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ON REDUCIBLE PLANE CURVES

‘Makoto Yamamoto

Waseda university

§1. Introduction.

Tet £:6°— € be a polynomial function such that £(0)=0 and T
has an isolated critical point at the origin, and let L be the
intersection of V:f—l(O) with a small gphere afo If £ is ana-
lytically irreducible, then L is an iterated torus knot whose
type 1s determined by the Puisex characteristic pairs associated
for f. If £ is reducible and factored by irreducible components
f. as f=fl ------ fr’ then L isgs a 1link of r components whose compo—
nents are asgsoclated knots for fi' Let Ki be the intersection
of Vi:fi‘l(O) with a small sphere S7 for i=l, ~,r. For the
complement X of L (in Sj), Hl(X;Z) ig a free abelian multiplica-
tive group G on the symbols_{ti}izl, where each ti is geometri-
cally carried by a meridian circleywith homological linking
number éij with the component Kj of L. Let_Ar be the integral
group ring G, and let X be the universal abelian covering of X.
Then Hl(X;Z) is a A -module.  The Alexander polynomial of L is
defined to be the characteristic polynomial of Hl(X;Z) and it is
topological invariant of L (up to units in Ar)'

L& [1] showed that algebraic knots having the same Alexander
Polynomial (mod. unit) are of the same knot type. In this paper
we shall show the following; let L be an algebraic link of r(22)

components whose components have distinct tangent cones each

1
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other.

THEOREM A. Let L and I’ be as above. If L and L’ have the

same Alexander polynomial (mod. units), then They are of the same

link type.

§2. Algebraic links and Alexander polynomials.
First of all, we review algebraic knots and associated
Puiseux expansions. We mainly refer to F. Pham [3].

- € be an analytically irreducible polynomial such

Let f£:C
that £(0)=0 and f has an isolated critical points at the origin.

Then f can be written as
f(x,y)= 1T (y-y(3x))
=1

in & small neiborhood of the origin, where m is the order of ¥y

and ¢'s sre all m—-th roots of unity, and

+oo \
y(3x)=) angnxn/m 2 €C.

n=_1
Let,a:no/m be the exponent of the first term of y(gx) which has a
non-zero coefficient. By in(y-y(3x)), we denote the terms of

y-y(3x) which have the smallest degree; that is,

in(y-y(3x))= [y ol
y-agx =1,

ng ﬂo/m
—anO; X M<L.

DEFINLIT1ON. The tangent cone ((V,0) of V at the origin>is
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the 1imit of the tangents at Vj, where vj are the points of V

tending to the origin.

Since in(f)=in( ];T (y-y(3x))= T in(y-y(3x)), then
=1

m:
in(f)= (y™ >l
(y—an X)m /’l:]—’
) 0
N(-=a Byt M<l, where = 1T g ho,
n m
\ O szl

Then the tangent cone ((V,0) is the line defined by in(f)=0.
By changing coordinates linearly, we take the x-axis as
C(V,0). Then, assuming that C(V,0) is the x-axis and by taking

5=1, we have the Puiseux expansion of T

Q'l 5 -Q: .
. n m Nn/m-1m n~+Jj/m-m.
y=p(X)+alxn1/ml + Y _a 1HI/my o Be/mimy e Hptd/mm,

X .
=1 1] 2 j=1 2]
n /m -e- 100 paied n.+3i/m+ - m
bt x @ XV L Y 8 x @ J/my g ,
j=1 9,J

where p(x) is a poiynomial of x. _ We call the sequence of pairs
of relatively prime positive numbers 1(nj,mj)}jil theAPuiseuX
characteristic pairs of f.

Let K be the associated wnot VHSS for f. Then K is the
iterated torus knot of type f(mj,ﬂj)}jgl inductively constructed
as follows; let X° be the unknotted circle C(V,o)nsg, where ¢’
is the positive number such that ¢<fand ¢’is sufficiently close
to £. We call K° the primitive core of K. Tet &T be the
torus knot of tyoe (ml,nl) in a small tubular neiborhood of KO,

where the first coordinate my and the second coordinate Hl are
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the longitudinal winding number and the meridianal winding number
respectively. This notation is opposite to that of L& [1] and
Sumners and Woods [4]. We suppose that the (q-1)-st iteration
Kq-—l has been constructed. Let T and Tq—l be an unknotted torus
and a small tubular neiborhood of Kq_l respectively. Let 9:T—
Tq—l be the orientation preserving diffeomorphism from T to Tq—l
which carries the longitude to the longitude. Then K is defined
to be the image K%=4(k) of a torus knot k of type (mq,lq) in T,

where
(2.1) Ao=n

DR ML A SN WL

e
I
N

9 Qe

Next, we consider the case that T is reducible. Let £:0°—
€ be 2 polynomial such that £(0)=0 and f has an isolated critical
roint at the origin. We egtppose that f is factored by irreduc-

tle components fi as f:fl-n-fr (r22). Let the Puiseux charac-
q.
B $ s ] . "1 -
teristic pairs of f. be {(Lij’mij)}jzl and lethi be the asso
S . - D L
ciated iterated torus knot of type {(mij’aij)szl Toz fi. In

this paper, we consider the case. that sll tangent cones (V,0)

