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A SEMIGROUP OF ISOMORPHISM CLASSES OF SOME

QUADRATIC EXTENSIONS OF RINGS

Takasi NAGAHARA (Okayama University)

Throughout this paper, B will mean a (non-commutative)
ring with identity element 1 wﬁich has an automorphim p. By
B[X;pl, we denote the ring of all polynomials zi Xibi (bi € B)
with an indeterminate X whose multiplication is given by bX =
Xp (b) . Moreover, by B[X;p]z, we denote the subset of

B[X;p]l] of all polynomials f = X2 - Xa - b with f£fB[X;p] =

B[X;plf. If X2 - Xa - b € B[X;p]2 then p(b) = b. By
B[X;p](z), we denote the subset {X° - Xa - b ¢ B[X;p]2]

p(a) = al. Now, for £, g e BIX;pl,, if the factor rings
B[X;pl/fB[X;p] and BI[X;pl/gBI[X;p] are B-ring isomorphic then
we write f . g. Clearly the relation ~ 1is an equivalence
relation in B[X;p]z. By B[X;p]g (resp. B[X;p]?z)), we
denote the set of equivalence classes of B[X;p]2 (resp.
B[X;p](z)) with respect to the relation ~. Moreover, for

f e B[X;p]z, if the factor ring BI[X;pl/fB[X;p]l 1is separable
(resp. Galois) over B then f will be called to be separable
(resp. Galois). As is well known, any Galois polynomial in
B[X;p]2 is separable. By [6, Th.1l], any separable polynomial
of B[X;p]2 is contained in. B[X;p](z). For f = X2 - Xa - b
¢ BIXipl,, we denote a’ + 4b by &(f), which will be
called the discriminant of f. We shall use here the convention:
B(p™) = {u ¢ B | au = up™(a) for all o e B} (where n is any

integer). 1If X2 - Xa - b ¢ B[X;p]2 then a € B(p), b ¢ B(pz),
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p{(b) = b (, and conversely). Clearly a2 + 4b e'B(pz). An

element a of B(pn) is said to be m~regular if there exists
an elemen£ ¢ in B and an integerrt > 0 such that at = at+lc.

Now, in [1], K. Kitamura studied free quadratic extensions
of commutative fings and its isomorphism classes. In his study,
the set of polynomials of degree 2 plays an important réle.
Indeed, [1] is a study on B[X;p]2 and B[X;p]5 where B is
commutative and p = 1.

In [2], K. Kishimoto studied the sets B[X;p](z) and
B[X;p]zz) in case B[X;p](z) contains a Galois polynomial
x2 - b (and hence 2b 1is inversible in B).

In [5], the present author sﬁudied the sets B[X;p](z)
and B[X;p]zz) in case B[X;p](z) contains a Galois polynomial
X2 - Xa - b (and hence the discriminant a2 + 4b is inversible
in B). The study contains a generalization of [2]. Moreover,
in [1], [2] and [5], it was shown that B[X;p]}z) forms an
abelian semigroup with identity element under some composition,
and the structure of this semigroup was studied-to characterize
the separable polynomials in B[X;p](z).

In this paper, we shall study the separable polynomials in
B[X;p](z) and the structure of B[X;p]z2) ~in case B[X;p](z)
contains a separable polynomial whose discriminant is mw-regular,
and we shall show that B[X;p]zz) forms also an abelian
semigroup with identity elemeht_under some composition such that
for C « B[X;p]zz) and f ¢ C, C 1is inversible in this semi-

group if and only if f is separable. Moreover, this semi-

group will be studied in various ways.
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In the rest of this paper, Z will mean the center of B.
Moreover, U(B) denotes the set of inversible elements in B,
and for any subset S of B, U(S) denotes the intersection
of S and U(B). Clearly, U(Z) coincides with the set of
inversible elements in Z. Further, for any subset S of B,
we use the following conventions: SP ={s cs | p(s) =s};
pn]S = the restriction of pn to S twhere n is any integer).
By [5, (2, xvii)] and [6, Th. 11, we see that if B[X;p]2
contains a separable polynomial then pz|Z is identity. As is
easily seen, if an element a of B(pn)p is m=regular then
‘there exists an integer n > 0 and an idempotent e of zP

such that aB = eB. This idempotent will be denoted by e(a).

First, we shall prove the following

Lemma 1. Let 2 be nilpotent, and assume that B[X;p]2
contains a separable polynomial sz— b. Then, b ¢ U(B),
and there exists an element 2z ¢ % such'that z + p(z) = 1.

Moreover, B(p) = {0}, B(p2) = bZ, B(p2)p = pr, and

B[X;pl, = (x? - v I v e B(pz)p}.

Proof. The first assertion is a direct consequence of

[5, Lemma 2.3] and [6, Th.l1]l. Now, since 2. is nilpotent, there

exists an integer n > 0 such that 2% = 0. Let u e B(p).

Then, we have u = ul(z + p(z))n = u(z + p(2z))(z + p(z))n_1 =
2zu(z + D(Z))n“l = 2™z" = 0. The rest assertion will be
easily seen.

