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Relation between Kaup's and Mikhailov's Equations, their Exact Solutions

and Stories How It Discovered

We know that

Kaﬁp's equation

*
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2 _
u, +u._ + 30(u3xu + uxxux) + 180u u, = 0,

t 5x

2

Sawada - Kotera's equation

2 _
u + sy + 15(u3xu + uxxux) + L5y u = 0

and Lax's 5-th order K-dV equation

‘u, +u_ + 10(u, u+2u u) +;3Ou2u =0
3x XX X X

t 5x

are reduce, using the potentiaié

to
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and

: 1.2 3 _
W ot Yoy + /372 lO(w3XwX + 3 Wxx) + 15wX =0 .

Kaup found the inverse scattering transform for his equation (more

than 2 years ago)

Ve * 6uq)X + 3uXw =AY , (X:eigenvalue)

{

- ° 2
wt = 9X¢XX - 3(uXX + 12y )wx + 3(uxxx + 12)\u + Ehuxu)w .

I found that the form is transformed into the bilinear form (2 years ago)

3ot ! '
" + a =
D+ £+ 3D g £= kAL,

ngf'm f=g'f,

3 5 1> 3 15 V 2
"o = - = LI == LI + == 1o
D f'e £ 5D f' £+ 2D gl £+ 22D fe T,

through the transformation
D 2f° £
&
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y=1£'/f,
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A. Ramani found at my request that Kaup's equation satisfies the
resonance criterion that is the necessary condition for the equation to be
1
of Painleve - type (about 4 monthes ago).

Kaup found a one-soliton solution to it. (2 ~3 monthes ago)

2 Ny My
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u = 2p
[e" + e o,

px + Qt + const, Q + p5 =0 .

3
H
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Ramani pointed out that Kaup's one-soliton solution can be obtained
using the bilinear form (about 2 monthes ago)

He found, for A = 0 ,

g' =2p ,

are the solutions to the bilinear form.
About a month ago, I found that Kaup's equation is transformed into

the bilinear form

1 5)

DX(Dt + ET3 DX ff f + ig'Dx gef=0,

L
Dx feof = gf)

through the transformation

2
Dx fof
2

f 3
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and found 2-soliton solution (Oct. L4, '79)

n n 2n n,+1n 2n
£=1+ k(e Lo 2) +e T4 2(1 + alz)e 172, °
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where
_ p) 3 4
a5 = (pp - pp)7I (0. + p )2 * 2, N 1,
Py ¥ P Py T PP TPy
_ 2 Lo 2

6 = (1P 2T PiPe TP
12 p, + D 2 2 ?

172 Py + PPy * Py

i 2 2 L
2pl + 3pl p2 + 2p2

Y., = (p, - D )2
12 17 P2 2, , o2
Py T PPy TPy

0 .
= + + + = = .
ni P, X Qit ni R Qi 1 0, for i 1, 2

In his letter dated Oct. 18, 1979, Ramani wrote me that Shabat and

Mikhailov found "L,A" pair for the equation

(Correspondence to him by Mark Ablowitz).
Ramani was able to transform it to the third PainleVé equation, and write

it in bilinear form

through the transformation
u = loglg/f) .

He and I found two-soliton solution to it independently. I found it on

Oct. 30, '79.
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Y 3 for i=1, 2,

) , o2 _ -
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To our surprise, the functional form of é is equal to that of f, the

solution to Kaup's equation, namely

=A + 3 >
f(ﬂl, ﬂ2) g(nl im, n, + im) .

Furthermore, h is equal to two-soliton solution to Sawada - Kotera's

equation

_¥) DX(D

5
+ =
+ Dx Jas h 0

and to the equation
2
D(DD =-3)ash=0,
X X1
which is the special case of
2

D(D -D°D +D )fef=0,
X T X T X



134

which is the bilinear form of the model equation for shallow water waves

(R. Hirota and J. Satsuma, J. Phys. Soc. Japan. 40 (1976) 611) ,

u - u -~ 3uu_ + 3u udx' +u =0
X xxXT 3 T X {j T x ?

where

u = 2(log f)xx .

Suggested by these facts, I found that the solution of Mikhailov's

equation is expressed with the solution of eq. ¥*) (Nov. 14, 1979)

o
il

log(l - ST) s

)]
]

2(log h)X ,

where u and S are the solutions to

= % - o~ 21U . Mikhailov's equation,

+ - =
SXXT 3SXST 3Sx 0

or DX2(DXDT - 3)hch =0, Shallow water wave eq., respectively.
Furthermore, the inverse scattering form for Kaup's equation (for A =

0), namely

3pr. Vg o=
D,f'~ £+ 3D g'. £=0,

2 1] - 1
DX f'e £ =g'tf ,
3,45 15 . 3.,

Ts = - = LIS —=
th f 8 DX il £+ 8 D

is satisfied by
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2 . 2
f! = ' = o ° = -
h™, g Dx heh, f£f=h DXDThB h,

provided that h satisfies
5
+ N = - ]
Dx(Dt Dx Jheh 0, Sawada Kotera's eq.

Hence, N - Soliton solutions to Kaup's and Mikhailov's equation are

expressed with h:

1 .2 .
5 (1og f)xx, f=1n - DXDTh h

<}
I

and

=}
[}

log (1 - ST), S = 2(log h)XT,

T

respectively, where

D ew L ounge )
h = exp { wn, + B. ..U, }
1=0,1 =1ttty M

2, 2 2
-_ - +
(pi pj) (pi p;Py * Py )

exp (B,.) =
i 2 2 ‘ 2
T e+ p,)% (0" + ppy *+2,7)

. 0
= + + + +
n, = p;x Qit w.T Him+on,C .



