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Representations of harmonizable processes

RABAK- 2T 355 A% —B) (YGichiré Kakihara)
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BAEFRE T 370 H20° p iz BILTZRTFRD L b DN DN THA,
LTRED L5(Q:H)-{EBAZ (G510 TR Ao RETE, V-7ME R L
EEXL, AN7-180) o ko ieRE1Ea,

2B IR ZR L(Q:H) 0 nowmal Hilbert BH)-madule & LT O1LH
FAN S, ZI1T BH)12 HE) BRBRBIENE ORI THE. S5(-RD
novmad, Hilkort B module M 124 Rs, 3 BTix 120 H)H
BUE & TH-EEAE ( Aimeasunes) l:o(rtix*b, NS BE LI ITL
O (vaniation), FIA Comivaniation) B0 1EFEFER (sporalin
somivaridion) 8 FEXL, tnoD ORI F£BvA, t2i2 T(H)IRHE
D e Loor SERENDETHE, K2 4E1:B 0T RL 0 LQ:H)
BRI > TAEET D, 39 RERBAE (conlinuons process) 1157 LT
774 BR3%3E. (Gramian sithsgonal amies reprocentulion) 07 FES
e sdbina, Kz BL05REIARTRETE (weak and M harmoni-
zlililicn) 2 25 L, (1 0 35FA0TREBAL 12 b5 B3] A BAZ D
flriliprechd s dNA. 2 V-ERE (V-doundodons) 825 L,
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2. R L5 (Q:H)

H & Hilhant 281 (WAL E ¢, 2), Jnas Il <), BHYE HE
DERIETIEREODA Onas 22, T(H & HE o thace daos
IEREDRA (Do & Tr(+), thaw nowm % Iy £ £<) £53, 27
(Q Fp) e g3RIEIR LT ER 5(Q:H) %25, 2hu(lto
H-18 SEAR AL 20) T [, x) pld) = 0 520" [ 171 pldw) < 00
ERT300ERThE. x, yel5(Q:H) 1231L

1/2

(£, = | (2@, gD ptw), Izl = (x, 1),

EXESRY (), BMAR 2, hizd>T [2(Q:H) ix Hilbeit % Bz
%2, [B(Q:H) 1212 TH-4E 0o WFE [+, -1 (Gramian £0FIT0D) B
KoLy 12 ERzhd: x, Y e LQ:H) 1277 L

([, Y34, 4f)=fﬂ (X, P)(, y)pldw), ¢, yeH.

o1z Tl Y1) = (x, ), KAKEFS (cf. Um:ﬁah'amd Bhaucha-
Reid [171),

2.1 &, X" movmal pra- Hilhot B(H)-modile THA21L. X
4 Loft BH)-module ( B(H) » action 13 (2, 10— a-x € X, aeB(H), xeX
LE<) TH Xkiz TH-EWAE [ -] (Gramian) &G LT K80
r3leThd: x, Yy, 2eX, aeB(H) 1731L
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@) lx+y, Z1=1[z 23t [y 2];
@ lax, yl=alx yl;
@ [x,yT" = [y x].
Gramian $ 7512 [+, -]y e E< et bA. nowmal pro- Hilkut B(H)-
module X 1212 (x, )y = T ([%, 1{]), Ixly = (x, x)l)gz, x, yeX &
FEFA- 002057 WAL JLamizvd, X cora-BICEHR Y
Y5 novmal Hilhot B(H)-meduds v 955 ( Ozawn [12] ¢12 Hilbert
B(H)- module. t 0%(X0212). 1
L3 H) 15 nowmal Hlbert B(H)-mocule <65 - x40 85,
2.2. 2% 1121, X & nowmal Hilbort BH)-module ¥ U {5} CX &
13, {x5) & medidon eithomsrmal L
0 [r, %l=o0, j#k 5