Next, we shall prove the following
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Lemma 2. Let € be an idempotent in 7P such that €2n==2n

for some integer n > 0. Let f Dbe an polynomial in B[X;p]2
such that e¢f is Galois in €B[X;p] and (1-¢)f is separable
in (1 -¢)B[X;p]. Then 6(f) 1is m-reqular, e(§(f))B o ¢B,

and (L-e(8(£)))BIXipl, = {(1-e(8(H)) (x> - v) | v« B(p")P}.

Proof. By [6, Th.2], we have B = e§(£f)B. Moreover,

f 1is separable, and so, £ € B[X;p](z). We write here f =

x2 - Xa - b. Then, by [5, Lemma 2.2 (2, xix)], we have
a = 6(f)sa = 6(f)n+lsn+la for some s in B. Since e4" =
4n, it follows that (1 —s)é(f)nB = (1l-¢)(ac+ 4nbn)B =
(1-e)acB = (1-¢)8(£)"1B, and whence, &(£)™B = e§(£)"B +

n+l

n+l B = §(£)®18.  Thus

n+l

(L-e)8(E)™B = e (E)™ "B + (1L -¢)68(£)

§(f) 1is m-regular, and e(S(£f))B G(f)nB > g8 (£)B = eS(f)B =

eB. Moreover, noting e(§(f))a a, the other assertion

will be easily seen from the result of Lemma 1.

Corollary 3. Let 2 be m-regular. If £ ¢ B[X;p]2 is

separable then 6(f) is m-regular.

Proof. Let £ = X2 - Xa - b be a separable polynomial

in B[X;p]z. Since any inversible element of B is mw-regular
in B, we may assume that &(f) is not inversible in B.. If
e(2) =1 then 2 is inversible in B, and so, §(f) is

inversible in B by [6, Th.3]. Hence e(2) # 1. First, we
assume that e(2) = 0. Then 2" = 0 for some integer n > 0.

By [5, Lemma 2.2 (2, xix)], we have a = 6(f)nta = a2r for

some t, r € B. Hence a 1is wm-regular, and e(a) is in 7P,
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Since e(a)a is inversible in e(a)B, so is e(a)d(f) in e(a)B.

Hence, it follows from [6, Th.2] that. e(a)f is Galois in
e(a)B[X;p]. Moreover, 1 - e(a) # 0, and (l1-e(a))f is
separable in (1 -e(a))B[X;pl. Therefore, - 6{(f) is m-regular

by Lemma 2. Next, we assume that e(2) # 0. Then e(2) ¢ Zp,

e(2)B=2"B, and e(2)2"=2"

for some integer n > 0. Noting
that e(2)2 is inversible in e(2)B, e(2)f is Galois in
e(2)B[X}p] by [6,’Th.2]. Moreover, (1-e(2))f is separable
in (l-—e(2))B[X;pj. Hence by Lemma 2, §6(f) is m-regular.

Now, we shall prove the following theorem which is one of

our main results.

Theorem 4. Assume that B[X;p]2 contains a separable
polynomial f whose discriminant is m-regular. Set e=e(8§(f))
and w =1 - ¢. Then, w2 1is nilpotent, and u)B[X;p]2 =
{w(X2 -v | ve B(pz)p}k. Moreover, g = X2 - Xu - v e
B[X;p]z, the following conditions are equivalent.

“(a) g‘ is separable.

(b) §(g) 1is m-regular, e(S(g)) = &, and wB = wvB.

(c) eB = €8§(g)B, and wB = wvB.

Proof. Tet f = X2 - Xa -b. TIf e =1 then &(f) is

inversible in B, and whence, the assertion holds obviously.

0. Then, by [5, Lemma 2.2 (2, xix)],

Now, we assume that ¢
2 is nilpotent and a = 0. Hence by Lemma 1, we ahve
B[X;p]2 = {X2 -v | v e B(pz)p}. Hence by [5, Lemma 2.3],

it will be easily seen that (a), (b) and (c) are equivalent.
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Next,  we shall consider the case ¢ # 1, 0. Since ¢€B =
5(f)nB for some integer n > 0, it follows that p(e) = ¢,
and 4™ = ()% = e§(£)%r = ea” for some r in B

([5, Lemma 2.2]). Moreover, since €8(f) is inversible in
eB, ¢ef 1is Galois in eB[X;p]. Obviously, wf is separable
in wB[X;pel. Hence by Lemma 2, we have 'wB[X;p]Z =

{w(X2 -v) |v e B(pz)p}. Now, let g = X2 - Xu - v € B[X;p]z.
Assume (a). Then, since eg is separable’in. eB[X;pl, it
follows from [6, Th.2] thét eg 1is Galois in eB[X;pl].
Moreover; wg 1is separablé in wB[X;p]. Hence by‘LemmaFZ,
§(g) is m-regular, and e(8§(g))B o B = e(8(£f))B. By a
similar way, we have e(8(g))B < e(S6(f))B. This implies
e(S(g)) = . Since wg = m(X2'— v) 1is separable in wB[X;pl,
wv is inversible in wB by [5, Lemma 2.3], that is, wB =
wvB. Thus we obtain (b). Assume (b). Then‘ eB = e(8(g))B =
§(g)™B for some integer m > 0. This shows that B =¢e6(g)B.
Finally, assume (c). Since eB=e8(g)B, 8(g) 1is inversible
in €B. Hence &g is Galois in eB[X;p} by [6, Th.2], and

so, €g 1is separable in e€B[X;pl. Moreover, wv 1is inversible

in wB. Since wf is separable in wB[X;pl], there exists an
element 2z in wZ with 2z + p(z) = w. Hence wg = m(X2 - V)
is separable in wB[X;pl by [5, Lemma 2.3]. Therefore g =

€eg + wg 1is sevarable, completing the proof.

