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§1 Introduction

Let X be a compact metric space with metric d and £ a homeo-

morphism of X. A sequence of points {xi} is a §-pseudo orbit of

ieg
(X,£) if d(fx;,x, ,)s6 (iez). (X,f) is said to have the pseudo
orbit?tracing property (abbrev. P.0.T.P.) if for ¢>0 there is §>0
such that for every §-pseudo érbit {xi}iez there is a point xe€X
with d(f'x,x,)se (ie2). (X,f) is expansive if there is §>0 such
that d(fix,fiy)sé (ie2) implies x=y. The P.0.T.P. and the expansive-
ness play important roles in several place in dynamics. N.Aoki [2]
proved that if (X,f) has the P.O.T.P., then the restriction to its
nonwandering set, (Q,f), also has the P;O.T.P., and that if (Q,f)
has the P.O.T.P. and expansiveness then Q@ splits into the finite
disjoint union of closed invariant subsets on each of which f is
topologically transitive. A.Morimoto [10] proved that if f is an
isometry on a compact connected manifold M with dim (M) 2 1, then
f_cannot have‘the P.O.T.P..

In this paper we introduce a concept pf P.0.T.P. for l-parameter
flows, and investigate thé properties of l-parameter flow with the

P.O0.T.P.. For closed subsets ¥, and Y, of X, put d(Yl’Yz) =

1 2
inf {d(yl,yz): yieYi,i=1,2}. Let #:XxR— X be a flow on X; i.e.
¢ is continuous, #(+,0) is an identity map of X and #(x,t+s) =

#(8(x,t),s). Such a flow is often written by (X,#). If Y is
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a subset of X and J is a subset of R, we write Y-J = g (¥xJ).
If Y is closed and invariant (i.e. Y+t = Y (téR)), (Y,#) denotes
the restriction of # to ¥YxR. By Q= Q(g) we denote the non-
wandering set of #; {xeX: for every open neighborhood U of x and
every T>0, Un (U*[T,»)) # empty}, which is closed and invariant.
Given 6>0 and T>0, a (6,T)-chain of (X,%) is a éollection

{xa'xa+1"";xb7ta'ta+1""’tb} (xiex, tiao, asish) (a === and b = »

are permitted) such that tiz T and d(xi'ti,xi+1)§6 (agisb-1).
A finite (§,T)-chain {xi7ti}§ (—o<asb<») is naturally extended to

an infinite (6,T)-chain hﬁftihﬁz’ Let x *t denote a point on a (§,T)-

chain t units time from X More‘precisely; if t20 then xo*t

: i-1 i-1 i , . ,

xi-(t 20 tn) where 20 t stc ZO toi and if t<0 then xo*t
. . '_1 ) _ _1 _ _1 . . .

x;o(t+ J.7 t)) where -J.° t gt<-J.., t . Define x,*R to be

tLﬁ X,*t and say it a (§,T)-chain.

By analogy with the case of a homeomorphism, the first attempt
to define pseudo orbit tracing properties for ¢ may be following;
for every €>0 there are 6§>0 and T>0 such that for every (§,T)-

chain x,*R there is xeX with d(xo*t, xt)se (teR). However there

0
is an Axiom A flow (see [13]) the nonwandering set of which does

not have this property (For example, the flow having a hyperbolic
closed orbit as one of connected components of the nonwandering set).
For this reason, we need to allow somewhat time lags to occur.

To do this we define a notion of reparametrizatién as follow. Let
Rep denote the set of increasing homeomorphisms of R fixing the
origin. The element of Rep is called a reparametrization. Define

a subset of Rep by

Rep(e) = {geRep: |§£§l;gézl -1]53' (t # s)} (e>0).
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Given (G,T)-chain xo*R, if there are y€X and g€¢Rep(e) such that
d(xo*t,y'g(t))Se (ter), then xO*R is said to be e€-traced by (y.g)
(or simply, by y). We remark that our definition of e-tracing is
different from onergiven by J.E.Franke and J.F.Selgrade [5,7]. We

propose the following definition as the P.0.T.P. for flows.

Definition 1.1. A flow (X,#) has the pseudo orbit tracing

property (abbrov. P.O.T.P.) if for every €>0 there are §>0 and T>0
such that every (§,T)~chain is e-traced by a pair (y,g) of some ye€X

and some g€Rep(e).

This definition is clearly independent of the choice of metrics.
Using Bowen's approximation theorem [3, Theorem 2.2], we have that
the.restriction of an Axiom A flow to (2,%) has the P.O.T.P.. To

. _ _ri-l
(t;>0) define u;éR by uy = 0, u; = ZO t.

see this, for {t.} i j

ilie2

(i>0) and uy =-2;1 tj (i<0), and set STEP(s,{ti}) = {s:R—+ R |

s is constant on (ui,ui+1), s(ui)=s(ui+0) or s(ui—O), ls(uo)]$€ and
|s(ui+0)—s(ui—0)|5g}. Bowen's theorem implies that for e€>0 there -
are 8>0 and T2l such that for every (§,T)-chain {x;;t;}, , there
are xeX and sESTEP(s,{ti}) with d(x *t,x*(t+s(t)))se (teR). We
define g(uo) = 0,'g(ui) = ui+s(ui-0) (i#0) and extend g linearly
between these points, tﬁen geRep(3€). By uniform continuity of 8,
we get the required conclusion.

In §2 we give the equivalent definifions of P.O.T.P.(Theorem 1).
- And in §§3 and 4, we prove that if (X,#) has the P.O.T.P. theh S0
has (Q,¢) (Theorem 2), and also that if (9,%) has the P.0.T.P. and
expansiveness then the spectral decomposition of & is obtained
(Theorem 3). Further examples of flows with the P.O.T.P. are

provided by suspensions of homeomorphisms with the P.0.T.P.. In fact,
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using the invariance of the P.0O.T.P. under some equivalénce for
flows (Theorem 4), we prove that a suspension of a homeomorphism
has the P.O.T.P. if and only if the homeomorphism has the P.O.T.P.
(Theorem 5). When ¢ is an isometric flow on a compact connected
manifold, if ¢ has the P.0O.T.P. then g must be minimal (Theorem 6).
From Theoreﬁs 5 and 6, we show that in general the direct product
of flows with the P.O.T.P. neea’not to have the P.0.T.P.(Remark 4),

and that the time T-map of flow with the P.0.T.P. need not to have

the P.O.T.P.(Remark 5).

