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Analyt‘uc K—fheory
FA HEI K¥MH BAH-ER

s ¥es i%/a\.: %4 L 2 " Riemann - Roch Theorem ; »/&f
Ry he 17w 8, “ﬁ&bfompact G}Onalyhc mfd ( Rv
COMF\lee. Vmi'e‘l')z overk ) t Av> " Grothendi eck - Riemann - Koch
Theovem s 1.5 w8 v o Atiyah-Hirzebruch (%1) =¥ - <
Embedclingni%/é\lirﬁ INZV BN Pro‘,‘echon EH L <o BE
HaxtceBuordzs.zrczzcHvohivision
Hic}her'\'opolojico[ K"'HIQOD/’J') Algebmic K"H\eoY)/ THh B THT
i} Analﬁic cycles R R Lt<ns i)z Higher analﬂ.’c
K-Jrheoryfqr’é tod B vor N cosrh2yek
ZTH Ko THAENILKF| 58w . ZHYUL V>ZD ¥,
BB 0 F e REBEAF =6 4 s BRE =25 77 72
voyneFzy 5_2/%\ r 510 B HERE & o Stein space
(R algebraic & scheme) ¢ — #RAL « L < Analytic scheme o 2R &
BB Ltv R Raur>oq Analyhc scheme = b~ MY
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345 - 1 Higher Analyfic K-theory s R Lt £ 5 v 2 o 2
h). BBotEdrod —% 155,
£ o B (1960)
@-amalyhic space (X, Ox) 1= L 7 R eREE
@ (X,0x) ¢ Stein,
an B¢ 'f | <=5 Hom 10,,.@‘,(3‘((900,@3) 4 homeo,
v

X p——a &,x:': ( .5. — -f'(x,))

»n —HIL vL 2o
Forster- 80 EZ (1967)
Canalytic space (X,0¢) 1= 44 L < R w BI4E -
@) (X,8) ¢ Stein,
an '(T, Or) s C-analytic space 1= H L
P : Hom Err,d:-an.(T’X) —=> Hom W,c,a,a,( Ox), O )3 homeo,

£y . Stein space (X,0c) 2 analytic structure 12 ',’oPoIog,"cal Ting
OXN) 1= s » X EBR=%32, T LEY) Sy inpihs, > hid
F =L, Sten space I= affine scheme ofRE £ x5 2 LK<
Ry, EVIKR sy 2 5 xR oL 4 L < analytic
scheme NHEW % M. > ﬁt%i“? A8 < x5 e

A 5 commutative ring with unit ¢ 3% ¢ %

¥ A— Rt dcsem-nomTH 2 v 13

<
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M (Ya,beA) 5 glatb) £ 4@ + 4(b)
i (Ya,beA) 5 glab) £ g@- g
@ 4(0)=0, ¢=0
3k, semi-norm $EA-Re =L 2
Yad%: A—=R: 5 arr ‘radg,(a) 1= Lfg‘wg(a")%‘.
vt vz htsem-norm vt oy, RoBMEukth ey
Serﬁi-norm % % reduced vof 3 ;
M (YneN) (YacA) ; g@) = @™
i (YaeA) > g@ = vad4(a)
X, ?'Kv)%"f'fi?%l = 4 semi-norm % & prime 2 %
@ (Ya,beh) 5 4@@-b) = 4@- b
25 o Semi-norm 4.,4.3 A—>Re=d Lz
<9, B (3c>0) (Vach) : %0 = cgw
semi-norms o family Ta #v Convex Jroyolagy THHvn
M 43T = Sup(§, §2) ¢ Ta
ih 3eT, ¥ <4 > ¥eTa
1Bt ® v, (AT & convex ring ¥ .
N A/Kmf(?,) .2 associated normed rng el vd, %7
T A £ A== (vﬂ vt ad, A s @ A 57 3A @ dense jmage
2455 . 20 Ly, convex ring (A, Ta) e et (4A, 8)ger, 10

Banach ving o inverse system v 4y, VeeTart |z

3
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AT — (A y) nB&chs: vrs
: ‘ ly
WEE D, LN sujective ara. (ATa) 1 complete, U A injective 0 £2.

separated,  separled, complete 4 convex ving 0 2 v % _pro-Banach ring v
v o¥d, AL 1 convex ving (A.Ta) FFH L T

Sted (AT) = | Y2AIRY; veduced semimorm| (3 3€7Ta) ¢ v<%}

Spac\{Af?R) =} $:A>Re: prime semi-norm | (33€7Tp) : p <3}
vH 2, Spee(ATa) el »n 3 < 3 Topology 25 2, ringed space
e\ 2 R (et A) w602, % 5 #14 s Eitk $ 2 0 5 Stein
Scheme (£ L < @ affine amfrtic scheme, affine amlyfic space) xoF
7, 20 (spe(ARA) P8R he< sk (X, 0) i omalytic
scheme YFIFRN 2L 02 Ho 1. = 32, (AT ox(€), D-aolgehn
T4 K&, Spc(AT)= Home (AW, (€.1.1)) vay, e (ATa)o
Banach C-algebra 1 # h @ Spec(ATa) i@ maximal idesd space £ 3.

