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Hecke rings over arbitrary fields

Hideki SAWADA
Department of Lathematics, Sophia University

Let (G,B,N,R&,U) be a split (B,N)-pair of characteristic p
and rank n, and K be an algebraically closed field of

cheracteristic p. Let KG be the group algebra of G over K and

| T=2_u.

ueu : :
At the confereﬁca the author introduced a construction of

bases of Hecke rings over arbitrary fields, but in this note we

concentrate on proving the next theorem. Further properties of

-~ general endomorphism rings of induced linear representations,i.e.,

Hecke rings over arbitrary fields are found in [2], [4] and [5].

Theorem 2. Let (G,B,N,R,U) and K be as above., Let

E:,Endyg(KGﬁ),.then £ is a2 PFrobenius algebra.

We use the same rotation and definitions as in [5].

Iemma 1. Let AE be 2 one-dimensional right ideal in [E

generated by A. Then A(U) is a weight element of weight (¥[H,

Y(A(W ))l<i<n) where y'is a linear character of E into K afforded
/0 TN i .
by AE,i.c., 4x=A%(x) for all x¢B and ¥(h)=¥4,) for all heH.

Proof.
104(T)=A(n0) =4(Tn)=A4, (T)=Hn)A(T) for heH, end
us(T)=A(ul)=4(T) for uevU.
_ﬁi(wi)A’(ﬁ):A(U‘i(wi)L"I)r—A(ﬁ(wi)ﬁ_i'):!m(wi)(ﬁ)=‘f(A(Wi))A(ﬁ)
from [5, Lemma(l.4)]. ' - G.2.D.
‘Proposition 1. Let {“i’ 1¢igs} be as in [5, theorem(2.11)].

Then (i) B=n,B@...@r 8 is a decomposition of the right regular

module EE into non-zero indecomposable submodules{niﬂ} H
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(1) =B < 7B if and only if i=j, for all 1<i,j¢s j

(i) all the right irreducible representations of E are

one-dimensional.

Proof.
(1) is clear from (3, Corollary(54.10)], because {ui} are
primitive idempotents of E such that L=n oo otmge
(i) is also clear, because EE has exactly s equivalent
classes of irreducible representations and right principle
indecomposable modules from [3, Corollary(54.l4)].and [5,
Theorem(2.ll)]. ‘

(i) Since E has s linear representations (see [5, Theorem

(2.11)]),@ has also s one-dimensional right modules, which are

all the right'irreducible representations of [E. Q.E.D.

Proposition 2. Let EzEndKG(KGﬁ).

(i) Let AE be a one~dimensional right ideal in [ generated

by A, then A(KGU)is an irreducible left module of weight (¥|H,

V(A(wi))lgisn) where 4 is a linear character of [E afforded by A[E.

(i) Let BA be a one-dimensional left ideal in E generated

by A, then A(U)eUKG and A(U)XG is an irreducible right KG-module

of weight (¥]|H, V(A(W ))l<i<n) where ¥ is a linear character of
/71818 —

E afforded by EA.

‘Proof.

(i) Since kGU= z:,eKGa(%) where K*=K~{O}an& £(%)=§Z?X(b~l)b
xe¢Hom(B,K*) béB :

(see the proof of (5, Proposition(2.8)]), A(ﬁ)zmxﬁ+...+mxt where
mx: KG&C&Q~{O}'for all 1¢i¢t. Since A(T) is a weight element

from Lemma 1, mxi's zre also weight elements of the same weight
as of A(T). From [1, Corollary(6.11)], my, 'S generate irreducible

modules KGmxi's in KGE(%Q. Since the socle of KGU is multiplicity-
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free (see [5, Proposition(2.8)]), t=1 and A(ﬁ)=m%i. Hence A(KGU)
is an irréducible module. -

(#) Since AeEndKG(KGﬁ), we have A(U)eUKG from [5, Proposition
(1.5,)], Since A(Wi)A(ﬁ)=A(ﬁ)(wi)F‘i‘ and A, A(T)=A(T)h, A(T) is =

right weight element of weight (¥|H, Y(A(W_)) ). Hence we
‘ i

lgign
can prove the assertion by the similar argument as in (i).Q.E.D.

Theorem 1. Let E=EndKG(KGﬁ) and {nillsiSS} be the primitive
idempotents as inb[5, Theorem(2.11)]. Then,
| (1) for all 1€igs
socle of the right ideal . m_m( ,W°x)
where W, is a unique element of maximal length in W, and
socle of the left ideal_Eni=KA(J;X),

where A(J,x)ﬂi=A(J,x);

(ﬁj'let B, be‘the socle of the right regular ideal EE,bthen
£, is also the socle of theileft regular ideal i and

O
CBy= 2 @KA(J,%) .
_ (J,x)eP

Proof.

(1) Since A(J,X)n. ~A(J,¥) if and only if n. A( "o ,pr)—
A( OJ, x) for all 1l<i¢<n and (J,X)éP, it is clear that . {ED
KA( °J, x) if A(J,?C)n =A(J,X).

Let I be an irreducible right module contained in n 5, then
li is one-dimensional,i.e., M=KA for some A¢E-{C}. From (i) of
Proposition 2 A(KGU) is an irreducible module. Since n.A=A,‘
A(KGU)CY where Y, =n, (KGU) Hence A(KGIT)-A(WO ,Wx)(KGU),
because the socle of Y. —A("0 Wox)(KGﬁ) From [l Theorem(4. 3)]

vJ

'.7 W
we heve A(U)GKA( °J, %) (T) and KA=KA( °J, °x)=l.

Again let A(J,'&)ni=A(J,7C), then [Enj‘?KA(J,X). Let M' be an
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irreducible left ideal of B contained in Eni, then M'=KA' for

some A'e E-{O}. From (i) of Proposition 2 A'(U)KG is an irreducible
right KG-module contained in UKG. Since the right socle of UKG

is multiplicity-free, there exists a unique pair (J',«' )eP such
that A'(0)KG= A(J',x')(T)KG and KA'=KA(J',%'). Since A(J] A )n;
=A(d", %' ), (3% )=(3,%).

(i) is clear from (i). ' Q.E.D,

Proof of Theorem 2.

Let M be an irreducible left E—module; then the dual module
M'=HQmE(%,EE) is oné—dimensional, because the socle of EE is
multiplicity—-free. Hence K' is irreducible. Similarly the dual
module N':{omH(N,MM) is also one;dimensional and irreducible
where N' 1is an irreducible right E-module., From [3, Theorem(58.6)]
we can conclude that E 1s a quasi-Frobenius algebra.

Since I8 is guasi-Frobenius, E and (EE)*zﬁomK(E,K) have the
same distinct indecomposable componénts. Since E is being
decomposed into distinct indecomposable components Enl,...,EnS,
and dimKE=dimK(EE)*, B and (EE)* are isomorphic. Hence I is a

Frobenius algebra. QoD
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