§ 2 Equivalent definitions.

In this section we state the properties of Rep(g) and the
equivarent definitions of the P.O.T.P.. '

Lemma:2.l. (1) For g€Rep(e) and a constant c<¢R, define
h(t) = g(c+t)-g(c) (teR), then heReple).

(2) For a sequence {9n}nzo of Rep(e) there is geRep(e) such
that for every N>0 there is a sequence {n(i)}C{n}.so that

In(i)|[-N.N] gI[_N'N]‘(uniformly as i—w ).

Proof. It is clear that h is an increasing homeomorphism of

h(t)-h(s) _ 1] = Ig(c+t)-g(c+s) - 1)
t - s (ctt)-(c+s) .

IA

R with h(0)=0. Since | €

(t#s), we have h€Rep(e). (1) is proved.

For every N>0, {gnll—N,N]}ngO is uniformly bounded and equi-
continuous. Hence, using the Ascoli-Arzela's theorem and
og-compactness of R, we get an increasing homeomorphism g:R —R
such that for every N>0 there is a subsequence {n(i)} with
gn(i)l[—N,N]—_+ gl[-N,N] (uniformly as i—»). Let t,s€R (t#s) be

given and take N>0 with t,s € [-N,N]. Since |3é3%:gi§l - 1]
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g ,.,(t)-g_,.,(s)
lim, ., | nii) ) _ | s e and g(o0) = Lim; 9, 5

)(0)"—' ‘0,

we have g€Rep(e). (2) is proved.

Theorem 1. The following are equivlent for a flow # on X.

(a) (X,#) has the P.0.T.P..

(b) for every e€>0 and every T>0 there is §>0 such ‘that (6,T)-
chain is e-traced by a pair (y,g) of some y€X and g€Rep(€).

(c) for every €>0 there are 6>0 and T>0 such that for every
integer k>0 and every finite (6§ ,T)~chain {xi;ti}g there are xe€X
and g€Rep(e) with d(xo*t,x~g(t))$e (te [o,zg ti]).

Proof. Clearly (b) implies (a). We show that (a) implies (b).
Let €>0 and T>0 be given. By assumption there are 50>0 and T0>0
such that every (GO,TO)—chain is ¢/2-traced. If T2 TO’ the statement
is clear because a (GO,T)—chain is a (GO,TO)—chain. There‘is an

integer M>0 with TM2 T, when T< T By continuity of # there is

0°
8§>0 such that if xO*IO,TO] is (8,T)-chain having at most M+l jumps
then d(xo*t,x04ﬂ<50 (t.G[O,To]). Let xO*R be a (§,T)-chain.

Since {xo*(iTo);ti=To}iez is a (60,T0)—chain, there are y<X and
geRep(e/2) with d((xo*(iTo))'t, y'g(iT0+t))<E/2 (te [O,TO), i€z).

Hence we have d(xo*(iT0+t),y°g(iT0+t)) < d(xo*(iT0+t),(xo*(iTO))'t)

+ d((xo*(iTO))°t, y*g(iT0+t)) < e for t€ [O,TO] and i€Z; i.e.
xo*R is e-traced by (y,q9).

We have shown that (a) and (b) are equivalent, thus it remains
to show (a) and (c) are equivalent. It is clear that (a). implies
(c). To show (c) implies (a), let €>0 be given and take 8= &(e€) >0

and T = T(e)>0 as in (c). Let {xi;ti} be a (§,T)-chain. Then

iez
for every n>0 there are Y X and 9,€ Rep(€) such that d((xot(-n))*t,
yn°gn(t))$e (t€[0,2n]). Since X is compact, yn‘gn(n)-—+ y (n>*)

taking subsequence if necessary. For hn(t)=gn(n+t)—gn(n) we have



h_ € Rep(e) by Lemma 2.1(1). By Lemma 2.1(2) there is he€ Rep(e)

such that for every N>0 there is a sequence {m} with hmII-N N
’

hl[—N,N] (uniformly as m +» ). Let t€ R be given. Since there is

a sequence {m} with hm(t)——+h(t) (m>w), it follows that
d(xp*t,y-h(t)) = lim ,_ d(xo*t,(y g (m))-h (t))

= lim ,, dl(x *(-m))*(m+t),y +g (m+t)) Se,

i.e. Xo*R is e-traced by (y,h). The proof is completed.

§3 The chain recurrent sets of flows with the P.O.T.P..

Let ¢ be a flow on X. Given 6>0 and T>0. For x,y€X, X is

(6,T)-related to y (written x+§52+y) if there are (§,T)-chains

; - m . n i = = = = 6'T
{xi,ti}0 and {yi,si}O with x=x,=y and y=y,=x . If x«'=y for

every §>0 and every T>0, then x is related to y (written x ~ y).
The chain recurrent set of g, R, is {x€X: x ~ x}. Clearly
" ST and " ~ " are equivarence relations of R. 1In Lemma 3.1(4)

it will be proved that R is a closed invariant set containing Q.

In this section we prove following

Theorem 2. Let ¢ be a flow on X. If (X,%) has the P.O.T.P.,

then R = @ , and (Q,9¢) has the P.O.T.P..

Lemma 3.1. (1) If x,yeR with d(x,y)<8, then x+>tIry for

every T>0.

(2) For every 6>0 and every T>0, there is a y>0 such that
if yeX holds d(x,y)<y for some x€R then g2 Ty
(3) For every x€R and every T€R, x is related to x°T.

(4) R is a closed invariant set containing Q.



