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An Exact Solution to "Simple Harmonic Generation"
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We give an exact solution to an equation describing "simple harmoniec

generations"
5%‘ G = q2ql* ’ (1a)
{
% q2 = - 2q12 , , : (1b)
where 5 = 5%—-+ Ei,'ﬁ and 5%—-= 5%—-+ Zé- %
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(e. and c. are constants vectors).
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D. J. Kaup showed that eq.(l) can be put into the inverse

scattering form
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where & is an eigenvalue.

%) D. J. Kaup, "Simple Harmonic CGeneration: an Exact Method of

Solutions", Studies in Appl. Math. 59 (1978) 25.

He investigated the Zakharov-Shabat eigenvalue problem eq.(2) and
found that the inverse scattering solution for this problem is distinectly
different from any others done before, and in a sense, it is also rather
singular problem.

We shall find an exact solution to eq.(l) by using the direct method
and show that the solution may satisfy the resonant condition and the

third wave may be generated.

Let 4 = G/F for a real F, (4)
then we have, from eq.(la),
D.G» F
g

27w, (5)

where the binary operator DEmDnn is defined by

DD b = (5 - g )M g - g aleninet | L (6)
g=g!"
n=n’
Substituting eq.(5) into eq.(1b) we find
Dn(DgG' F)e FG = - 2((}0:*)2 , (7)

whose complex conjugate becomes

®, *.0
DnGFn (DEF° G)=-2(ae ) . (8)



We have the mathematical formula

(Dana s b)ed ~ ab(Danc o d)

= Dn[(Dga» d)e cb + ad - (Dgcc b)] . (9)
Adding eq.(7) to eq.(8) and using eq.(9) we find the following equation
) % _ % o
v(DanG-G JF" - G (D DF-F) = - kica )", (10)

which may be decomposed into the coupled bilinear equation

*
DnDEG"G =0, (11)

.*
D DgFe F = hee . v (12)

Using the standard procedure to solve the bilinear differential equation,

we find
{ F=1+06(&) +x(n)+ (1 +a)6(&) x(n) , (13a)
6 = [(o/2)8(E)xy(MTY? exp 14, (13)

where 0 1s an arbitrary parameter and 6 and X are arbitrary functions of
the indicated variables and ¢ satisfies the condition ¢§ =0 or ¢ﬂ =0.

The solution to eq.(l) is expressed with F
la, |2 = (1/2)(10g F),. . (11)
1 en ‘
In eq.(13a), a is an arbitrary parameter. Hence the solution satisfies

the resonance condition for o = - 1, which implies the breakdown of the

Zakharov-Shabat eigenvélue problem.