AT X
(ALY ) 2 Banach C-dgebra, A () £ moximal deal space vIMn i@
> M weak ‘brvlogy = B | T compact v # - T v B X K <A

£ Ao jnvertille elements v 43 vz, Lo %ﬂ\“iﬂ 5 };\lg wd oo
(Shilov

0 (Atens-Royden) = H (M), 2= ker (A5 A)E Tdemp(®) )
H (M, 2) =~ A% oxp i)

4
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TR o homdtopy classes [ A 1), GLA©] 2= GLAR) /G| 2(ay
B L, GL°(R) @ identity component:
2) (0.Forster) * Gelfond TAE § 1 AL : 2>t Cfiaten)

i, Semi-ving isomovphism ;

PR) =2 P( C°(44<A>) o~ VB(At *)

I

projective p\rgeaT ve C(M(A) vec‘fov bundles

A- modu fes -modules of over M(A)
of finfe trpe {inite trpe

4% induce ¥ 3.

3 (0, Forster) : Ko(A) 2 Ko(M) 12 ring iso.

# (0, Forster) ; H *M», Z)"'Pc(l\) isomoyphismclasses of projectiv
A-modules ot finiTe bpe of
Yank 1

<Ny % |$]%ii, J,L.Tay!or AN A yL?Fl < i%@@l
1 v %)

RAKHI 2
D Quillen o Higher algebraic k—‘H\eor)/ 28 s ot s 2 01T h
% commutotive ving with unit A=t 2 pojective left A-modules of
finite type 0 14§ cotegory TA # symmetric monojjm_fgﬁg_e;z, ie
morphism 13 iso. MM, operation 1z HA0 @ : FhxFA—> Fa :(MN)— MeN
3 hd, PooPar &3 loalgation B Fa= < Fh, axRA> @

homstopy - associative, homtopy-commututive 7% H-space L% Y %9

5
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(eomelvic real‘.;a‘hon i B(?Z-PA)Z T(RR) x B(RTa). , 8> abel Bf
T[a(‘}%'?/-\)x Ko(A)c X PIUS-CDNSTYMCT'OYI 1= R z/{g 5 h A BGL(A)

:= B(Limy GLn (W) © univerzal % H-space Bgl (A = BBha) «#, T

wh, T: 1, Ko () =Kz (R)=TLB@E 7)) =TL: (KoA XBGLAY), 220

yZRING, —F xoct cafegory M 17 # 12 Category Q) %
Ob@U0):=ob(A)

C, M =M
M°YQ(A)(M»M')I={ 'ijkm} f8L @’JHM N A
M /N M $J N H%N
N>’ ) (N ’ -
(*J ) Moo ™' (&5' ) Moy (MIM') v composition 3
MI
NXN/>E>N>-—7|‘1
YY N
[%l»"-; r%’o Mg M )
J"%l vRET3. 20 &

Ket)i=Tan (BQM)) v RE T, Ta % exact category ¢
e KA)=Ki(Pa)=Tln(BATR) R, EiF,
N Ku(Pa) =gKi(Th), KAxXBGLAW =~ QBQR(A)
2)  Ki(A) 2 £K: (calegory of A-mod. with Fa - vesolufions of lerath<n) %o
e A wregular 25 Ke(A)=gKi(Mad £A), 4BL Mod £(A) &
category of A-mad. of finiTe type.
3) Noetherim ving fomo. T: A-> B 2* Brsa o finte Tor dim. m 3
2K (§ MeobMod $A) | Tork (BM)=0 g n>0}) 2 Ko (Mod 4)
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%) (Devissage) : Noetherion ving A o> nilpolert fwo-sided jdeal T = H 12
Ki (Medf (&) = 2Ky (Mod $(A)
;s),(Locahza'hon) : AM:‘GH Ca"'egovy )4 » Serre SuLca'fegor/ B =R LT

-- ankl(xl) —i-)IK‘ (%)""’ nK,(@) - n:Ko(ﬂ%'—’IKO(‘%)'—’O CRA)