Proof. The proof of (1). Put a=$-d(x,y). Since x,y€R, for

. n .
every T>0 there are (a,T)-chains {xi;ti}g and {yi;si}o with X(=X=X_

and Yo=Y=Y,- Then {xo,...,x _1,y;t0,...,tm} (resp. {yo,...,yn_l,x;

so,...,sn}) is a (§,T)~-chain from x to y (resp. from y to x), and

$,T

SO X+——y.
The proof of (2). For every 6>0 and every T>0, there is §/2>

v>0 such that d(x,y)<y implies d(x*T,y°T)<8 . Since x€R, there is

. k ... e .
a (6/2,2T)-chain {Xi’ti}o with X =X=Xy . Then {y,x T,xl,...,xk,

T,t,~T,t ..,tk} is a (§,T)-chain from y to itself. Thus (2) is

0 1’
obtained.

The proof of (3). Let xeR and T€R be given. For every 6>0
there is 6>Y>0 such that d(x,y)<Yy implies d{(x°T,y°*T)<8. Put S=T+|T].

. . . k . e
Since xe€R, there is a (Y,S)-chain {xi,ti}o with X(=X=X, . Then
{x~T,x1,...,xk;to—rrtl,...,tk} is a (6§,T)-chain from g-T to x.
Also {xo,...,xk_l,x-r;to,...,tk_z,tk_1+tvtk} is a (§,T)-chain from

X to x*T , and so x+§*l+x . Since 6§ and T are arbitrary, we get
X ~ X .

The proof of (4). For x¢R and T€R, by (3) we have xX°*T ~ x°*T
and hence R is invariant. If yeR then by (2) we have y+§*$+y for
'every 6>0 and every T>0. Hence y€R and so R is closed. To see
QC R, let x€Q be given. For every 8>0 and every T>0, there is 6>y>0
such that d(x,y)<y implies d(x*T,y°T)<S8. Since x€Q, there is ye<¢X
with d(x,y)(y and d(x,y*S)<y for some S2 2T. Then {x,y'T,x;T,S-T,O}
is a (6,T)-chain from x to itself. Since 8§ and T are arbitrary,

we have x € R.

Lemma 3.2. Given 6>0 and T>0, R is splited into equivalence

classes AA under the (§,T)-relation; i.e. R =lJAAk' Then each Ay
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is an invariant, open and closed subset in R.

Proof. For xGEA) and 1€R, by Lemma 3.1(3) we have x+§L$+x-1
and so x*T€A,. Hence A, is invariant. By Lemma 3.1(1), {yeR: d(x,y)

<8, XGAA}C:AA' that is, A, is open in R. Since A= R-le¢uAu'

AA is closed in R.

From Lemma 3.2, {A,} is finite because R is compact. Hence

A}
R =LJT A for some m = m(§,T)>0.

Proof of Theorem. Let us assume that (X,¢) has the P.O.T.P..

First we show that R = Q. Since QCR by Lemma 3.1(4), we must show
RC Q. To do this, let x€R and €>0 be given. put U = {yeX: d(x,y)
<e}. By assumption, there are §>0 and T>0 such that for every

in X there are yeX and g€ Rep(e) with

(8,T)~-chain {xi;ti}iez

d(xo*t,y-g(t))ée (te R). Since xeR, there is a (§,T)-chain {xi;ti}g

with x =X=X) . Put x . = x. and t

0 kn+i i kn+i = G4 for ne 2, then

{xi;ti}iez is a (§,T)~-chain. Then there are yeX and g€Rep(g) with

d(xo*t,y-g(t))gs (te R). Since g(0)=0, we get ye U. For nj=
35E71 ., it follows that g(n;) 2 (l-e)njae and d(x,y'g(n,)) =
d(xo*nj,y-g(nj))g g. Therfore xe€g.

To see that (,%) has the P.O.T.P., let €>0 be given. 1In
order to our conclusion, by Theorem 1l(c) it is enough to show that
there are §>0 and T>0 such that for every finite (§,T)-chain

{Ri;ti}g in R there are yeR and geRep(e) with d(x,*t,y*g(t))se

U:GIO,Eg t;]). By assumption, there are y>0 and T>0 such that
(Y,T)-chain in X is e-traced by some point in X. Let R =LJT Ai
be the splitting of R into equivarence classes under (Yy,T)-relation.

Since each Ai is closed in X (by Lemmas 3.1{(4) and 3.2), we have



. . g . k
§, = min {d(Ai,Aj): i#j} >0. Take 0<6< mln{y,ﬁl} and let {xi;ti}0

be a finite (§,T)-chain in R. Without loss of generality, we may

assume X, € A,. ‘Since AR = Ay (by Lemma 3.2) and d(xi°ti,xi+1)<6
<8, we have {xi}gC:Al. Since x0+1LI+xk, there is a (y,T)-chain

' Vgt : : I 't =
{xo,...,xa,to,...,té} in X with x} = x, and x] = x,. For ne 2, put

¢ .
xi—n(k+a) n{k+a) £ i1 < n(k+a)+k
Z. = <
l .
{ Xi-n(k+a)—k n(k+a)+k € i < (n+l)(k+a),
( ' . ‘
ti—n(k+a) n(k+a) £ i < n(k+a)+k
s, = 4
l 3
\ ti-n(k+a)—k n(k+a)+k € i < (n+l)(k+a).

Then.{z.;s

i i}iez is a (y,T)-chain in X, so there are zeX apd heRep(¢€)

k+a-~1
Ly

with d(zO*t,Z°h(t))§e (teR). Put p = s; and suppose

a sequence {z'h(np)}ngo. When {Z°h(np)}n’>'0 is finite, z is
periodic point, so z€Q= R. Hence (y,g) = (z,h) is the required
tracing pair. If {z~h(np)}nzo is infinite, a subsequence converges
to some point y€X. It is clear that ye R. Define 9,€ Rep(e)

by gn(t) = h(np+t)-h(np) (te€R). By Lemma 2.1(2) there are geRep(e)
and a sequence {n'} such that z+h(n'p)— y (n'——+¢), and such that

i ]
gn'|[0,p] uniformly converges to g|[0,p] (n'—). Then for
k-1
te [0, ZO ti]C [0,p], we get
d(xg*t,y-g(t)) = lim , , d(x *(n'p+t), (z-h(n'p)) g . ()

n'-»w

lim

d(xo*(.n'p+t),z'h(n'p+t)) Se.

n'->o

The proof is completed.
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§ 4 Spectral ‘decomposition of Q.

