic map RECHP-{2,.,24}) nRE T 3
£ 0 B4 3 2 ( Sacks- Unlenbeck L6, Theorem 2.31%58),
20 e 3N KIN R, L(RCO BRI UT Rpg & fap, (= properly
homotopic in (C,E}1z 133, Alfin) 7 Aln) &2 15,

12
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23 R, 1 least avea map T"BB TR T Do &5 T
MRBGHMRYM E, O

fp=Ro, IMA= Q td<. (Q,30) & (C,E) o 1-sided
B3\ 13 2-sided 9 proper submanitold T 5%,

33'Q A G-equivariont BB ICETRI, 2 L& ST
BOts 8, GoEdRg ML TQA*q Q75 QNgQ
¥ MU TH, o B eAMRIS EWIEVI IR
3, RH329BEMTRILL VI CEFREIE O,

mel. @, & embedding %Y, T Q \363 a x trans-
verse R X B,

C o subset A 2330, A TAx 70 copy A E ANE R
B TBENEEREO EEHTIZIZIB 4512 ANE =g 0T
HAE A XA o disjoint union T"H %, Waldhausen [\‘O,
Proposition 5.4112310 Q3 R = 1solopic in (C,E) 1%
5. $>1RQE€FPn, Q,4-Q % completion I35 waN
meridian dishs {Di}cr, {D)in t@HmB 1z 128,
T, 8(Q) B3 8(gq- Q) 1= transverse 1= X I 4> Dy ND,
13 proper aves in DL(D) 0 HH5TI2E 51T 33,
Minimal surface d 3F &R &) oo (2.5) (LEDS
TR IM B,

13
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(2.5) QNg-Qa%arc (& & V" loop) component I3
Q, g-QonTHEFNTE essential T®%.

(2.6) LA NH(g-Q) D 4 \oop component 13 5Q,
HB(g- Q) D \FTHEEWNT £ essential "H%.

S N 8g:Q) 0 simple loop compovent T bound TM
2 3Q)3TE 6 .3(q-Q) o 0% disk DX (T, 20 om-
lexity c(D) &R SEHPRENTEET 3.

c(D) = (- XEHDN), AN ).
21T DNCof Y1 HDNC) D Euler B#: £ 1%013,
> (9(DNC)) 0% component 1" loop 1213 Euler 3D
HEPRBIE37S THB (RS,

P

=5
5 £ (C,E) 1= proper = embed ¥ # k planar surface

\4
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( connected T3< T W) (P, 0PI complexity %
c(PY= (=X(P), AP UEREI 3. ~X (SP)= - 2 X(P)
THD I iREELE,

Di& Daox®, ALDNC) <AWD,NCQ) T &Y 75 D,
NC) § 43D, %%, 20 vE-X(SDNC)) T X
(4S(D1NC) = (I (DN DNNC) TH Y, (2.6)&Y) -X
B (D2- D)) Z 0 THZH 5, XS (DN Z -X (S
(DINCN ¥ #8%, LEF, T c(D1)<CD) 2153, &5
T complexity "&b disk D, 1§ inner most disk T®
3, I3 T DA LBRELCTEN, 3D 6 R(Q) &
27 o dishs D1, D, 2 sepavate 9 %o Si= DeUDy P
=SINC & <o T 1<tk Sq,S20-H13 essential in
MTHBB4 PP, A" completion TTREA XS 4 2018
connected TEHEH AT HTEBERT N,

33" Sy 8 essential in™M TBBZIZERZELTE O D)
ccDpry, PN c @V B2,

QM) B 13 disk component €1z 0\,

$38R, P, 4" disk component A%H, Erd 5, ANdD,
=gBsE, ACQ(3EB ACq-Q)T'®Y), dJACES
) 0CCoQ(3EBOCCO(gA). F>1Aa=Q (3L
A=g@Qxfil), 2.3)2FB8ID, ANDxgon S,

5
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AL® T BANDD, nbo iner most arc (3T loop)
dBADHN disk AcE ! VEL D, A3QUSER o Q)
255H 2D A inessential in Q (3R q- Q)
x| (2.5) RFBEI S 35T PBIT L, 0

> 2 1P smooth s embedding TR TEW DT, folding
Curve tH-T0 B, PE(C Dowad3 s C-isctopy
< deform 33 eyl | %o tolding curve & BR L
7 A(P) < A(P1) ¥ 13 % planar surface P 4B S H D
(Meeks - Yau [4, Lemma "1 HB2), (B 6), S19 20 iso-
topy 1:F AR ESI T 2o
D folding curve

—D

o]

folding Curve

V)

-~

o vF cPH<c@Q TUhB, WA completion® BTt
wWrxahts¢ o @3t T B,
@) oP’' ® ®%B component A E T contyactible o

