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ON A PROBLEM IN DIOPHANTINE APPROXIMATION

Saburé UCHIYAMA

Institute of Mathematics, University of Tsukuba

We are concerned in this article with a property of

badly approximable real numbers. Professor W. M. Schmidt
has made among many other things a number of interesting and
important contributions in the study of such numbers.

An n-tuple (ul, ey an) of real numbers is, by defini-

tion, baddly approximable if

v

*) Y emax ey x|l oo Hlag xID 2y

for some constant vy > 0, whenever x # 0 is an intéger.

Here, || t || denotes as usual the distance from the real number
t to the nearest integer, so that we always have 0 < ||t |

< 1/2. |

We shall prove the following

THEOREM. Let (al, ceoy un) be a badly approximable n-

tuple of real numbers, i.e. an n-tuple satisfying (%*). Let
Bl, caey Bn be n arbitrary real numbers, and X > 2 an arbi-
trary integer. Put
(n-+1)nn_l X4n+2
D = + 1.

2y
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Then, for any integer d % 0 there is an integer x in the
interval

d <x<d+0D
such that

A
=
1}
..—l
[\

“alx—BJ_H ae oy n).

By a transference theorem (cf. e.g. [2; Chap. V, Corol-
lary to Theorem II]), an n-tuple (al, ooy an) is badly
approximable if, and only if for every integral n-vector x
#2

v

Hojxg + coo o x |[ 2

nn n

for some constant y' > 0. Here

[x] = max (lel, ceey [xni)
if x = (Xl’ ceey xn). We may take «vy' = nn+1y in case
the n-tuple (al, ey an) satisfies (*). Thus, in partic-
ular, if (al, ceey un) is badly approximable, then 1, Ay

ee.s a = are linearly independent over the rationals.

Now, following H. Bohr and B. Jessen [l], we define

F(t) = 1 + eZﬂi(Glt'Bl) ...+ ezﬂi(unt—gn)

2mivt 1 sin Nt \2
= N 7

sin Tt

Ky (£) = K (agt — By) =<~ Kylo £ — 8 )
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+ e—2w1(ant-

Bn)y 4+ R(t);

here, R(t) 1is a trigonometric polynomial whose exponents,
divided by 2w, are all different from the numbers 0, - g
ceer Q.

We have
] . 1) : -
F(t)ZKN(t) =1 + (1 - ———) n + S(t),
N

where S(t) 1is a trigonometric polynomial whose exponents are

all different from zero modulo 27. Hence
1 1
—_ ) F(X)IKN(X) =1+ (l — —1]n
D d<x<d+D N
1
+ — 2 S(X)r
D d<x<d+D
where we find easily
1 Nt Nt
— ) s(x) | £ — .
D d<x<d+D D 2y°

(Note that the sum of the coefficients of KN(t) equals N.)

By the positivity of the kernel IKN(t) we have, since

1 N* NP
_— 2 IKN (x) ; 1 + — ’
D d<x<d+D D 2y
. 1 N2n
max lF(x)] > 1+l ——{n - — -
d<x<d+D o N ' 2v'D
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N2n -1
11+
2Y*D
Taking
N = nX2,
(n-kl)nzn X4n+2
D = + 1,
2y’
we get
3
max [F(x)] 2n +1 - — .
d<x<d+D X
Let o, B be any one of the pairs a,;, B; (1 < i < n).

Then, since

IF(x)| <n—1+ |1+ 2THl0x=8)

we have
i - 3
Il + e2171(01x B){ ; 2 — 5 .
X
Noticing that |1 + e2ﬂ1t| = 2|cos wt| and |sin mt] > 2|} t]|,
we deduce from the above inequalities for |F(x)| that
lox —8ll -2 — <=
~ <
ax TRl LTS X

for some integer x, independent of the particular o, 8, in
the interval d<x<d + D. This completes the proof of our

theorem.

It should be observed that our method can be applied to
any n-tuple of real numbers Opr =vey O such that 1 and

the ui's are linearly independent over the field of rational
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numbers, obtaining a result similar to the theorem above with

a suitably defined D in terms of Mn’ where

1

M

=

logxg + o + o x|l

n 0<

<n

We thus have a sort of quantitative formulation of the (small)

approximation theorem of Kronecker's.
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