Let (X,#) be a flow on compact metric space. (X,8) is said
to be expansive([4]) if for any €>0 there is n=n(e)>0 such that
for some x,y€X and for a continuous map g:R—R with g(0)=0, if
d(x-t,y*g(t))sn (teR) then xey*[-e,e]. n=n(e) is called an

expansive constant corresponding with €.

Lemma 4.1 (Lemma 1 in [4])_ If (X,4) is expansive, then each

fixed point of ¥ is an isolated point of X.

Lemma’4.2 Assume that (X,#) is expansive without fixed point.
For €>0, let n=n(e)>0 be an expansive constant corresponding with €.
If for x,y€X and ge¢ Rep(n), d(x*t,y*g(t))sn for t20 (resp. ts0),
then for every y>0 there is N>0 such that d(x-t,(y-[-e,e])-g(t))sy

for t2N. (resp. ts-N).
Proof. 1If the assertion is false, there is y>0 so that for

every n>0 there are xn,ynéx, gné Rep(n) and tnzn such that

d(x -t,y °g (t))sn (t20) and d(x t ,(y +[-e,el)eg (£ )) >v.
Without loss of generality, we may assume that xn'tn——+ x and

yn-gn(tn)——+ y. Put hn(t) = gn(tn+t)—gn(tn), then hn€ Rep(n) by

Lemma 2.1(1). By Lemma 2.1(2) there is h€ Rep(n) such that for
every N>0 there is a sequence {m} so that hml[—N,N]__* hl[—N,N]
(uniformly). Let téR be given. There are N>0 with t€[-N,N] and

a sequence {m} such that hm(t)f—+ h(t) (m—=) and -t_$t. Then

we get  Alxet,yrg(t)) = lim__ d((x_*t )*t,(y *g (t ))*h (t))

]

limm*m d(xm-sm,ym-gm(sm)) < n where Sp = t+tm2 0. Since te R

is arbitrary, by expansiveness x€ y*[-e,e]. But for every se¢[-¢,e],
d(x,y*s) = lim___ d(x +t ,(y +g (t ))es)2y ;i.e. x¢ y*[-e,el.

n>

This is a contradiction asbwell.
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- Teorem 3 (Spectral decomposition theorem). Let § be the non-
wandering set of a flow (X,#). Assume that (Q,%) is expansive and
has the P.0.T.P.. Then{ is uniquely expressed as a finite disjoint

. - a v b a . .
union Q —\Ji=1{wi} L£=1 Q; where {wi}i=1 is the set of fixed

points of ¢ and Qi (1sisb) is a closed invariant set such that

(Qi,¢) is topologically transitive.

The proof of Theorem is done along the following steps (S.1l)~

(S.4). After this we assume (Q,%) is expansive and has the P.O.T.P..

(S.1) Denote by Per(g) the set of periodic points; i.e.
[xeX: x°t=x for some t# 0}. Then Per(¢) is dence in Q.

Proof. -This is easily obtained by the P.0.T.P. and expansivness.

(s.2) Let {B be the equivalence classes of © under the

A}

relation "~ ". Then each B, is invariant, open and closed in f.

X

Proof. Since Q is invariant, so is BA by Lemma 3.1(3). By

Lemma 3.1(2), B,y is closed in . We show that B, is open in Q.

A
Let F be the set of fixed points of ¢. By Lemma 4.1 each element

of F is isolated in Q, so that F is finite. If BX is contained in

F, clearly B, is a single point and so B, is open in Q. Suppose

A

that BA is not contained in F. Since F is open and closed in @,

(Q-F,¥) has the P.O.T.P. and expansiveness. So we can suppose

that (Q,4) has no fixed point and B,C Q.

A
Let €>0 be given. By expansiveness there is an expansive

constant n=n(e)>0. By the P.0.T.P. there are 6>0 and T>0 such that

every (§,T)-chain in Q@ is n-traced by some point in Q. Put UG(BA)

= {yeq: d(y,BA)<6} and take pe€ Uc(B,)n Per(¢). There is t>T such that

p*t = p. Take y€B, with d(y,p)<s§.

A ‘
Since a collection {...,p,P/¥Y,¥*T,¥*(2T),eeuieeersT,T,T/T,Ts.. }

is a (§,T)~-chain, there are x€Q and ge Rep(n) such that

— 7 -



d(p*t,x°g(t))sn (t<0) and d(y*t,x°g(t))sn (t20). For every y>0 and
$>0, by Lemma 4.2 there is N>S so that d(pet,(x°[-€,€])g(t))sy
(ts-N) and 'd(y°t,(x'[-€.€])°g(t))5n (t2N). Take K2N with p°*K=P.
There are s,s'€ [-€,€] such that d(p,x*(s+g(-K)) = d(p°(-K),
(x°s)*g(-K))Sy and d(y°N,x°(s'+g(N)) )Sy . By Lemma 3.1(1),
p+1*§*x'(s+g(—K)) and x‘(s'+ng))+lL§+y'N. Since x*(s+g(-K)) ~
x*(s'+g(N)) and y*N ~ y (by Lemma 3.1(3)), we have p+lL§+y. Since

Y and S are arbitrary, we obtain pe€ BX‘ Therefore by (S.1) we

get B,D UG(BA)r\Per(¢)IJUG(BA)I\Per(¢) = UG(BA).‘

Since £ is compact, by (S.2), £ is uniquly expressed

At . _ m - a v b -
as a disjoint union § = i=1 Bi Ui=1 ws ‘Ji=1 Qi (a+tb=m) where

w, (¥sisa) is a fixed point and Qi (1£isb) is an equivalence class
under *~"without fixed point.

(s.3) (Bi,¢) has the P.O.T.P. (1%ism).