(Vizfi—l(O)) are distinct each other. For the géneral case,

refer to Sumnere and Woods [4] and Yamemoto [6]. We denote the
associated 1link for f by L. Then L is the diéjoint union of Kl’
---,KP constructed as‘follows; let LY be the lirk consisting

of all K:‘.::C(vi,o)nsg, (i=l,--,r). We note that IL° has the same

link type of the torus link of type (r,r). Then L 1s the link
Q.

A : i coh B9 P 5
obtained by iteration of type {(mij’Aij)}j:l on each Ki Tor i=
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Ty oy

'2’
2, and L7 be

Let Q:KWU-u-ukr be a link of r components in S
the link obtained from | by iteration of 1ype (m,A) on & compo-
nent k_, where m7L. Tet A(Q;tl,"~,tr),and A(Q’;Tl,u-,tr) be the

Alexander polynomisls of fend )’ respectively. Sumriers and

Woods [4] proved +the following useful theorem.

THEOEEM (Surmners and Woode [4] 5.1.) Let R and ) bve as

above, Then we have

(2=2) A( Ql;tlyu' atr.):A( l;.tl’"' strm)Q(tray:ma A.),

r-1 <k, ,k.7
where y= y . , <kj,kr> is the linking number of k. and kr
i=1 ’ -

€

and Q(t,s;m,A) is the Alexanderpolynomial cf two components form—

ed by the torus knot k of type (m,A) and the unknotted meridian

curve on the bpundary torus conteining k,

(2.3) Q(tys5m, A)=((t2)"-1)/(t*s-1).

Let L be the algebraic link associated for a reducible poly-

whose tangent cones are distinkt each otler.

2

nomial fzfl-nf
Since 1 has the same link type of the torus link of type (r,r),

we have
o, . I r-2
A(L ’tl, 7Jfl,)—(t1 JEI._‘]—) .

Then we can compube the Alexander polynomiel A(L;tl,“-,tr) of L

by (2.2). Let Vi; and Vi be

jek
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<58 L
i35,k | ™,3 77 M,k SRR
1 j>k,
and
r Dy, V.. .
Vi = TT + L1l.qg 1,1,3—1’
? U ‘Q:l
AL
respectively for i=1,--,q. Then we have
LEMMA Z2.1. The Alexander polynomial of L is
(2.4) ATty e 1)
q
r V. r T V. ..
T 31,04 r-2 . asi+l,as
=(TF+, P3—2%% _1) T TT o+, *? MLy Lsml L, AL L)
MRS i=1 =1 BT
§3. Proof of THEOREM A.
Let &(t;m) be a polynomiel of the form
— .y —
(3.1) F(tym) =t g2 e,
where m is a pogitive integer. We call a polynomial of the form -

(3.1) d-polynomial. Then a plynomiel Q(t,s;m,A) is a F-polyno-
mial

Q(t,s3m,A)=3(tAe;m).
Therefore the Alexander polynomial A(L;tl’“3tr> of the link L

can be written as
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- 5 51 -2 o T 51

(3.2)  ATsty,56)=CTT 6,77 =17 @ (T 775 g)

i=1 i=1

q
T i AP
13715 i+, 04 .

jjl j=1 23 Yigt Hjj)’
. ' T ; ; C i e
where g:g.c.m.{uj;l’qi}izl and gi:Di;l,qi/é for i=1,--,r.

Before proceeding the proof of THEOREM A, we preperate
w W | w/ W e,
several lemmas. Let ?l=§Ktliv~trEm) and’ f,= (tl—-~t;§m ) for
integers m and m'§2. The following LEMMA 3.1 and LEMMA 3.2 are

showed directly.

LEMMA 3.1. The product ?17> ig a $-polynomial if and only

if w.Zw!, end w.m=w, if w.<wW. or w.=w'.m’ if w.>w’ - all i=1,~
if w;#w;, 2nd w.o j AL wi<w; or wi=wim© 1f w505, for ail ’

r.

Let ij_:?j_slnhso

i,us (i=1,2) be a decomposition of ?j by 3~

polynomials 4. ..
1,4

We gay that ?1 and ?2 are relatively prime if

& product ¢ ¢, .. is not a P-polynomial for any j=1,---,v-, and

1,j°2,3 1
any j’:l,—",uz.
We suppose that m is factored by prime integers as m=8,--- 2 .

Then we have

LEMNA 3.2. A F-polynomial ®(t3;m) is fectored by (irreduc-

itle) $-polynomials as

U o
F(ts5m)=Tr (% “5a.),

J=1

where . =1 and ®.=g_ --- a
l PR I

=91 for j=2,---,u+l.