@ [, 5x1=[1 %1, lIglk=1, Yj.
Sl leThE. G) o modubn stdonwmal T masimal %k 2
X O modudan Kasis £°¥15025. B
2.3. 128 [12]. neemal Hilbott BH)»medule X 0 modular sitho-
tomel Jamily 1) (2351 R oREILAIETHD:
1) A%} 31X 0 medular basis ; |
@ VzeX erl 2=% 0z 415 (Za FionTRE0l
LB ={fel(Q); [(fopl) =0} r1T, chn KK <, >
EECzriz8a, L2(QH)=LQ®H rEuy3zrizitkiay,
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Li(Q:H) O modudan bosio 12 RDIDLTIZ 6N, |

2.4. %8, (£} & 5(Q) 0 othsnvmal bacis ¢ L, $€H, 4l
=1 283, Zors {f;00 110 B(Q:H) 0 modudan bosi £ 23, B

2.5. X&. X & nowmel Hilbort BH)-module £33. X OEISES
Y8 aubomedide THBEIL, x, yeY, aeBH) 12FTL X+y, a-xeY
32 Yo Iy B Bl Thdrend. 203 Y 65 novmad Hlbet
BH)-medule 125202, X aubmsdide N 0 pusfeclion P & Gramian
_profeclion £ PEA, Z0rE P A [ Pz, ;/]= [Pz, yl= [z, Pyl, z,
yeX &ifird, Z 2510 nomal Hillut BH):-module £53. X257
D {ERE U gr Crramian wnitany, TH3EL, Ua onls T Yz, yeX
Va 4 e BH) 12511 |

Ulaztby)=a- (U +4-(Uy), [Ux, Uylz = [x ylx
Ykt e thh, XeZoo AR (X=Z rE) Uh3ris X267
\O Grumiam unitory SFRE 8 B30 e THS, B

Ozawa (12] 12228 {1E 0 nermal Hilbert BH)-module X 1771
ha Hlbet ZH Ko 7si L X = KOH = S(K, H) £%4. 171
S(K, H) (2 K35 Hao Hilbort- Schmiclt claco {5 HE 02 THE, -
N3Y 12Q:H) 0 sbmedale 12 53 L5(Q) O BHEDZ W Lodr-T
LOH %3756 LTwbd.  Z & novmal Hildort B(H)-modulle TH-T Z
=2K®H thniy, X=Z & K=K (Hilbat FRelLT) & dnk
=dom K" £%3,
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3. 2(Q:H)-B:BJEE T(H)-58 & A%
mEPLBIUECE L Avd, ®EorpH X=15(Q:H) tEL, R¢
FEBH, BE RO Boul o-algebra, BxB & mctongles N 2IN
R(B«B)={AxB; A, BeRB} 05%K205 algeha LT3, O

T Bro X-E8E prov BxB Lo TH)-ER#(EEEAZ T3,

31 R&. «(R:X) CBL 0 X-valud hunded cuntobly
addilive (CA) measume NEIERL T2, Eecca(R:X) N vanialion
E1(A),  awmivarialion VEN(A), H510° spunatin amivarialion
IElo (A), AeB 1% oXNT EFEZ N5

£100) = swp { £ 1EADL 5 (e, Mn}cBis Ao RRA% s

A, An3CB12 A 0 B3 } .

n NI
I£1(A) = wp{“% oGEAD), 3 {lirene, dn}CC, LIS 1, 12747

- ceoa| - A A CB 1 An HTRSEY .
1= sp{JE grspl, 5 (o B0 A0 MIH

e, C L AER A ThS, Sea(R:X) 4 of bounded opsrolin
womiranialion (of BOS) thaeix MEl(R)<o0 £2328509. alR:X)
@%%z-‘quOS ZO0DBAE ba (R:X) rE<. Fea(R:X)aw
othsgenally wcatloud (0S) THarix A,BEB, AnB= B (i1
[Em, EB)=0 c23ieths. alR:X) okF e 0S sdnn2he
caos (R:X) & &<, B

5.0 BHE. () Eea(R:X) £ AeB 1117l RAK5D:
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g, £ NENA) < 1E0,00) £ 151 (A).
@ Zecaos(R:X) %518 M@, = IE10) = €l (A), YAeB 2
KILIE, UIid-C caos(R:X)C baa(R:X) U"h3. B

1% M: BxB— TH) 0 AxBeR(B«B) 12H113(Be MA, B ¥
Eri243,

3.3. Z&k. M=M(R«R; TH) T 512 M:BxB— T(H) #7%
ROFEE @S LonBheknd .

i) M 1 BxB LT M adolbive ;

@ Mg R(BxB) L O TH)-vabued pesilive oefinile
kowed (PDK), 3% 05 V{A, . A} CB ¢ Y{a,.., an) CBH)
[2XTLT ﬁ a; M4, Ak)a 20 2°/K233;

@) {An}, {Ba3CB, An,Bal @ (n—>00) Th 1" IMUn B,

= 0 (n, m— o).