16
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SOYFERD 2-disk AT ANOP = 0A x3d 20
BAETD. 2OXISIEALBST surgery 332 x:8s
T 270 2-spheves Su, S ™FsHD (BT),

N \jfs
| VA

> T
/ / A
® 7
Pi=S1iNCeHE<o (2.MEH = X (P <= %P, -X(Ry)
£-%(P1) 22 AR AP, 8RS 712 Pa 1§ disk com-
ponert € fs\v. By 4" disk componerit D #213513,
BRS A DDA+ THD. E s incompyessible in C '
275, ODBEOPD disk Aq&kbound 3, Br AUD
23->7 bound IMHCaba 3-ballxT%, Syt Bo
MOF o+ 34 NB) € supportx LTE D iso-
topy T deform LT, DENOP R (AL F SR TID
(B8 Sn® 2o isotopy X558 Sz, Pa=
SsnCx3d 2o Pz B Po cb\mpoheV\TS OVW<ORRNSTID
proper subset R1E%, F>T (21 & 1) ~ X (P3) £-X(P),

T
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.A(P\s) < APNT B,

- -
- - ,/’ ~

~ Vd N

————————

5 &

A" T S (121,2,3) OFO G« e ® 1D 3 essen
tial mM T &Y, P13 disk component tB{EY, N
P <c(PYTBD. 3EPLotE)ARDS, | Pii) = X (Py)
VP YR THB, LEA, TEos >l BAR
@THY, ZoBEX\ TTIf 2-sphere t SaxdIdY,
So3 essential in M, Pa= SanNC ¥ disk component tH
ttyn, ofh 0% component 13 essential inE |, 72
c (B<c(PD,

5o P, @ completion 12§ 5 2-spheve Thurxe,
g (RS,

®) SaON O component T dish Tlant 0" BRI 9.

~ oy 3 SaON (¥ compressible inN THDo AT Sall
NONEHID compressing disk X 3%, SakdlzHoT

18
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surgery 3% T ¥ ILE > T2 0 2-spheves Sat, San 1%
s HBHIBY), Paz SanCedH<,

I G W
o

N ,
AT

Sat 1 essevtial inM THD CRETE D, Puis a0 W<
2 B components™ 5 13 proper Subset TH 3, Pais
disk component EHETOWTS . €¢(Pay) < c(Pp) TH %,
3 IPul<|PITH371S, 205 5 bk SRR TR,
Z 0 45RTH [ 2-sphere & Sp L P=SpNC ¥ T3 X,
Sp1z essential in M, c(P< c(P) <c(@), SbNN N
o meridian disks. 4% Poe @ T %% (P1ii (T (), (b)
TRRTHOWCE P=Pxd%). 20 ¥F cPp) < c(@),
£ L-x(P)<-X@ ThnE 1aP1<1d@l=n 13
norRERFBTS, -XPw=-%LA), APy < AQ)
THHI, PReCoTHHPTSHBODEFRT S, 557
el BEIVERO,

i%/é 2. R % embedding THs 7)“; AR4 %.Q » inteyrsec-

N

Z

19



tion (3 transverse Ttiun,

[4, Lemma 2] 1) Q¢ g-@ '3 RBRAB O & % P50 T trans-
versel: b d, ZOXFMEOEIR LI T, IHSOAR
Bog o 7T BAFE support € L TE 2§ 5 75 isotopy
5,7 QEBMTLQ EMHY, @5 q-Q ¢ transverse L&
H ) P2A@IKA@+eXlEEES>TERZ, 2o Fk
el PR TRPS PIEtR2 T 334" 2o P
1353 0T AMP) AP -¢ £ A@)-¢ <A@ "I 2
55 t0 e eEEN M TE2 (L2, Lemma 1.31 588 ),
AF HELYRRELTHE LTRSSV I e MR TIS,

#E3. AP~ QA CM A double Covering o

AR 0 € >0 (L, Qo reqular neighborhood N(@) A
B8 (T, Q= (ON@) -oN@INE) ek s, ALK
ABRN+E T 9 Q' v g Q 1 transverse Xh 2 &>
%%, 10BELHRE T 2R (TRIS O &
MEIBR T E B,

(=251 Q13 G-equivariant TH 2, R, embedding
N LES Q=P vH<, Rt double coveringn ¥ 13, A
» G-equivariant vegular heighborhood N(Q) =3¢ (
T,BE3 e (U, £QEP LT B, W ThoBs
£ P13 G-equivaviant TH) 1O PER, B B, 551

20
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Z(P) ¢ LT G-equivariant %% £ 013 3, S(P)
13 essential in M THBTS, THAKRLT'HH TWER 2-
spheve T % %, IH THMREMD B, O
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