Jj-1
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We note that an iterated torus knot K of type {(mj,lj)}jgl

ig algebraic if and only if nj 1mj<nj for all Jj=2,---,q, where n,
- J
are given by (2.1). Therefore, for all j and k such that 12j<k

§q, we have
(3"3) Ak)Ajmj “'mk:'

To prove THEOREM A, it 1s sufficient to show that we can

determine the knot types of eomponents'Ki (i=1l,-—-,r) of L from

the Alexander polynomial A(L;t1,~%;tr) of L.

As Do )
LEMMA 3.3. Let ‘fij: (“t'i 1,d l’d+l’quij;mij) -:aﬂi—(fik::

Ai,kY45 5k, 0 -
(ti 1y &5 2354 ’quik;mik)° Then.?ij and ?ik are relatively

prime for i=1l,---,r and 1§j<k§qi.

Proof. By (3.2), for all j and k such that 1=] k= ,

likui;k+l,qi>xijui;j+1’qi.

Ther by LEMMA 3.1, ?ij and ?ik are relatively prime.

LEMNA 3.4. qij and ‘@k are reletively prime for i,0=1,---,1

j—fl-ﬂa 3217“"’(11 and k———l,——-,ql.

Proof. We gsuppose that mij and gy 8re factored by prime
integers as mijzal_” a, and mlk=bl——-bV respectively. Let aﬁ
- g - Sgn< = = e
and B be X =1, “b_al 21 (2%p2u+l), ﬁi 1 and A=b;~~b_ ; (2

Sg<v+l).  We suppose that f;4 end %y 8re not relatively prime.
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Tren there are p(1%p2u) and s(1€sfv+l) such that

NV X =D, V.
3-4) A131)1;J+1,qi p ijl,ay #31,k-18s

or there are p(1SpSu+l) and s(1%s%v) such that

(3.5) v

l);1,% i;l,j—lup:‘hkbk;k+l,qﬂps'

i * SS‘ i * éé _:—_-_,_,. —’—:
Since up<mij for 12p>u and p<my, for 1=g%v, dp ﬁla/mp71 and B

mg, /1. Then by (3.4),
A3 57%Y51,6-1Ps
or by (3.5),

=BV, -1%

These contradict that goo.d.(mij,lij)=l or g.o.d.(mﬂk,ﬁﬂk)=l.Then

by LEMMA 3.1, qij and ‘%k are relatively prine.

T ‘;
LEMMA 3.5. .. and $(TT t " 32) are relatively prime. for
i=1

iJ i

i=1l,---,r, and j:lfu-,qi.

Proof. By (3.2) end since m. <A, -, for any i and any j,
i,1 74,1

151,94 A 13P5 541,

T i
Then by LEMMA 3.1, ?ij and 2( tjl;g) are relatively prime.
i=
By lemmas 3.3, 3.4 and 3.5, the Alexander polynomial
A(L;tl,-gtr) of T is uniquely representd by the form (3.2).

Therefore we can uniquely determine the knot types of compo-
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nents Ki of I from the exponents of ti in (2.2). This completes

the proof.

§4. Reduced Alexander polynomials.

Let Q be a link of r components. Then the reduced
Alexander polynomial A(Q;t) is given by the equation A(L;t)=
(t-1)A( 5%, -~--yt) (gee Milnor [3]). The following example schows
that algebraic links can not be classified by reduced Alexander
prolynomialg.,

EXAMPLE 4.1. Let f(zo,zl)zéo(zo5—zl_6) end £(zy,2q)=

(203—212)(203—2 . Then associated links L and L’ (for f and .

1
f’ regpectively) have the same reduced Alexander polynomial (L;t)

=A(L’;t):(t—l)(t6+l). BPut L and L’ are not of the same link |
type.

Let [ and [ be the Seifert matrices of L and L’ respective-
1ly. From Amida-diagrams of L and L’ (see [5]), we can compute [
and ", Then by computations with a computer, we have that the
signatures 6(L) of L and o(L") of 1L’ are o(L)=19 and o(L*)=23.

N .5 6 > 2
EXAMPLE 4.2. Let g(zo,n-,zn)_zo(bo -2 )+z2 +--+z, " and

g'(zo,n-,zn)=(zog—zl2)(zo3+zllo)+222+-n+zn2. Let. K and K™ be
assoclated knots for g and g’ respectively. Then Alexander poly-
nomial A(K;t) and AK 3;t) are also eqgual to (t—l)(t6+l). But K
and K’ are not of the same knot type because signatures 0(K)=19
and O(Kf)=23. Therefore algebraic knots KZn—l can not be clas-
gified by Alexander polynomials.

The author wishes to thank Professors K. Nekajima and M.

Takada for computation of signatures.
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T -
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~3 ~ 0N
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~T ~T
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~7 ~T
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-7 ~ T~
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= T~ ~ T~
~% .// /./ 4/
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v ~ ~ 3 T~
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1
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