6) Dedekind domain A v 20 quotient field k 1= L <
— Kuni(k) — .%M'f\,‘(%) — KA — Kil)— - (emct)
7) (Shermon) : field k v Dedekind domain k[t 1= ¥ L <
0= Kullo = KiCtt) 255 LL Kia (keH)—0 et
2) Noctherian ving A 1= 34 1 <
0 n’KL(Modf(AE‘t])) 2 Ki (Mod f0)
0 gKi(Madf (ALE, £'D 21K (Mod $8) @ 1Kimg ( Modd £(A))
x5 =An Regular # 5 12,
v Ke(ATE) =~ KA
" KG(ACLED > KiA ® Ki-g A
Not mecessar; 'y commulitive Ying Artd| =
NKgA = Coker( KgA — KgAE'!:J)
Nty & Ob(#ity ) ={(P$) | Peob(R), P5P e nipotent }
4 exact category,
M‘H(A)==kn.r( Ky (#2y) — KsA) 33 H,
i) NKgA 2 Nilg-1 A

Ky (At.t1) = KiA @ KA @ NKgA @ NKA
V) 0— KA— K AR kg ATl —> KALL L] —>KpA—sp  oxedh)
7
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7) Scheme (X,6) 1= ¥ | T, KiXi= zKe (category of vector buniles),
Noetherian scheme (X,(%) ¥ L GuX 3= K: (category of Coherent G- Mod),
v b < H,

(X, G0 8 Regular; Noetherian, separated %5 KoX = GeX .
X:=spechA v Regular 35 KiA 2= Ki(Mod $(0) 2 K (SpecA) > Grs (SpecA).

* 19) Noetherian separated scheme X o closed subscheme Z., U= X\Z 1:3hx

G U — G2 GX Lo Guu—s - (oad),
X 51z open VEX T L T
— Gy (UnV) — Gy (UVy)— Gz (U)@ GyV)—> G (UnV) >~
11) Noetherian separited scheme X o set of pt. of codim. p & XprF<x
EP¥(X) = 3<L€J>EP Kop-g (k) = G_p-g(X)
#13 spectnal seguence 1\ % 3.
W) LB A= FeCRW| codmysup(PIzp] v 3 3.
O X 2 Very clean, e, Ypz O, /ﬂf+,(X)<—>/1'{,p(X) It Zero map .
Ko 0) —> L Kn (#p0) for Y20 % induce 3. |
@ Y, EN(X)=0 if pxo b edse homo GgX = ESF(X),
G Y nzo,
0 —GX —=LL Knkt9 2= LL Koo kto—> - (enach)

13) (Gersten) © Gny & Urs GU 15 associdle /s sheaf v 7 3 B

Spec(O, =) is very clean for VxeX % 5,
EROO &~ HEE 0= HP(X, G k)

b
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Uk o8> < Brown-Gerstend spectral seguence
) =H5% 0= H(X.G3x) => Gpog(X)
&5k, |
W) (Sherman) = b L) E;(XLED) 481 XCt1ws affime line over X
i) X, XL #vvery dean 45 Hgpa, (002 Hyeur (X 1)
i X o vegular 7 X, Xttl & very clean 735 H:Lh(x[ttj)"'H;:ch()()@H;:iéO
15 (Gerster's Con)‘ec‘i'ure) : Regular locol rigs are Very clean?
16) Regulor, Noetherian,, separated scheme of finife type over a field
§ very cleon. £ - <
(vam‘shmg theorem ) : H;lzch()()"—' HP(X, Eg,x) =0, fr P>%
(Bloch’s {'ormula) : Hgnta;w“-’HP(X, Kp AX) (= Chow grour)
M) (Gvay$on) smooth, %uasi-rrajéd;'ve van'e‘f,v X =dL<
Bloch(x) ®H (X, ﬁpx) 2 ONX) as o graded vings
ete. LV o f\*i B Qu.‘”en 0 high.er alg. K-groups 13 K ') % v K
BE#->7 v 3 . 22T lodization” Wi‘%’f’? % “completion” 1= B F
Bx 3 %Ko Qulleno Z 25 =R > < higher analytic K-
Hheory oMt THELE27 . BHBA o<t Lo
HHE R T BoREL LR LC 0 BB N ERAE T
v, 22 TR o Kovubi-Villamayordo & 2 4 1=4E > <
analytic K-theory f4BIX & 4 < <. Exoct cofegary 4 1< % ¥ 3
negative 1 alg. K-groups Kailh)id 3 KX X v 8 v AX,
g
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Karoubi-Villamayor 0 % 25 rE 217, #£& 0 1eZ i1 T |
analytic K-theory s A 2% 3.

