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Presentations for the fundamental group of a homology
3-spheres of genus two
By Tatsuo Homma and Mitsuyuki Ochiai
1. Intreoduction. The fundamental group Hl(M)vof a 3-manifold M of genus

two has two defining relations with two generators. Then the two defining
relations are reduced to the canonical form (see Theorem 2). The canonical
form is applied to determine whether homology 3-spheres are also homotopy
3-spheres in some simple cases, or not (Corollary 1,.2).

All spaces and maps considered here are polyhedral. s" is a n-sphere
and D" is a n-disk. Let M C W be manifolds; the interior and boundary of M
are denoted int(M), 9M, respectively; M is properly embedded in W if M N3 W
=93M ; N(M,W) is a regular neighborhood of M in W.
2. Presentations of HI(M)'

Let M be a closed orientable 3-manifold with a Heegaard splitting
(Wl,wz; h) of genus two. Then the manifold M is the identification space
W1 g W, by the homeomorphism h: 3W_—> 3W., of boundaries of solid tori Wl’

2 1

W2 of genus two. Let {Dil’DiZ} be a meridian disk pair of the solid torus

Wi(i=1,2), that is, Dij (j=1,2) is a properly embedded 2-disk in Wi such

that W. - (D. ,oD. .} is called a meridiam
i il 1 i2

pair of Wi. Then we have;

V) Di2) is connected, and then {E)D.1

Lemma 1. The manifold M is uniquely determined up to homeomorphism by
. -1 -1
circles h(aD21), h(aDzz)(or h @ Dll), h (3012)).

Proof. By the definition of {D }, the closure of W2 - (N(D21,W2)

21’D22

U N(D WZ)) is a 3-cell and so the lemma is valid.

22°
Let Hl(Wi) be the fundamental group of the solid torus Wi and then
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nl(Wi) is a free group with two canonical generators ays bi associated with

{Dil’DiZ} such . that a; (or bi) is a homotopy class generated by an .oriented

circle,which is disjoint from Diz(or Dil) and transversely intersects Dil

(or Diz) at only one point, in Wi'
Let C be a oriented circle on awi, q a fixed point in C disjoint from

) Di v aDiz, and [C] the homotopy class in Hl(wi) induced from the circle C.

1
Furthermore let { P; }2=1 be a sequence of points in C such that { pi}?=1 =

(aDifJa Diz) N C, P, is the first intersection next after the point q along

the orientation of C, and the sequencial order follows from the orientation.

Let € be the intersection number between C and oriented circles BDil, aDi2
i = ;Sl_.. 3&n a = i (S N
at the point Py - Then [C] 3, a_ where a = ay if Py C BDil, or

a = i S N
a.k bi if Pk C BDiZ.

the homotopy class [C](or the circle C).

Let L([C]) = n and L([C]}) is called the length of

Let Vi (orzwk) be a homotopy class induced from the oriented circle
-1 _ . .
h(aDZk)(or h (Ble))(k—l,Z) in Hl(wl)(or Hl(Wz)). Then wg have;

1}

LM = {a;, b;; vy(a;,b) = v,(a;,b))
= {3-2, bz; wl(az’bz) = wz(azﬁbz) = 1}
where vk(al,bl)(or wk(az,bz)) is ‘represented by the sequencial presentation

above defined.

Let w be a word generated by symbols a, a—l, b, b-l,that is, w = ap -,
where a; is a symbol among a, a—l, b, b—l. Let o be a oparator such that

a(w) = wand w = a rra,-a. Then the word w is said to be symmetric iff

= ? [ PN eq_ .
w. Let Br be a oparator such that Br(w) = w' and w a1 a -a;-a,

a(w)

era . Then the word w is said to be freely symmetric iff Bra(w) = w for
some integer r. Then we have;
Theorem 1. Let C be a circle on Swl(or 3W2) such that C is not homo-

logous to zero in Bwl(or BWZ). Then [C] has a presentation in the free

-2 -
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group Hl(Wl) = {al, bl; freel} (or Hl(Wz) = {a2, b, free}) such that
(1) [C] is freely symmetric and
1

(2) [C] = W 'wl-wz-wo-ws-w4’

where w., w are symmetric.