Proof. Put o= min {d(Bi,Bj):i # 3} and let a>e>0 be given.
Since (£,2) has the P.0.T.P., there are §>0 and T>0 such that
every (§8,T)-chain in @ is e-traced by some point in Q. If a (§,T)-
chain in'Bi is €~tréced by ye¢Q, then we have Y€B; by the choice

of €. Hence (Bi,¢) has the P.O.T.P..
It is clear that (wi,¢) (1figa) is topologically transitive.

(s.4) (Qi,¢) is topologically transitive (1£isb).

Proof. Le£ U and V be open set in Qi. There is €>0 such that
U (x) <€ U and U_(y)CV for some x€U and yeV (where U (2) ={w€Qi:
d(z,w)se} ). By (S.3) there are §>0 and T§0 so that every (§,T)-
chain in Qi is e-traced by some point in Qi. Since x ~ y, there
is a (68,T)-chain {yi;ti}g‘witn Yo = Y and Yy =X%- Then there are
2z€U_(y) and K>0 with d(x,z°K)Se. So zéue(x)‘(-K)r\Ue(y)CU’(—K)nV

# empty. The proof is completed.

- [ -



§ 5 Topologically Lipschitz equivalence and suspensions.

Let X, (i=1,2) be a compact metric space with a metric di (i=
1,2) and let ¢i be a flow on X, (i=1,2). Suppose that (Xl,?l) is
topologically equivalent to (X2,¢2); that is, there is a homeo-
morphism u:Xl——+X2 such that ¥ maps orbits of (X1,¢1) onto orbits
of (X2,¢2). In general u dose not preserve the notion of (§,T)-

chain on (x1,¢1). For example, put X} = X2 = {ZEC:lzlsl},
zl

2mit e2“it/

¢1(z,t)= ze and ¢2(z,t) =z (z#0), =0 (z=0) where

i=/-1. Since u= id.:X,—X, is a homeomorphism mapping orbits of

1 2
(X1,¢1) onto orbits of (X2,¢2), (X1,¢1) is topologically equivalent

=2 ...1,1,...} is a (271,1)-chain

-1 -2

12 e

to (X2,¢2). A collection {2—1,2
of (X1,¢1), and the image of this chain under u is {2

1 p)-chain of (x,,9,) for

2-1,2"2,...}, which can not be a (2
every T>0. Therefore we suppose the equivalent relation stronger

than the topologically equivalence.

Definition 5.1. Let (Xi,¢i) be a flow (i=1,2). (X1,¢1) and

(X2,¢2) are topologically Lipshitz equivalent if there are
a homeomorphism MiX) ™ X, and a continuous map 0:X R R with
o(x,0)=0 (xexl) such that for some M 2 m > 0,

m < U(X'E):Géx’s) $M (x€X;, t#s) and

u¢1(x,t) = ¢2(ux,0(x,t)) (xe X4 tE€R).

Clearly this is a equivalence relation. If 0 is a continuous
map as above, o, = o(x,*):R—™ R (xexl) is an increasing homeomorphism

of R such that Oy and 0x°1 are Lipschitz continuous.

._./3._.
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Lemma 5.2. Let g<Rep(e). If g;:R— R (i=1,2) is an

increasing homeomorphism of R such that oi(O) = 0 and
oi(t)—ci(S)
m g re——— <£M (t#s) for some M 2 m > 0,

then h = ol—logoozzR——+ R belongs to Rep(gg;).

Proof. Since o; (i=1,2) and g are all increasing homeo-
morphisms of R fixing the origin, so is h; i.e. h€ Rep. As

h(t)-h(s)-t+s go,(t)-go,(s)

h(t)-h(s) _1l l ¥

t - S Olh(t)—olh(s)—oz(t)+02(ST 02(t)—02(s)
'Gz(t)+02(s) Oz(t)foz(s) h(t)-h(s)-t+s M
o, (€)=, (5] g S m(h(E)-h(s)-t¥s)" € ‘M =qpe (tFs),

we get he Rep(%e ).

Theorem 4. Let (Xi,¢i) {i=1,2) be a flow. Assume that

(X1,¢1) and (X ) are topologically Lipschitz equivalent. If

2%

(X ) has the P.0.T.P., then so does (X1,¢1).

2%

Proof. By assumption there are a homeomorphism u:xl——+x2 and

a continuous map ¢g:X,XR—R such that o(x,0)=0,1n§U(i'f);o(x’s)

<M

(xeX,, t#s) for some Mzm>0 and ¢1(x,t)=u—1¢2(ux,o(x,t)) (x€X, teR).

Let ¢>0 be given. By the uniform continuity of u there is

e'>0 so that dz(y,Y')<€' (y,y'exz) implies dl(u-ly,ufly')<e .
Take €'>y>0 with %~y< €. Then there are §'>0 and T'>0 such that

(6',T')-chain of (X2,¢2) is y-traced. We take 6>0 with dl(x,x')<6
(x,x'exl) implies dz(ux,ux')<6', and put T=T'/m. In order to get

conclusion, by Theorem 1(c) it is enough to show that every finite

k

(8,T)-chain {xi;ti}0

of (X1,¢1) is e~-traced.

Since d2(¢2(uxi,o(xi,ti)),uxi+1) = dz(u¢1(xi,ti),uxi+l) < 68!

