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On Beppo Levi spaces
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Let R" be the n-dimensional Euclidean space. We write x
n
(%947 °0x))r y = (yy,---,y,) s+ for the elements of R". The

inner product of x,y¢€ R" is the number (x,y) = ijlx.yj; the norm

J
of x € R is the number x| = (x,x)l/z. If a = (al,"'.an) is

an n-tuple of nonnegative integers a., we call a a multi-index
a a

and denote by x® the monomial 31 o-pxnn, which has degree |a| =
a

.0 a. Similarl if D, = BﬁDx for 1l<j<n, then p® = D 1---Dclr
j=1 %j° Y j j *or 1LIEny 1 n

denotes a differential operator of order |a|. We shall use the
following notations of L.Schwarz[S]:,D(Rn) =D, £'(Rn) =b’.
For a positive integer m and p > 1, the Beppo Levi space Lg(Rn)t

Lg is defined as follows:

Lg = {uef ; p®ueLP(R?) for any a with |a| = m).

Furthermore ugaQO(k—ém) in Lg means that uk—ao(k—éd) in‘b' and

| u = Ila|=m HDaqu——>0(k-)w). We ﬁote that Lg is contained;

klm,p
; P
in Ly . ([2]).

Our purpose is to investigate the aspects of the space Lﬁ.

First we give a remark about the topology in Ls.

Remark. The following three conditions are mutually
eguivalent:
i) u, = 0(k+w) in £/ and lulm'p—éom-em),
‘ ®) in 1P P,
ii) uk~)0(k9 ) in Lioc and lulm'p->0(k—} ),
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(J o, [Pax) /P 4 ful 5 0(kaw) .
Ix]sl m.p

We also note that Lglis a Banach space. We shall give some

observations on the space Lf?\ in case of m - (n/p) < 0. We

assume m - (n/p) < 0. For ué€f , u has the following integral
representation ([2],[4)):

u(x) = zlal=m aan Eatm lDau(x-tE)dt

Halem @ f-r—’j—f; PRty ay

where £ is an arbitrary point on the unit sphere. By the Hardy-

Littlewood-Sobolev's ineguality, we see

-y) @ P 1/p

(]]f :—"-l’—’lg D%u(y)dy| ™ ax) ™
x-y

- P 1/p
(J(J|x—ylm B 1p%u(y) [dy) ™ ax) m

A

c jp%) 5

A

where 1/p = (1/p)-(m/n), and hence we have “u“p < Cluf p
m

Therefore for a secuence {uk} in Ef) it fololows from Iukl —-—) 0
P
(k=) that u, converges to 0 in L and hence uk—>0(k-)m) in Lp.

Moreover from Theorem B* in [6] we obtain

([lx' mPIJI—-X—!—— p%u (y) dy | Pax) 1/p
x-y

(J [x!—mp(Jlx-ylm-n]Dau(y) Idy)pdx)l/p
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A

C"Dauup,
so that

(J]x[-mplu(x)]p dx)l/p < Clu] (%)

m,p’

Remark. In case of m - (n/p) < 0, from (x) we have the

following estimate:

(J(1+[x{)-mp]u(x)Ipdx)l/p 2 clul D for uef .

In case of m - (n/p) 2 0, the above estimate is not valid.
However, in case of m - (n/p) > 0 and ¥ integer, we have the

following estimates:

1) |
([(1+|x|)""‘plu(x)Ide)l/p s ce™ VP u

for uef) and supp u < {|x| g r}.
s B m-(n/p) -
ii)  [pFu(0)| g cr /p) IB'lulm'p for uef) , supp uC{|x| ¢ r}
“and 8] < [m-(n/p)].

Next we state the following proposition which has independent
interest. We denote by ej the multi-index (0.“,i,",0L

Proposition 1. We assume m - (n/p) < 0. Let {fu}ial=m be a

family of functions in LP and assume Difa = DjfB for any a,B with
Jal = |8] = m and a + e, = B+ ey Then DOF = fa for any a with

ldj= m if we put



For ueLg ,0% = D% for any a with la] = m if we put
@
vix) = Ilal=m aafﬁ% DGU(}')dy

from Proposition 1. Hence there exists a polynomial P of degree

¢m - 1 such that u = v + P. We note that

([ 11y [Pax) P ¢ clul,, .

When m - (n/p) 2 0, the aspects of the space Lﬁ are rather different

Remark. Letm - (n/p) 2 0 and [m-(n/p)) = 4. | .
i) There exists a sequence {wk] in ) such that wk(x)—)w (k= =)
for all xe R” and |'lpklm’p——}0 (ko) .
ii) (see [3]) For any polynomial P of degree ¢ d, there exists
1 sequence {¢,} in ) such that ¢y P (k=) in ﬁ' and "hk'{m,p
20 (k-=).

A general proposition may be formulated as follows.

Proposition 2.(cf[1)) Let m be a positive integer and p > 1.

‘uppose that u belongs to Lg. Then
Jlu(x)]p(l+|x|)-mp(log(e+lxl))-pdx <

f and only if there exists a sequence {uk} in,ﬁ such that

) i P
kU ) in 1P,

Now we shall study the space L}: in case of m - (n/p) > 0 and

1,2,--,m-1. Let [m-(n/p)] = 4. For ue¢ C?Rn) from the Tavlor's

ormula we have
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ulx) - I|g)q (0Bu(0)/81) xB

| x

= . ] _' d 'YRrY ]
= z|Y|=d+1((d+1)/ys)fo (Ix|-£)%x'"DYu(tx") at

where x' = (x/]|x]). In order to estimate the right side we

establish the following integral inequalities.