Ring with unt A E 3 L < coneCA) % ge[mu‘fanis ¥t 3z M=
EBREIRFIDX(AoAREA oL &) # 53X BHN3 T %
| REWRATF| AKX MBving, A= UM 4B < A R1E 0
AoZx0k) 75 FF odBl4 770, SA=CA/E &> <
Ao suspension ii% 3%,

18) ( Karaubi—elersfeWWagoner)f Bercay s corlractible.

| Ki(CA)=0 (iz1).

19( Gers’fen—\d/agoner)i fibre of (Bew @ — Barism) 2= KoA X Bertmy
4405 KoAx Bﬂ*w — KoAxBerim—> KoAXBer Gy 1¢ fibwation.
Bt OBadh = KAxBaln (= BEHR) = 0BA )

KimGA=KiA (iz0)
29 Quillen) : BQR —> BT —>BAP it fibration < Gersten-
Wagoners {ibrtion 0 delooping.
0 (Kovoubi) © KA =K™5 (A (iz0)
By KW= KoSTA = K SHA
KE=(N):= L *KoA = Coker (K mATtI@ Koo L1 — K™ ALE 1),
22) (Bass) : Noetherian , Yegular ving Ar FL7 Ky =0 (>0,
23) ( Gers‘fm—Wagoner)  ()- sFechrum EAN={E@n}nzo %
EW=Ko(S™) X Boreshy  (120)

10
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k. <RET L, E@QEWL
m(EA) :=im wen (EAM) (2eZ)
r B H |
(EW) = Ko , T (EA) = KSw  (220)
24) (Geysten —Kector, Drvor) @ Zoo % irilegral completion functor
Bousheld-Kan €438,  Belw = ZaBarw |
28) (Wagoner) : Tdextity -preserving ving homo. f:A=B LT
T'6) % R o pull-back d;agvam’l‘%%? %
¢ —> SA
) lef %, inductive 1=
 CB——»3B, Sfi=SEHH:SA>SB v <
X® S(GE) E X ® = 0 (Kl X Bew ¢rtsn)
X () := Ko(T(s) X Ben.(r?stf») cr=e>
T‘fiﬁ 1% v X6) g Q-spectrum v 4y, Telative K-grovpa
| K@) = m(X@) = ,l'l',‘,. Ttetn (Xn(6)) |
'l;‘;'?b%k‘i"b . 20 v 3 long exach seguence :
ceee—> K (A —>Ke(B) — Kin (f) — K+ A)—K:-1(B)— -
N s, M el TeA E A LT KAD=K(AM4)
vh T @ ——KeW—K (A)—>Ke (A L)—Ke(A)—>----

1
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$1. Eo RE
Stein mfd (X,0) = HL T
1) H(X®™, GLuGw0 ) = Ved™, (x™)
H'(X™, GL(Gw) 2 Vect T, (X)

2) (Grouerd : H'(X™, GLa(Oe)) = H' (X7, GLu( )
_//{iv T, 2N5n >y sy Gyothendieck Iroup 23F L <
5 o)~ KEPOX) s ping o

A For N»0, [X% éhfass(ﬂ N)]M 2> [ X™, Grmss(ﬂ N).]‘top

Vec’g,,‘ L (X ' Vec‘ba,,> X*)
HI(X" GLaGe) = H (x*°" Gl (Ext))

5 (Granert) [X™) GLLO],, 2= [X¥ GLA© T4y
£, < A‘f;)/ath.rzemeh ) K—group =% LT |

6 K'(x™)a~K'(x™), K\ m‘)f-‘-'K"(,)(f"”) ( Botts fer"oda’ci'/y>
R 1=z Hng with wit A 271 ¢ GLaA <> Gl A ;oo (Xh) ¢

GLA:=1m GL,A ¢ & < # . Bass- Whiteheod group Ka(A) 3,

K, (A)._&L AV/rei (A, GLAT , 8L [, 1 i commutaor subgronp,
vEHRINB., 20 &,

Ki(Oxaw) & pre-sheaf U > Ki(7(w 0x) = associafe L& Sheaf,

K (& % pre-shesf U > Ki(T(U; &) < Z
¥ v, K, GL, [GL,GL] 2 filtering di\ﬂédL limit ¢ commule
45,0 KOk = Ki(Omz), Ki(€m 2 Ki(Extm)

92
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GlLn(0) /T6LLC . 6LaC] = GLa(©) /SLa(®) = CX K15
Ki(Oxam) = Ofon Ka( Exter) = e;:tep
’%\51 Don=10Hh v Lt
T Pie (X =HOC Ki(@ed) ZH(XT Kiex)=Tie (X™)
Wz E(A):= ielemen'bryma’rr:x esj): -»(—1 e ) 1< ;,wm%mwb&mr}
v 4% ¢ B [6LA,GLA)] T, Steinberg grovp St(A) 2