— )4 -
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. k .
and o(x;,t;)2mr=T', a collection{ux ;o(x;,t;)}y is a (8',T')-
chain of (X2,¢2). Then there are‘yéx2 and g € Rep(y) with

a, ((uxg)*t,y+g(£))sy (te [0,]§ olx,,t)] ). Put x = 'y,

To find a reparametrization we define an increasing homeomorphism
0:R— R by
t : (t £ 0)

~ i-1 i-1 .
o(t)= U(Xi'T)+Z$ U(Xjrtj) (T=t—23 tje (Oltl]I 0<isk )

t+zg{o(xj,tj)—tj} ( Zg tj <t ),

where Zal t. =0. o satisfies that ¢(0)=0 and mgciElEQLgléhd

J t s
(t # s), and so by Lemma 5.2, h = o(x,-)'logsa belongs in Rep(%y)c
Rep(e). For t=T+Z$~1 tj (t'e(o,ti]), since

d2(¢2(uxi;o(xi,r)),¢2(ux,o(x,h(t))) ) =

i-1 |
d2(¢2(UXiIC(XiIT))l¢2(uxrg(20 U\letj)+ U(XilT))) ) < y < €‘ '

we have that

d, (xy*t,x-h(t)) = d, (4, (x;,1),%,(x,h(t))) =
a, ("l (ux,,0(x,, 1)), 0" e, (ux,0(x,h(t))) ) s e
1‘-1 zuir i’ 1Y 2111 ' 7 = E.
Therefore {xi;ti}g is e-traced by (x,h) and the proof is completed.

Now we give the definition of suspension flow. .

Definition 5.3 ([4]). Let Y be a compact metric space with

a metric p and f:Y—Y a homeomorphism. Let a:Y—(0,~) be

continuous. The suspension of £ under a is the flow ¢ on the space

Ya = U (YIt) | :
0stsal(y) (yraly)) ~ (£fy,0)

_15...
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defined for small nonnegative time by ¢((y,s),t)=(y,t+s),'0$t+s<a(y).
Each suspension space of f is homeomorphic to the Suspension
space of f under 1 (the constant function with value 1). A homeo-
morphism~u:Y1——+Ya is given by u(y,t)=(y,ta(y)). If a metric d of
Y, is defined, a metric d  of Y  is induced by A, ((yyrty) e (yyet,))
= d(unl(yl,tl),u—l(yz,tz)). For this reason we now define
a metric on Y,. Suppose therdiameter of Y under p is less than 1.
Consider the subset Yx{t} of ¥x[0,1] and let p, denote the
metric on Yx{t} defined by P (lyet)  (z,))=(1-t)p(y,2)+tp(fy,f2)
for y,z€Y. Note that po((y,O),(Z,O))=p(y,Z) and pl((yll),(z,l))=
p(fy,fz). Let X1 1 X,€Y, . Consider all finite chains X =Wo Wy reens
W X, between X, and xszhere for each i either W, and Wil belong‘
to ¥Yx{t} for some t (in which case we call [wi,wi+1] a horizontal
segment) or Wi and W.,q are on the same orbit (and then we call
[wi,wi+1] a vertical segment). Define the length of a chain to be
the sum of the lengths of its segments where the length of
a horizontal segment [wi,wi+1] is measured in the metric Py if

w. and w,,, belong to Yx{t}, and the length of a vertical segment

i i+l
[wi,wi+1] is the shortes# distance bgtween Wy and Lo along the
orbit (ignoring the direction on the orbit) using the usual metric
on R. If wi# Wil and W, /W. 4, are on the same orblt and on the
same set Yx{t} then the length of the segment [w;,w;, 1] is taken
i+1), since this is always less than 1. Define
d(xl,xz) to be the infimum of the lengths of all chains between X4

to be pt(wi;w

and x,. Since p ((y,t),(z,t)) 2 min{p(y,z),p(fy,£fz)}, it follows that .
d(xl,x2)=0 iff X =X, . Clearly d is symmetric and satisfies
the triangle inequality and hence is a metric on Y. Also d gives

the topology on Y.

_1{,_
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Lemma 5.4. Let f be a homeomorphism of a cdmpact metric
space Y and a:Y—(0,2) be a continuous map. Let (Y,,%,) and
(Y1.¢1) be suspensions of £ under @ and 1 respectively. Then
(Ya’¢a) and (Y1,¢1) are topologically Lipschitz equivalent.

Proof. We define a homeomorphism W:Y,~—Y, by M(y,T)=(y,T®(y))
for (y,T)GY1 and define a continuous map 0:Y, XR—R by, for

(y,T)GY1 and teRr,

105 et y)vatehy) (tee-n)-a(y)T  (Teteln,ntl) n20 )
olly,t),t)= : ‘

-Zj;i a(ij)+u(fny)(T+t—n)—a(y)T (T+t€[n,n+1l),n<0 ).

Putting m= inf a(y) and M= sup a(y), we have

yey yey

0<n1§g(xétl—g(x’5) £ M (xeYl, s#t) and 0(x,0)=0 (xeYl). For

every (y,T)€Y; and every t¢R, if T+t€[n,n+l) for some nez, then

u¢l((y.T),t)=u¢1((fny.O).T+t-n)=¢d((fny,O),a(fny)(T+t—n))
=¢a(y,0((y,T),t)+a(y)T)é¢a((y,d(y)T),G((y,T),t))

=¢a(u(YIT)IG((YIT)It))'

Therefore (Ya’¢a) and (Y1,¢1) are topologically LipSchitz equivalent.

We recall that (Y,f) (a pair of compact metric space Y and
homeomorphism f of Y) has the P.O.T.P. if for every €>0 there is

§>0 such that every 6-pseudo orbit {y }iez (i.e. p(fyi,yi+1)§ §)

i

has a point y€Y with p(fly,yi)ﬁe (ie2).

Theorem 5. Let f be a homeomorphism of a compact metric

space Y and (Ya'¢a) a suspension of f under a continuous map

a:Y—(0,«). (Ya'¢03 has the P.0.T.P. if and only if (Y,f) has the P.O.T.P..

Proof. By Theorem 4 and Lemma 5.4, we need only show the

resulte when a=1. Let # denote the suspension of f under 1 and

_.]7 —
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X =Y, which has the suspension metric d induced by a metric p of
Y. We suppose Y = yx{0}Cx. For W= Y*[-1/4,1/4], we define
a continuous map Z:W—Y by Z(y*t) =y (y°te W). Put Uo(e) =
{xex: d(x,¥)se} and uj(e) = {xex: d(x,¥x{1/2})se} for e>0.
Suppose (X,%) has the P.0.T.P.. Let €>0 be given. There is
s>eo>o such that Uo(eo)c W and Uo(eo)nul(eo) = empty, and such
for x,x'€ W then p(g(x),Z(x"))se. By Theorem 1(b)

0
there is 6>0 so that every (§,1)-chain is Eo-traced. Let {yi}g be

that if d(x,x')se

a finite 6-pseudo orbit of £. By Lemma 8 in [13], it is enough

to show that there is yeY with d(fly,yi)5€ (0€isk). For t, =1

(0sisk), {yi;ti}g is a (§8,1)-chain, hence there are x€ X and

g € Rep(€) such that d(yi't,x’g(i+t))§e0 (te[0,1], 0Sisk).