17 W20 VW3 Wy

Prrof. If CN (3D11U aD ¢ , then [C] = 1. Consequently we may

120 ©

assume that C 0 (anllu 8D12) # ¢ up to a isotopy in aW We cut 3W, along

1’ 1
the circle C. As a result, we obtain a torus T2 with two holes: X+, X-l
( note that T2 = awl- int(N(C,BWl))). Under this operation, the circles

3 Dll’ 8D12 are cut up, and they turn into a collection of segments joining
the holes in the torus T°. Let s@) =s"u s,Y S™ where S (or S7) is a sub-
set of segmennts in S(C) such that a segment s € S+(or S7) is the one which
joins 3X (or BX_l) tod X' (or ax'l), and S, is a subset of segments, in S(C),
which join ax™ to axL. Let T° be a copy of % and a, b two circles in 7
such that Tz - (a U b) has two components . Then there is a homeomorphism f
from T2 to Tz such that each segments of f(Sl) transversely intersects which
of circles a, b at only one point and each segments of f(S+1) and f(S-l) is
mutually disjoint from both of circles a, b (see Figure 1). The existance
of such a homeomorphism is trivially from the property of self-homeomorphisms
of the torus and so we omit the proof. Then there is a symmetry respect of
aUbin TZ, that’is, there is a self-homeomorphism g of TZ such that gf(th)
= £(x*1y, g(a) = a, g(b) = b, gf(S+) = f(S7), and gf(S(C)) = £(S(C)). Hence
the first part of Theorem 1 is true and the second part of Theorem 1 refer
to Figure 1. The proof is complete.

Furthermore we have;

Theorem 2. The fundamental group Hl(M) of the manifold M has a follow-
ing presentafion {a, b; vl(é,E) = VZ(Q,B) = 1} associated with a meridian

disk pair {D,;,D ,} of W, (i=1,2); (1) vl(é,B) satisfies the conditions (1),
1

-3 -
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() in“TheoremAI;«énd vz(é,B) = (wlfwé)?-(YOfWSxﬁo~wézé whe?evﬁ0= a(wo).
Proof. Let C in Thebrem 1 be h(3D21)' Then the homotopy class vl(al,bl)
generated by the circle h(aDZl) satisfies the conditions (1), (2) and then
the homotopy class generated by the cir§1e h(aDzz) is represented as a". e
(m,n; relatively prime integers), since h(SDZZ) is a simple closed curve dis-

joint from h(8D21), mod(vl(al,bl) B 1). But ia = Wy W, and e = wo-w3-w0-w2.

The proof is complete.

Figure 1.

Note that if m, n are relatively priﬁe, the relation (wl-wz)m-(w0~w3-ﬁo°

W )n is realized as a circle C' in TZ and then the circle is deformed to the

2
circle h(aDzz) mod(h(aDZI))( m, n; appropriately fixed ), that is, there is

. K . k
= = U ) N
a sequence of circles { Ci}i=1 such that C1 h(BDzz), Ck C ’(i=1ci h(3D21)

= ¢, and Ci= C'-l# h(8D21) ( #; a connected sum ) along a arc T which joins
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h(BDZI) to Ci- and is disjoint from h(®D,,) UV C.

io1 except for the points Bri,

1 21

and consequently the splitting {h(aDZI),h(aDzz)} with h(aDzz) = C1 is equiva-

= C' (see [5]).

lent to the splitting {h(BDZl),h(aDzz)} with h(3D22)

Corollary 1. TIf the circle h(BDZl) has a?-b? as the presentation with

associated with {D }, all 3-manifolds given by splittings {h(8021),h(3022)}

11°P12
are not counterexamples of Poincaré conjecture.
. r.t.m, qn
Proof. By Theorem 2, the circle h(BDzz) has (al-bl) .b1 as the presen-
tation associated with {011’012}' Then we have that Hl(M) = {al, b
b;f{b?n= 1, p,q,r,t; positive integers with r<p, t< q}. We may assume

. PoRa 2
S B

T
(a;-
that 3-manifolds M are homology 3-spheres and so P(al,bl)(see [3]) is *1.

Hence we have that |(pt-qr)m + pgn|= 1. Add the relation a? = b? = 1 to the

T t
group M, (M) and let A = a;, B =b/. Let G(p,q,m) be the group {A, B; AP- pd

= (A-B)m= 1}. If p, q, m 2 2, then the gruop is non-trivial by Hempel [2].
Hence we may assume that m = 1. Then by the equation|(pt-qr)m + pqr|= 1, we
have that n = 0. Consequently, the fundamental group ﬂl(M) is trivial only
if m=1, and n = 0. But we have the condition that r <p, t <q, and so
the lemma is true.
Note that Corollary 1 and the extended. result had been proved by. Takaha-
shi [4] using infinite cyclic covering spaces of tori with two holes.
Corollary 2. Let C be either of circles h@ D21), h(aDzz). If L(C) =
10, then 3-manifolds M given by Heegaard splittings (wl,wz; h) are not coun-

terexamples of Poincaré conjecture except for following Heegaard splittings;

(1) by = ay-by-a;by-ay, (bpap™ (a) by ayib ) 1

(3) 2y = bi'af'bl'af'bi’ (bi‘al)m'(aiz’b1’ail)n =1

(@ by = apbiadela, (o b by at b el bd)" < 1
Proof. Let G(C) be a W-graph, of the circle C, associated with
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{D D12} of the solid torus W1 (see [3]). We may assume that G(C) is type