;@) Xe3(b) = Xoj (a+b)
o, acA X5®-Xs5
St(A):= { 13‘,*3(”, X5, Xeh] = Xea (Qb) }
T HERAND [Xgw, Xpe]l =1, pek, Y]

CRETHH, Milor gp KW 1
K, () := Ker [ SE{— E@

X..j @) —> egtm

LVEE s N3, ~oiF, Ko(A)=Centerof st <. AN

. £ * g N
localving 0 851 K ®OA LA

| V I
0 —> Ko2(d) —> StW—— E(A) —1
x| -k, K;.; st, Ew filtering dived imit ¥ commule 4%
N5, SL(@xm),St(&(a») ete 4 TH>SLT @ 0w), TSt Oxom)
, %tc = associote | K sheaf 2 f-j’ Hw

{'
0 —> Kz(@x"‘) —» St(Oxon) —SLOen) — 1

Y

0

13
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9 (BE) : HZ(X™, Ka(Gem) 2= HAX™, Kaleya) » P
X 5 K —HR & Qullen o higher alg. K-groups 1< ¥4 L <
HP(X®, Kp(Om) = HP(X™, Kp(&xm) o 7
Block's formula % £ =X w3y, HOX™, Kr(@x'*")) ¢ analfhc
c>/cle5 n "%W\Z , HP(qui Kp(me)) i ‘bpo'ogu‘ca' c)/cles nﬁ?&’é
FHoT7vwsvBbh s, @%@analy‘l‘ic Cycles Y ‘f‘opolog..‘ca', c:)/c,es
A3 SEEVIELY, ¥ % 0 %3 K-theory 0o L35 5 #|
|, K =h 5 cycles & B equivalence relation ” % L7 o8 ko1&
BEVeEbh 3,

§Z, Toth Ying, Loop Ying, Cone and Suspension
W5, convex Ting B ¥R T Housdorff topology Wz v 3t
K2R % I
" (AT), (BWw) t == o convex rigs £ 73 55,
& (AT) — (B, Tg) #v bounded morphism
M9 : A=B v virg homo.
G (3 ¢ >0) (% €T) (c/>0)(Vxeh): H(P)< i+ ¢ Inf b
{81, >0®0 ¥ 13 Banach ring homo. (g ht, 78) —>(3B, ) vars
2) pro-Banach ving AT) =3 <
BT = { Se=Z 0" | aneh, (5et): T FOn<reo]

v <y, >hFE §f)=2 Fn) <t 173 semi-normE £ 5

14
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p\ro—Bamach Ying | Yy 7.

3) (A‘UAHZ} %(A,TA) 2% =- Wmorrhism L

Cfe=F X" e (AT ) 1= 3 L <
o) =00, ha(fe)i=Z O
LE YW NS 1T bounded morphisms.

4 EAT):= Ker(®), QAT = Kr(o) nKer(£0) &
(A wo subalgebt. %), (ATB) & 9 induce ThE semi-norms 1= &
-, pYo- Banach Ymgs Vi3, E(A%) % Em‘h Ymg: |
Q(ATH) % Jop ving v PP 3,

BV 1= AWP-2r=(A T %~ fn] v H<

ATz -20d= 1 x0 =5, 20525 | B i AL (B €T) ’aﬁ?(a‘”"‘")“"}
Y11, U 4, Ha-wly =2 §0o-) 43 ';em.'-norm %
H > pro-Banach ring L% 3 .

é) M;(‘A%)F‘ M=) ;en |0c)~eA, ("4<Th) 4P 4,)0%(%)<+"°}

12, IMllg := s;»réo?,(az;) 'Jasemi—norm%ﬁ‘v pro- Banach ving. |

m gé Moo(ATTH) Y pevmuitant

M =R RAATF)x (Aﬂﬁﬁ%@@it 43T HER) 0,

YL |

CAT={MeMal Amm Ms , Mt permitart |

Yt g1, Me(h o closed cubalgehm%l > 73Y, Aocene

YRt 13 .(CN o semnoms I, g 1= B3 3 completion.)