Sincevd(yi,x-g(i))éeo, we have x-.g(i)e Uo(eo) (0sigk). Put y
z(x), then d(yy.y) = dlelyy),o(x)) £ €. We claim that if
Z(x+g(i)) = £y then z(x°g(i+l)) = £i*ly (0Sisk-1). To see this,
put z = fly. Assume c(X'g(i+1)) # fz, then there is n22 so that
g(x-g(i+l)) = £f%z. Hence there is sle (0,1) such that x'g(i+s1) =
fz. Since d(yi'sl,fz) = d(yi'sl,x'g(i+sl)) s €yr We get yi'sle
Uo(so), and so slé (0,1/4] or slG [3/4,1). When sle (0,1/4],

3 . L] < L]
since d(yi Spr2 (1/2)) = € for some 0 < g < sl,rwe have Y; soe

Ul(eo). But, since y,*s,€ yi'[O,sllC Uo(eo), this contradicts

the choice of € When 5; € [3/4,1), we get similarly the

contradiction. Thus C(x°g(i)) fly (0$isk). Therefore we have

€ (0sisk).

IA

o(y; £y) = o(z(y,), Llx*g(i)))

—-/8—
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Conversely, suppose (Y,f) has the P.O.T.P.. Let €>0 be given.
There is e>y>0 such that d(x,x')sy implies d(x*t,x'*t)se/3 (lt]s2),
and that d(x*t,x)se/3 (|t|sy). We take y>8>0 and y/9>u>0 such that
§-pseudo orbit of f is y-traced, and if he€Rep(6n) then g°héRep(26)
(geRep(e)). There is 61>0 with 61/(1—61)<Y such that a((Y:SL(y',S'H:
(s,s'€[0,1-x]) implies p(y,y')s8. Put Wj=Y'[—ju,ju] (1£3£3) and take

5O>0 so that B(Wj,é )CWj+1 (3=1,2) and ;(B(X,GO)AW)CB(Q(X),GI) (xeW).

0
Put T=1+6n. Let a (GO,T)-chain F0={z.;s.}g be given. We put X(=2q 0
and define recursively xiEYU(X~W2) (1gisk) by x. —g(z ) if z, ewz, or

if ziew -W, and z., .°*s, EWZ;,and by X;=2. otherwise. Then there is

3 72 i-1 “i-1

t.2]1 such that x.+t.eYU(X-W,),
i i i 2

a (61,1)—chain. Suppose T is e-traced by (x,g). To get h€Rep(6n),

k .
|si—ti1§6u, and that I'= { 'tl}O is

we define h(0)=0, h(iésj)=28tj (0€i<k), and extend h linearly betweel
these points. By choice of » and y, it follows that Po is 2e-traced
by (x,g°h). Hence it remains to see that FO is e-traced. There

are y.€Y, Ti,TiG{O}U[u,l—n] and an integer niZO such that xi=(yi,1—T

n.

= - ! <ig — . - 1 = o I
and ti Ti+ni 1+Ti (0=1=k).> Then Y =%y (Ti 1) and £ Y; =%X; (ti Ti).

n,
By choice of § 1+ we have p(f y ,yl+1) £§, so that G= {yo,fyo,...,

n,—-1 n
£ 0 yo,yl,...,f kyk} is a 6-pseudo orbit. Hence there is ye€Y which

— = i-1 <i< = - yi <1<
yYy-traces G. Put Ni 20 nj (1£isk+1), N.=0, Si— EO tj (0s1isk)

0

and x = y'(l—TO). We define a reparametrization g Rep by
t (t < tO-Té )
(13473410 T (EmSFTDH(TG1IN (8- SECS 4Ty,
g(t) = < -
: ] ' .
t- Z (1! STt 1) (S;+T;, 1SE<S; 1= Td
_vk-1,_, _ _
t ZQ (Tj+Tj+1 1) | (S =T S t )

L -— 3 v -— < l
where i=0,1,...,k-1. Since |Ti+T 1| d((f y PN (yl+1,1 Tipp))

— 19 -
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= d(xi-t ) € 61, we get for t,s€R (t#s),

it*i+1

1

g(t)-g(s) _ T S
| 1| s max iy IT:!L+Ti+1

o - 1] 5 §;/(1-87)5 y.

Hence g € Rep(y)C Rep(e).
Let t;e[0,sk] be given. We shOW‘d(xo*t,x-g(t)) < e-
Case (1): OstSto-ré. t is expressed as t+1--'r0 = m+1 for some

integer m 2 0 and 1€ [0,1). Then we have d(xo*t,X'g(t)) =

d(xg (To=14mt1),x* (1g=1+mt1)) = A((£Myy) T, (£My) T)<e/3

because p(fmyo,fmy)é Y.