Mo L T(H)-valued Simesecwne V3137014, MelM D vani-
atom IMI(A,B) K1 spmralon aemivanialion IMIl, (4, B) 3%
BRRCZEE NS

M4y, Bl 5 1A And B 12 A DRTRARI ),

IMI(4,B) W){ k=t 1By, - B} C B 12 B APRHE

i=!

{As- Am3, 1By Bat CB 1

m N i
! B & . ) x| . >
IM1,(4,8) = aupt [, 2, 4 MCA; B ALY Gn BRI b

?
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MeM 3¢ gf_@ ER b g‘ boumded varialion (of BV) ThSely,
%2 IMllb (R, R)< 0o 21215 IMI(R.R)<c0 &ifET-3L2E WD,
Mp 21212 My TF% of BOS 2112 of BV 2 MO 2IALERD
3. IMA, Bz £ IMI, (A, BYL IMI(A,B), YA, BEB T»39:5.
My C M, A5 13, B

Eeca(R:X) 1247LT

My (4, B)= [£@), £(B)], A, Be® (3.1)

LB, My 12 BxBriz-Hi ISk e Mye M %3,

3.4. %R, Few(R:X) 2L, Myla B DA TEREN TS
Nrdid., -NHrs Ro-MKusd: A BelBIITlT

W IM;lly (A, B) < N5l (A)- €1 (B ;

@ IMsll, (4, A) = 1E1,(4)*;

@) Mgl (A, B) £ 1£1(A)-1E1(B).
Ui, Echa(R:X) € Mye My %3, #%12 £400S%
518 aupp My C{AXA; AeB} r230T F(A)=M(AA),
Aerp<crizdy Freca(R:TH) (8o T(H)-velued
Aoumded CA mesawnss & BAR) k%Y, 2512 YA 12711LT

IEA, = IE N, (A) = | Fyl (A = IMg| (4,0

BREFE, o thE Mpe My Th3,

iz Rro BH-EXE o Ecbca(R:X) Ha-" My e Mp (217
YAFEDEAE LD, |
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3.5. &% (1) Rio BMH)-volud simple function (2 XOA; 8 LI
boTUhd:
£ ey, A €B, aieBH), 1=j= n.
terol 14 13 Ae B 0 danadinidhe funclion TH5. [°(R:B(H))
C Rt 0 BH)- valued aimple Junctions 0) £152 £ 01,
2) Feca (R:X) 283, AeB o §-nmll 32211 1E1,(4)=0
Nrtwd. E-ae (& §-mudl at o complomont nEfiEI,

(9 EecalR:X)e33. Rel(R:X) 1HILT E-c0. aup moom %
I@l,e = inf {o>0; {seR 5 18EN> a0 §- el }
CAETE. [AR:BH) o %k%iF v §-a.e. 12-HEMsh3 Rro
B(H)-fBekFL » AL [(R, €5 BH) £ F<. L7(R,£:B(H)) 11 £-en.

agp-movm 12 22T Bamack algebaa 1272, § 27 of BOS DLz,
C(R:BH) C [°(R.2: BH) lz53E 83, 27 C(R:BMH) 1XR
t o BH)-1EHERZEIE (BH) 0 InaT) F3L D28 Th3, |
3.6. %% Ecbea(R:X) 14,
() &= 5 lyaj € LRIBH) 0F1i M35 AcBraffiis
hieds = £ azaap
CRESA, Cors ROFFAN 6 &LET3:
lheasl, = 181,- Izl (4). (3.2)
T=5 Lp b ¢ LAR:BH) 21T (B,T) O My e M, 1:%]§5 AxBe
R(BxB) Lo A4 14