15
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8) Mu(A Tok=tM=(0y), 1505¢n | O5€A, (§eTa): IMlg:=SYP @5)<rom}
Y2, MuA T MW - M— (U9 23R 2= & Y
MAW= U MAT v 35, (AW = MA ™ <Ma(AT)
4+ (AT o Sfahl.zed al}eLm e 3, dhik CATA) » closed jdeal.
9) Qustiest algebra S(ATW)=CCATH/(ATW % (A, Tw) suspension

BEERA: XN

§ 3. Homatopy.
N=-0 pro—Banach ring (AT, (B, T %41 T, bounded morphisms
(A Ta) ——»(B Trtv, Yor @ virsimply homstopic ¥ 12
@ 9: (ATA)—>(A73 {3 ; bounded morphism) st. o'F =Yy, ks P=%
IR =%, R P= % . ABL A(Z0X")= 0o , 3 (= 0n2")=Z0n .
2) X 51 B Yu B homotopic ¥ 1 (3% Y- Y 1 (ATa)>(B,T) : finile
series of hounded morphismd : W,=Fp Y= P, e e Vor LIE Simply- |
homo"’op.c 1=1,,N~1,.
3) pro-Banach ving (A%) o onfractible V¢ Ta:(ATa)> (AT) 4 homidope
o zero Kﬁgff A Bl path ving ECAT) ¢ contnctible.
A pro-Banach ving (AT =3 L7 (AT =(ATW" 5% % 3.
> hdARBoOTR<H 505 (OA, 9T =(TTA, TIT) ¢
Eiz it @)@= £ H00), Al 1 [T 0= Y $00), G0 €A™
% semnoms B> 0T HoR. 2o v A-FEAA

16
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M= W) (AT~ (AT € Ma(ATY)
Rl T . %0 cleTerman‘f detM €A ¥ £23
(ATA) 1k separated, complete T % 2 75, N

M o invertible &5 (Ype Spee (A7) @ PldctM) %0
GLa(R) := 1M= (05) e Mu(ATh) | B55¢ A, M invertible}

LH<y MAT)— 5 A kg, <
‘ U U
GLn(R) — A% = ={ invertibles}

Copen)

GLa®) 1= A &9 induce ¥ 1 3 comvex fopology B N\ 13 > LB

T2, T hdteRER T RAGAM SR % GL(AT)
LEZ, GLaAT) —6lmtw: x—(29) = £ <.
GLAAT):= by 6L.(AT8) v <.

$ 4. Serve fibration
1) Bounded movphism of pro-Banach Yings (AW — (BT o*
Seve fibntion 48 % ¥ 2 Vn>o EH | T induced homo.

9% : GL(AWI6-21) —> GLI (BT {x—2a1)
NoREHRT  VPepea-zn €GL(BMIx-51) :flo-00= 1,
R T Fd=d@-21) € GLUATH-1) ) Y@= g.
MR path ving 2860 proedtion  pr: E(AATW—> (A, Ta) * Serre
fibvation T H % 2Sevre fibvitions & Compositiont Sewvefibuition ¢ 2.

~ 2) Serre fibution §: (AW~ B 1)1 surjective homo. 3" %%,

7
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3) §: (AW —(B ) % Serre fibration , weGL(ATR), v=%w),
B cGL((B W {x.-%t) st lo~0) =v=pmw r33 B
3 deGLIATIZ-) © Ful=f, dloo)=nt .
4) §: (MW —(B.Te) % Serre fibwhion ¢33 5%,
D¢ (AW — (B WX 1 Serre fibration
NEy: EANTR) —EBW &, 4
mQe: QAW —= 0B 12 p ‘
5) Serre fibration @: (A, T)— (B, 7o) 1=H1 T fibre product

M@):= (AT x (8w i) M(§) —> B9 il > fw
(B te) AN
Pl | 0& l”‘

% Qo maping cylinder YT .
(Aﬂ?\) —(f" CHANE (o

M & AWx(BW §2) 0 sbring
D ¥:MO—> BW:(af@—f) 14 Serre fibration.
i p M@ — (AT) 1t homstopy equivalence. 7012

| 1: (AR =MW : a— (@ Y AL P1E conslart polynomial

§5. Libration & cofibration
1) shot exad ceguence of pro-Bavach vings
o~ (Aw) —(A. %) — (A", Bp) — 0 &)
N fibration THBIE Y Ay Serre fibration T, W A T Y
induce SN KEn v egu.’valen’ff(“#ié TY ¥ 3%,
2) gpimorphism §: (A Ta)— (A", Tar) o% strict w13, Ta #¥

|1¥
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(AT flerp 0 topelogy ¥ epuivalest ©#H3 > v vF3 8, shat
exact seguence (¥) /A (:of_.’bra‘i'” ton H % T, ¥ ax strict T Ty
13Tk induce ¥ NR Yo Leguivaleat 33 2% v i%im;