. <+< -7 ! <i1€<Yk = 3
Case (2): Si+1:i+1=t.si+1 i (0£igk-1). t is expressed as
t-Si-'ri+1 = m+T for some m20 and 1¢[0,1). Then we have

d(xo*t,X'g(t))

= . IR S
d(x, HHT ), X° (MATHS 4T, EO(Tj+l

iv1 " (Ti1 +171))

3

d(yi+1°(1+m+1),y'(1+Ni+1+m+1) )

m+1+N,
ace™ly e My <ess

m+N

_ m i+l
because o(f Vi1 f

y) £ Y.
. - 1< ’ 3 - b = - !
Case (3): Si Ti=tssi+ri+1 (0£1gk-1). Then t 'r+Si Ti for
1 <7T?! < <
some T with 0§T=Ti+Ti+1 =1+61=2. We get .

d(xo*t,X'g(t))

s d(xi+1*(T-Ti),x‘(g(Si-Ti)+T)) + d(x'(g(Si-Ti)+T),x‘g(si—ri+r))

— 50 -
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SA((£ Ty )T,y i+l

N
T )+dly 0T o (f yrt) +e/3

i+l
Se/3 + €/3 + €/3 = ¢
n N

i i
because p(f yiryi+1)§Yr. D(yi+1.f

+ly)gY and iT] $2.
. - < 3 = -
Case (4): SkrTﬁ-'t. t is expressed as t Sk+T Ti for some

0£t$T!. Then we have

A

. . Tt . —T - k-1 ' ‘_
d(xo*t,x g(t)) d(xk (£ +T Tk),x (T Te+Sy ) 0 ”j”j+1 1)))

n, +1 n, +1+N

ai(£ ¥ ¥, ) T (E k'™ Tkyyety) 5 e/3

n, +1 n, +1+N
because p(f k Yy £ k ‘ky) s Y.

Therefore the finite (51,1)—chain {xi;ti}g is €-traced and by
Theorem 1l(c) we have that (X,%) has the P.O.T.P.. The proof is

completed.

§6 Isometric flows.

Let X be a compact metric space. A flow (X,?) is isometry
if there is a metric 4 on X with d(x‘t,y't)=d(x,y) (x,yeX;, teR).

(X,#) is minimal if for every x€X the orbit of x is dense in X.

Theorem 6. Let M be a compact connected manifold and #
an isometric flow on M with respect to a Riemannian metric d.

If (M,%) has the P.O.T.P., then (M,%) is minimal.

Proof. Assume that (M,%) is not minimal. We will show that
(M,?) does not have the P.0.T.P.. Since # is isometry, # preserves
the measure y on M induced by a Riemannian metric 4 and so the set

Q={y€M: for every €>0 there is a sequence tn+m with d(y,y'tn)<€ }

—_ 9 —
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is dense; this follows from Birkoff's return theorem [9].

By assumption there is x¢M such that the orbit of x, O(x), is not
dense in M. Since Q is dense in M, there are 2eQ and >0 so that
Vn B= empty for V={yeM: d(0(x),y)sc} and B={yeM: d(z,y)se}.

Assume that (M, g) hasrthe P.O.T.P.. Then there are 6>0 and T>0 such
that (§,T)-chain is e-traced. Since M is connectéd, we can find

a sequence {xi}g such that xo=z, x,=x and x;€Q (0sisk-1), and such
that d(x,,x;, ,)<8/2 (0sisk-1) and {xi:ogisk} is §/2-dense (i.e.
{yeM: d(y,xi)<6/2 for some Xs 0§i§k} = M). As xieQ, there 1is
t,2T with d(x;-t;,x;)<8/2 (0sisk-1). Put t,=0. Then {x ;t;}5 is
a (6,T)-chain, hence there are y¢M and g<Rep(e) with d(xo*t,y'g(t))
se for te[O,Zg"lti]. For K=g(Z§'1ti), since d(x,y*K)=d(x,,y°K)s¢,
we have d(0(x),y) € d(x*(-K),y) = d(x,y*K)Se; i.e. YE V. On the
other hand, since d(z,y)se, we get y€B, hence VN B is not empty.

This is a contradiction as_well.

Remark 1. Let f be a‘homeomorphism of a compact connected
manifold M. Using minimality of £, A.Morimoto showed that if f is
isometry and the dimension of M 2 1 then £ has not P.O.T.P. [10].
This:result was generalized in the case of distal homeomorphismsA
on compactbconnected metric spaces by N.Aokifl].

Remark 2. In Theorem 6, the éonver#e is not true. There is
an isometric minimal flow which does not have the P.0.T.P.. For
‘example, let £ be an irrational rotation (oiientation presefving)
homeomorphism of the circle Sl. ‘Then the suspension space of
(Sl,f) under 1 is just 2-torus T2 and the induced flow ¢ is
isometric and minimal. But (T2,¢) does not have the P.O.T.P.,

because (Sl,f)'does not have the P.O.T.P. (see Remark 5) and

Theorem 5 holds.

- 92 —
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Remark 3. There is an isometric minimal flow on S1 which
has the P.O.T.P.. 1Indeed, let ¢ be a constant rotation flow on Sl.
Sincei(sl,¢) is a suspension of the identity homeomorphism of
a single point space; ({p},id.), (Sl,¢) has the P.0.T.P. by
Theorem 5 (it is clear that ({p},id.) has the P.0.T.P.).

Remark 4. In general, the direct product of flows with the
P.O.T.P. need not to have the P.O.T.P.. For example, let (Sl,¢)
be a constant rotation flow. This has the P.0.T.P. as in Remark 3,
but the direct product flow (Slxsl,¢x¢) (i.e. (¢x¢)((xl,x2),t) =

1

(¢(x1,t),¢(x2,t)), (xl,xz)éslxs , t€R) dose not have the P.O.T.P.

by Theorem 6, because ¢x¢ is isometry and is not minimal.
Remark 5. Let ¢:XxR—X be a flow on a compact metric
space x. A time T-map of ¢ ris a homeomorphism of X defined by
ff=¢(-,T):X—f+X. In general, a time T-map of flow with the
P.0.T.P. need not to have the P.O.T.P.. For example, let S1 =

{zeC: |2z|=1}, d(zl,22)=|zl—22] (zy,2,¢ s!) and ;zs(z,t)=ze2ﬂ-:Lt

1, teR) where i=/-1. Then (sl,¢~) has the P.0.T.P. as in

2TiT

(zeS
Remark 3. The time T-map fo of ¢ is given by fo(z) = ze
fT dose not have the P.0.T.P.. Indeed, for every 1/2>5}0,

{e2n1n(T+(6/2))}n>0 is. a §Fpseudo orbit of fT. But there is

no point which can 1/2-trace this §-pseudo orbit.
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