Ny DM T* = Jz 5 a Mg (Aat;, BoBOA
cREENA. NDLE ROXEXIKETS:

s @ T < 18 10- IE Lo 1M, (A, B). 3.3)

2) &, TelP(R,&:BH) 1237LT I{da), {T} C LL(R:B(H)) &
BoU 180-® 0, 1 Tlo— 0 (n>00) ¥22, 1T 20 %1 #3
SALoXEs B30 (2.8) 0 Mg 12835 AxBLoFERE G2
Jidds =,mf,\@,.dz;
Jp ®dMeT* = Jim Sy BudMs

%% 53, (Nb0MR " woll-defined TH3Zr1d (3.2),(3.3) 0F
FX2L005. B

512 ba(R:X)n T o w%agom% acallind didiim 1220 TN
fz(n,

37 %E. ) Feca(R:TH)) 1:3417 F(A, B)=F(AnB), A,B
eB eh<k FeMeaceswhdd, X F o spmalon amivanialion
IFl(-) & IFlo(A)=1Flo(A,A), AeBB v EH 2. ca(R:T(HN D
% ¢ of BOS 5 600 E bea (R:T(H) r#<,

@) T(H) & T(H) 0 nonngalive %% DRREL, EcbealR:X),
Feba(R:TM) ¢33, Fa°8 0 majount Thoel
[[r@ds, g4z = [@dFE*  Yde °(R:B(H)
£33 ThA, ME) T Eo mjpnnls pDF 2 EbT.
(3) Zebea(R:X) 4 ortlogonally acollond diletion (0SD) & &k
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(X, X2 wbmodale ¥ LT %8s b3 mvmal Hilboit BH)- medule Y & 200
Hdnecaos(R:Y) BT EC)=Pp¢) ru3 rths, 2P
(XY 05XA 0 Gramian préjeclion Ths,

FICRNDEILEIFA.

3.8.ZFZ. %cbca(R:X) 4 0SD &é21=121% NM(E)xD Th3
v Bt THA. B

39. ¥%.. Zebca(R:X)t§3. H=C o5 ME) =B %
52013 Nimi (101 1222 (cf. [8]). H=C" (12n<e0) 0 %512
ME)*0 r53 eis Rownborg [151 1205, Abrew [2] (3 Lo 732
YEIE055R 213 tva. 8

4. B(n:H) -84z

2,380FB0TC RLo 2(Q:H)-1E#FE 5 %F §3, X=[%0:H),
RENIFIIAEL BALTHA,

4.1. %K. ) Reo X-valued process (27:1% H-valugol scond
ondon alochadtic procesa will Zews moan ) (1 R45 XAp £i% t—
XE) D ETHhA, e 1A} 1r1 {x@e, ) &<,

(2) X-1BiBAE {x®)} 0 wwvariane fumcdiom (X T(s, ¢)=
[xGs), 2], s, teR TEZRsh3, T2 R<RLn TH)-E PDK Th3,

3) X-{EBAE {x(t)} 2 BF THARLIL, t—x) o I, Tids%

T_.2&80n),
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(4) X-48BAE {10} & uw;a/&&f hormanizable (WH) Th3 LIL, b

5 MeMp o3 LT, 12e)} O avariame fundion " 47
MG, 1) = [[pe €€ Mldu, dv), s, t€ R 4.1)
YEUIBZLTHS. WH pucssses A2 (WHP) £E<,

%) X-{BBEE {1} o Azﬁm?zy hanmonizably (SH) TH3L12, b
bMeMy 3 ELT A2t} D covanionce fumclion T 4 (4.1) OF5 125
U5 Tha. SH puans HEHRE (SHP) &<,

6) X-1&:BAt {x@®)} & M»y_ THBEIL, TD covariamce
Junction T(s.t) 9 5=t r=0 CHERLT Tl t)= Fs-£) ep<ed,
47 R0 THABSEREEI L 25080 ). staliomany procuses
n4&iks (SP) e &<,

33RO I I HIHIR 14,

4.2. ﬁé(&mmmﬁgmafwm Ab/azumtatm) {xt)) 4R
b X-1E8 52 BAE 26 (1 H{Tnd CX B840 B}ty (R
T(H)- ez 25| ) o fifk LT REA-T:

xct>=§,a«n(t)xn, telR (-l Tug);

pfeion  (n=1m)