3 0—>(AT)— (A W) —L> (A", Tr)—>0 & fibrifion 75
D 0—~>EWTw—EWAW-ELHEW T)—0 t fibrtion.
n 0—~>QN Tw)—=2A%)-=22 A (. T )—0 v

D o—s (ATw)— AT—2 (K. T)—0 #v cofibrifion 5
D 0 —EWT—~E&R (4, w)—0 ¢ cofibation
00— QAT —~2AT) 25 08T —0 ’
i) 0—> C(A\ T )—C(ATa) <5 (A" Tar) —0 /
V) 0—>SATH)—> SAT <5 S, Tw)—>0 ’

§6. Adwissible category
) Full cbcifegory € of _pro-Banach vings (ro-Ban) 4\ _possitively
admissible ?'/?)Z» ?;I%em J |
DAWeok(e) = EAT) E~(AT)—o0 1t Ladiagun
i o—= (A Ty) —(AT)—5 (A" Tw)—>0 &\ fibwahon T
(AT) %> (R, Tw)—0 & €odiagram # 5
0—> (N, w)—> (A Ta) t € o diagram,
¥ TR RAN
2l subcategay € o proBah rings(pro-Ban) A megatively

19
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admissible T4 3 v 13
D (AW o) = 0-~ATW —>COT it €0 dagram
00— (A T) — (AT —(A"T)—0 1 cofibration T,
0—= (K, T0)—(AT) 0 £ o diagvam 73 5 13
AW— @, Tv)—0 tio diagram
EHkTI g5,

§ T Positive amalytic K-theory
1) ¢ C Cpro-Ban) % positively admissible cafegory ¢ 33 B,
€t o analytic K-heory v 13, fam |y (KK ™) oy T
KS : € —> (Abelian grovps) 13 functors, X, € o
# & o fibation  0— O, Tw)—(ATa) — (AT —0 WL
ot s Ko (A Tae) —> K (W) 1@ obel 2F 0 morphism -,
e kT otu) e
b A RO Eef ¢ functorial ;
€ o BE 0 diogram
o—= (N, W) —= (AT~ (4 T)—0  (fibvation)
{’l a t| a i
0—{(B, Tr) —=> B — " %) —>0 (fibration)
¥ LT N

20
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KT 2 KE(T)
K:,‘f(f")l ) l K<)

KK (8 —2% . KB/ W)

i A o fibuton 0 —(ATH) —>(ATa) (A, Ta)—0
=5 | 2 long exadl seguence of abelian groups
K HT) K A ) — K (K Te) B T )
NH, |

i (AT €0b(€) & coitractible =2 Kn (A T) =0 for >0
2 pro-Banach ving (A.Ta) 1734 L <
& e GLAT) o idedty 1= homébp.c@(ao(weErL((A”&)fx})) S
o BeGLAT) o homatopic <=7 «@ 8\ identity L homsfopic
3 GL(ATR=] LeGLATD | L1t homdlapic To identity |
v 3 & GL(AT) it GL(AT) o subgroup L4y, M-
LaL(A ), 6LAW] € GL*(AD). |
>0, 1. (GLIAT) = GLAT /6o(AT) LEX

4) € C (pro-Ban) % positively admissble cafegory 7 % 57,
(AT €0b() R H L T

KEYATR) = Te( GLQ™ (A T))  (n=1)
KSAT) = Ko(ATR) Chbo Crotherdieck group)
\45 ‘)L\?", (KE:, ?m')é\;o 1t € Lo Pos‘u‘T.'ve ana/fhc K-

2]
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Theory Y5> TV A, o
5) pro-Banach ring(ATh) ox labby v 12, Projective convex (ASR)-
(Ief) bimodule of finite ype (M, Tr) NBE LT,
M) @ (AW >MT) a3y vds. Azl
Tnfinte dim. Hil bevt space Hir#i L T Exd(H) f/a%)/. |
6) Flobby #4 pro-Banachving (AT8) 1< H L ¢ Ko/ (ATa) =0, a1z
) Cproblem 1) Kﬁ, (SATW) = KV (A1) (nzo) 27
?)(F%blem il KﬁV(C(A'E» =0  fr az1 N7
?) (problem 3) (peviodicity) (A, Ta) o% pro-Banach (C,), -
o Cresp. (RLI)-) a)gel:m 0 #.
KO AT =KE AT, Geg. KWm =Ky AW) » 7P
lo) (problem 4) (density) (A, W), (B, T6) % == o Bornological
(df,tl)—-algebvas , UVi(A,Ta)> (BW) % confinuous injedion 2+
N Im(v) s dense in (BB
i) Ma(ATA) 2112 £ T Mn(BT8) 0 sub dgebra b % 73 17,
GL,(AT) = GLA(B )N Mu(A )  For Y21
-—71 1%} Somovphism K (ATR) =K (BT8) % induce 37
1) (problemS) pro-Bamach ving (A, Ta) 3t A= A = 67 discrete
’ro‘?oloa)/"é a7k Ying, GLMA 12 &Y, discrete Tofo)o” ”E% e
K qvoup vt 58 c\asﬁ‘f/ing space ] o map