11°
(1) with edge-parameters a, b, c, d (see Figure 2) by Theorem 1 in [3]. Let

N1= a+b+ec, N2= a+ b+ dand then L(C) =_N1+ NZ' Suppose that 3-manifolds

M are homology 3-spheres. Hence either of Nl’ N2 is an odd integer by Lemma
5 in {3] and by the symmetry of the graph G(C) we may assume that Nlé N,. In
the case that L(C) < 10, the corollary was proved by Takahashi [4]. Let L(C)

= 10 and then following cases happen;

1 N1= 1, N=9

2
(2) N1= 3, N2= 7
(3) N1= 5, N2= 5.

But the case(1) is trivial by Corollary 1 and in the case(2) there happen
~ three cases; (2.1) a=1,b=0, c=2,d=26

(2.2)a=3,b d =4

]
o
M
[g]
it
o
-

(2.3) a=2,b=1, ¢c =0, d = 4,

1]

Then Case(2.1) is trivial by Corollary 1 and Case(2.2), Case(2.3) are reduced
to the case with L(C) = 7, 9 respectively. Hence we check only the case(3).
In Case(3), there happen following six cases; -

(3.1) a c

]
—
-
[=p
1]
o
.
n
>
-
[N
1}
£~

(3.2) a=3 b=0,c=2,d-=2

(3.3) a=5,b=0,c=0,d=20

(3.4)a=2,b=1,c=2,d=2

(3.5) a=4,b=1, c=0,d =20

(3.6) a=3 b=2,¢c=0,d=0
Then Case(3.1) is trivial by Corollary 1, in Case(3.2) and Case(3.3) any ho-
mology 3-spheres does not happen by Lemma 5 in [3], Case(3.5) and C(3.6) are
reduced to the case with L(C) = 7, 9 respectively. The remained case is only

Case(3.4). Under the condition that a = 2, b =1, ¢ = 2, d = 2, there are
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following circles;

(3.4.1) bf = ai-bl-al-b1~ai
(3.4.2) bf 2 a bl-ai’-bl-a1
(3.4.3) a, = b>-a’-b -al-bl
(3.4.4) b%.a -b> = al.b .a’
(3.4.5) a,-b-a; = bi-ai»bi |
(3.4.6) b, = al-bi-af-bi-al !
(3.4.7) al-bf-al - bl.af.b1

Figure 2.

Among them, in Case(3.4.4) any homology 3-spheres does not happen.
. = . . = 2.
Case(3.4.5), By Theorem 2, we have that Hl(M) = {al, bl’ a; bl-al— bl
3, 2 m ) -2 2.n_ . . .
e 1, (a 1 ) -(b1 al-b1 +a;*bj) "= 1, m,n; relatively prime}. Add the re-
lation a4 = b3 = 1 to the group and let G(m+n) be the group {A, B; A4= B3=

1 1

(AB) 3= (™)™ 13,

a

To abelianize the group Hl(M), we obtain a 2x 2 matrix

P(al,bl) =

-m+2n  m+n

The determinant of it is *1 by Lemma 5 in [3] and so the condition that 4m-5n

= *1 holds. Hence |n+m|z2andmxn>0. If{n+ml=2, thenm=n = 1.

But the length of the relation (ail-bl)-(bl-al-biz-a1~bi) = 1 is exactly 9

and so the case with |n + m| = 2 is trivial by [4]. Suppose that |n + m|> 2.
4 3 -1, n+m_

Let G(n+m) be the group {A, B; A'= B'= (AB) = (A"°B) =1, |ntm| > 2} and
the group G(n+m) is non-trivial by [1].
. _ N
Case(3.4.7); By Theorem 2, we have that Hl(M) = {al, bl’ al bl-al- bl'
3 2 _ym -1 -1 -1.-1_ \n_ . . .
al-bl; {bl-al) -(b1~-a1 -b1 a -b1 al) = 1, m,n; relatively prime}. Then

the matrlxiP(al,bl); 1 -1

m-n 2m-n

is obtained and the determinant of the matrix is *1 and so 3m- 2n = 1.
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=1
3

Hence the condition that 2n + m 2> 3 holds. Add the relation ai = bi
to the group Hl(M) and let G(2n+m) be the group {A, B; A4 = B4 = (AB_I)

(BZA)m+2n =1,/2n + m| 2 3}. Let A = CB and G(2n+m) the group {C, B; C3

B4 = (CB)4 = (CB-l)m+2n= 1, 12n + m| 2 3}. Then the group G(2n+m) is non-

trivial by [1]. The proof of the corollary is complete.
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