. = Y 7
0 (nam N2nll, =1, Yn. B

[Xn, R’Jm}={

CHOREAL ROTEIERIF A,
4.3. 32, {xt)} o Rro X-{EWHBF 251, Hd SHiB

F2 03 ()]}, nz1 FH T Zy®)—> X(¢) (n=00, N-ll, T
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Y% ), VEER t5Rr- 4, ir-. 2043%12 Roavier} Fot i
-t Ths, B

WHiBZE 3 RO LI (- %I ens,

4.4 32, {x)} o Reop XHEWHHBEAL THAT=H(ZIL, P
5 5cha(R:X)afinlT x@) =/ et s(u), telR £ %3
SETUHhi, COEI-RACIELY, {ZCt)}mW? meaaund
(RIEAIE) evdiapa.

Rro B(H)-{8-4&7 8| & &L T Lebeague IR ds 12 LT
(-#%) Bochmar 1582 c b0 D £iA % [L(R:B(W) £ &<, ¢¢
L'(R:BHI o onaix Nl = [ gooids T FHksua, xr:
¢ » Faunin ﬂma%mm 12

$(u)=7§—%fm e Uy erdt, uelR
CEFENE. RLo BH)-E#Rf2EE NO5 BIRG L TR
5800 €A% CGIR:B(H) £E<. &¢C(R:BH) mIiLL
(1 I@ll= ap{lewl: ueR} TE&KTa. ¢el'(R:B(H)
%6157 §eColR=BIH)) o 1§12 7= 141, 2040 5o,
45 %F. {xt} 2 Rro X-15:845¢33,

) {x#)} & ERTH2LIL, Fd>0 &H-T I, < oL, ViR
X3 e TUha. & Az 4718 THield, 20) 40 RLo X-18527
AEE LA LTHAE,

@) {xct)? 3 V-dsumded (V-B) TH3 L1, {223 4 K9 >7 8
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T, 8512 eovanionee funcdion [ 123817 Fol>0 4737 LT

gz ¢ MG, 0) U@ dsdtl, £ o-UGU-1FN, V4, ¥e L'(R:BMH))
LIl eThA. Rio X8 -BERAENRIAE (VBP) “&bhd, B

4.6. %38, RIpX-1BBFEA WH ThAEH 21T, s RiET
V-BThr v iw®ts ¢hHi. &

4.7 wRR. RroX-18 WHEAE 4 salirmary THSEHITIX, T0
R BB A 0S THR L 0TS ThHA. B

4.8. %%, ) Mo RO ZE RlFaKLT5:

(§P)c (SHP) C (WHP) C (V-BP).

@) B(X) & Xt BRAEAIFAE LT3y, (WHP) ss00 (V-BP) (2
bt BOO-medule T”hHa, 35h5, {22} € (WHPY (2r:12 (V-BP)),
TEB) %511, {Tatr} € (WHP) (2712 (V-BP)) ThH2. (SP) &l
¢ (SHP) (3 — X212 ,&# B(X)-medule T'12 %0 22, Z%f BH)-modude
TClIHA,

A&z WHBR 0 satiemary dilation (220 TN D,

4£9. %&. RroX-281E {xw) & talimany dilition £ &9
Lz, H3mFBIRER (I, F, 1) 8dh-T X=13Q:H C
QMY sikrl, 2253 Y-IBEZFBIE {y@)) 40T 1(t)
=Py, teR 23 2Th3, 2z PI1 Y45 X0 Gromian

| Wo‘&en Thi., B
RnEILI2 3.8 T3 ¥ 3.9 iFE 4.6 £ 4.
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4.10. 232 ) &Rt X-1EWHBAE v L, E 8 €n&IZR|FE v
3., 1z} 4 Ataﬁowv%dcfaﬁm L Lor-81213 ME)XD U3
JeB I ETT TUhA.

ik

BEIERT D Mo HAEIL 1213, ApEELHY AR LG
Y AAYEONT3ALT, 2D FBHE w137,
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