Proposition 3. i) Let m - (n/p) > @ and h be a nonnegative

measurable function on (0,=). Then we have

-] | r Jup. P -
(j r‘mp+n'l(J0 (r-1) 3gn=a=1= (=11 /P (1) gy Pay) /P
o

< C(Joh(r)pdr)l/p.

ii) Let m - (n/p) > d and w be a nonnegative continuous function

on R". Then we obtain

- [x]
(J[x{ mP(J (1x]-) % (tx") at) Pax) 1/P
0

It follows from Proposition 3 that

(fixq‘mpgu(x)-zlglsd (0Pu(0) /81 xB|P ax) /P

- (m-d-1 1
< CI) g (J|x| (m=d-1)P| pYy (x) |P ax) 1/P

.

for ue C (R When in particular u belongs to éj, we get

(ffxl-(m_d"l)piDYu(x)lp ax) /P
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< CI (JlDéDYu(x)lpdx)l/p

| §|=m-d-1

since (m-d-1)p < n, and hence we have

(lel—mp]u(x)-zlat<d (DBu(O)/B!)xslpdx < Clul

m,p’
Thus, if we put P(x) = zl81<d (DB(O)/B!)xB and v(x) = u(x) - p(x)
for ue f . P and v satisfy the following conditions:

(i) P can be approximated by a seguence in D,
(ii) D% = p%u for any a with [a] = m,

(iii) DBV(O) = 0 for any g with |g| < 4,
(iv) (Jlx]'mp}v(x)!pdx)l/p < C|u|m'p.

Next, in order to give the decomposition of u in Lg.we state
the following proposition about a primitive of functions. Wé require
several notations. For x € R®, Let L = {EeR"; (E,x) = 0} and
M =LNB, where B is the unit ball, centered at the origin.

Furthermore we put M? =M+ (x/lxl)famg =M+ x - (x/|x]),

D = {t(&+(x/Ix])); £e M), ogtg|x|/2},
and

DY = {x-(|x|-t) ((x/]|x])-E); €My, |x|/2gtg|x|}.

Proposition 4. We assume that p > n. Let’{fj}j=l R
’ ’

3 family of functions in LP and assume Difj = Djfi for any 1i,j.

[f we put

b 573 )
£.(y)dy + j £. (y)ay),
!y]ncosnel ) pX Ix-y]ncosnez ]

G(x) = a@j

[ )
-
‘*—*\
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then G(x) is continuous, G(0) = 0, DjG
(Jlxl_oplG(x)lpdx}/péczjgl(JIx[_(o_l)plfj(x)!p ax) 1/P

for o > (n/p), where el (resp. 82) is the angle between x and y

(resp. =-x and y-x).
Let uG:Lg. For y with |y| = @ + 1, we put

)
if:zl; DéDYu(y)dy.

Y =
u (X) = Z|6|=m-d-1 adj’x_y‘

From (m-d-1)p < n, we have p%uY = p%pYu for & with |6] = m-d-1

by Proposition 1. Furthermore we see

(le[—‘m-d—l)pluy(x)Ipdx)l/P < cz161=m—d;1“D§Dyu“P

da-1

P
and uYerL ™ , where l/pm-d-l = (1/p) = ((m-d-1)/n). We note

that py_s , > n fromm - (n/p) > d. For y with ly] = &, we put

Y. Yte, X.=Y. Y+e.
u' (x) = azj:lj = J = u 3(y)dy+[ Jn J u J(y)dy.
pX ly|"cos"e, pX | x-y| cose,
1 2
On account of Proposition 4 it follows that u'e€ Co, uY (0) = 0,
Yte.
D.u¥ = u J and

J
+

- - - - Y e.
(151~ ®=DP Y (x) |Pax) /P ¢ cp.P ([|x1 (m=d-1)p) 4" "3 (x) |Pax) /P

j=1

Repeating this argument, we get the function v satisfying the

following conditions:

(1) vect®M,

(ii) DPv(0) = 0 for any B with |B| < 4,
ooy Y .

(iii1) D'v = u for any Y with Iyl = a+ 1,
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(iv) (Jlxl-mplv(x)lpdx)l/p < czIYl.=d+1(I|x|““‘““1’P|uY(x)Ipdx)l/"

so that
(v) D% = p%u for any o with [a]| = m,
(vi) (jlxrmplvm 1P ax) /P < c|u|
- m'po

If we put P = u - v, then P(x) = From DBV(O)

Y

= 0 for any 8 with |B| < d, it follows that aB = (DBu(O)/B!) for

any 8 with |8| < d. Thus we have the following theorem.

Theorem. let m - (n/p) X 0,1,°**, m~1 and d = [m - (n/p)].
Then every function ue-Lg has the following unique decomposition:

u = Pl + P2 + v

where Py (x) = Zqi) |y |cmel 3yXTe Pp00) = Z|gjsa @ “ut0)/81)xB,
vec (R"), pPv(0) = 0 for any g with |g| <a,
(fm x|)"™P|p, (x)|Pax I Pax)1/P :
Ix] IP, (x)] < C(( Bluf:)l dx) + lulﬁ.p)'
and
-mp Pa.y1/pP .
(Jlxl [v(x)] ax) x Clu]h'p
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