- Barc —> Berca,m

VX7
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g ke s kem F3rh A AL
T KW= K (7)) = o (KAXBatw ) 120 &7 3.
SV) morphism |2 1‘.?‘0 E¥ L2 ¥ 152 o\
0—A% —> K(A) ——K/ (A w) —=0
1 % exoct Seuence 0v% 3 AT = 2 1= A% = GL3(A)
b k) — KA kst
Im(f) = T(SL(Q(AT)) &7
12) (problem 6) f‘r(Aﬂfﬂ)—?(BfE)‘ﬁ bounded Movpkiém of Fro—gamcﬁ vings
Yt b H Yeldive K- Qroup KD 4 Besr.

§8 Nega’h‘ve analﬂ]‘c _K—‘ﬂ\eov)/
D € < (pro-Ban) & megaively admissible cafegery ¢ 3 3 H,
2Lt o onlyfic K-theos w1t family ( KM 9™ o T
Ko g — (Abelion groys) 17 funchrs (nzo) . COAT:

o coibrahon  0—>(ATw) 2> (A, Th) — (A" Ta—>0 1371
| T, 97}3 i K'f;,(A",‘Tyi —> K oy (A T2 abel# 0 morphism
S RY TEEY )
D 9% 13 € o csfibration o cafegory KR L < functorial =

£ 02K 0 dingrom
o —(A", Tar) —=> (A,l ) — (A"l Tw) —>0 (cofibration
g @ 3 o ¢ |
0 —7(3’.17:8) ¥ (B ) ——> (B" Tp) —>0 (céfibraion)
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EHLUT KT~ K, (T
K9 L Q ‘ lk"fﬂ (#)
K& (8" ) —— K0, (B, o)
i € o HEE 0 cofibraton
0 — (N, T) —=>(A.Ta) —> (A" Ta)—> 0
¥ LT R lowg exad seguence 2\ 2.
- AL ) — K (AT ——> K (8 o) 2K, AT)—> -
i) (ATTA) A flably = KS(AT)=0 .
v (AW <AW" & KEAT=KYE), (n>e)
% induce 3.
2) ¢ < (pro-Bam) % neJa+.'Vel)/ pdmissible cafegoy v
(A )€ Ob(e) 1k | <
K'Y (AT = K AT (BB o Grothendreck grosp)
K& (AT = K (S™ATa)
2 /Bt (K-—v\ e 1B LED negative amlytic K-
‘H\eoY)/ vld-> T,
3) (problem7) (A, Ta) % pro-Banach (C. 1.1) - (vesp (R1.1)-)
algebra ¥ 3 =3
AT =K A (s KSAT)=K e (ATH))
Y#-2who !
H4) (PY"HQM ) FYo~BAnach ving (A% kH L < A =Ar K &)

Z¥
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discrete topology 0 5% 54 ving ¥R bf > v kF it
K5 (As) = KB5(m) (nz0)
B KB (A): Coker(K’;f,’(Arﬂ)er%ﬁ<Ar+ﬂ>—+K,,,,(A&fJ)
77
Kow EAT8):=Coker Ko (it e K.B,;‘,f (D — K (ATottt)) |
L $< B?n\ |
AT > KESAT (nzo)
Y, 2 wb a0 vthret S*As) — S"(ATh)
FoooOKR (A T2 KNS (AT) 4 nduce 343 2%
> 0 morphism heB~ f. Bz 7 (ATh) A pro- C*-algeim
overC NY 3 -
K™ (As) — K3 (A Ta) —> 0
1t exact N T |
5 (problem9) pro-Banach ving (A, Th) . ie (m;"y.»_% (34,9)
k31 R mdtuval exad se}ue«nce
o——-,»%__ Ko (A, 3)——>Kn (A, 771)——’1-:; KnGA, —0
(nezZ) 33 N7 AL g fucte fm g 45t
derived {unclor, |
6) (problem10) (KA, H)ser, v v >, Mittag- Le fflers condilion
% R L_“’K"V(gA;) =0 y#3 me
n (problem H) Exad ca‘l%go\y/L kL7 ana’ff' K- 1heov)/‘5¢? 1.
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