In the rest of this note, we shall deal with the set
B[X;p]?é) (of B-ring isomorphism classes of the ring extensions
BlX;pl/9BI[X:p]l (g € BIX:pl 5y) of B ).

Now, 1if C e B[X;p]zz) and g € C then we write C =<g>.
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Moreover, for g X" = Xu - v, 9, = X - Xu1 - vl and

S ¢ B, we write

g><s,=X2 —Xus—VS2
gxg, = X2 - qul - (uzvl + Vui + 4VV1)
gxs = x? - vs2
g *gl = x2 - vvl.-
If B[X;p]2 contains a separable polynomial then p2|Z =1,

and in this case, for any element o (resp. any subset §) of Z,
we denote ap(a) (resp. {op(a) |a € S}) by Np(a) (resp. Np(S)).
Now, by virtue of Lemma 1, [5, Lemma 2. 10] and

[3, Lemma 1. 8], we obtain the following

Lemma 5. Let 2 be nilpotent, and assume that B[X;p]2

contains a separable polynomial f = le—b. Let 9; = X2-—v1

and g, = x2 -V, « B[X;p](z) ( = {X2 -v | v P B(p2)p} ).

Then, g9; ~ 9, if and only if v ==V2Npkﬂ for some o ¢ U(Z).

1

From the preceding lemma and [5, Lemma 2.3], we obtain

Corollary 6. Let 2 Dbe nilpotent, and assume that

B[X;p]2 contains a separable polynomial £ = X2 - b. Let

g, ~ 9, in B[X;p](z), and h; ~ h, in Z[X;pIZ](Z). Then

for any g ¢ B[X;p] and h Z[X;plZ](z), there holds the

(2)

following
(i) g, xg*b T . xg*b L in z[X;p|2]
1 g2 %9 ’ (2)°
(ii) h1 *h - h2 *h in Z[X;pIZ](Z).
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(iidi) hl‘*g ~  h2 *xg in ‘B[X;p](z).

, -1 -1 .
(iv) gl*g*f*b ~ gz*g*f*b in B[X,p](z).
(v) gxfxfxb L =g, and hxf+fxb L = h.
(vi) g 1is separable in B[X;p](z) if and only if
1 1l

g*g=x*f *b ~ ~ f which is equivalent to that gxg'*f*b ~ ~ f

m .

for some g' B[X;p](z).

(vii) h 1is separable in Z[X;plZ](z) if and only if

1 1

hxh ~ £xfxb - which is equivalent to that h*h' ~ £xfxb

for some h' € Z[X;p|Z](2).

By making use of Cor. 6, we can prove the next

Lemma 7. Let 2 be nilpotent, and assume that B[X;p](z)
contains a separable polynomial £ = X2 - b. Then, the set
B[X;p]zz) (resp. Z[X;plz]zz)) forms an abelian semigroup
under the composition <g;><g,> = <g; *g, *f «b 1> (resp.
<hl><h2> = <h1 *h2>) with identity element <£> (respl
<f *f*b_1>), and the subset ‘{<g> eB[X;p]?z) | g is separable}
(resp. {<h> ¢ Z[X;p]Z]EZ) | h is separable} ) coincides with
the set of all inversible elements in the semigroup B[X;p]zz)
(resp. Z[X;p|Z]zz)) which is a group of exponent 2. Moreover,

B[X;Q]EZ) =~ Z[X;p[Z}zz), which is isomorphic to the

multiplicative semigroup Zp/NpﬂJ(Z)).

Now, let ¢ be an idempotent in 7P Then B = (eB)p,
eB(p) = (eB)(p[eB), and aB(p)p= (8B)(p|sB)p. Hence we have

a bijective map:  eB[X;p] > (eB) [X;0]eB] given by
(2) (2)
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e(X2 - Xu-v) - X2 - Xeu - ev. Hence we shall identify
eB[X;p] 5y with (eB)[X;p]eB](z), and by eB[Xipli,y, we
denote (eB)[X;pIeB]?Z). We set here w =1 - €. Then, as

is easily seen, the map:
B[X;p](z) > eB[X;p](z) X wB[X;p](z) (direct product)

given by g -+ (g9, wg) 1is bijective. This induces a

bijective map:
B[X7p]~(2) *> eB[X;p]~(2) X wB[X;p]’(z)

where <g> - (<eg>, <wg>). Clearly, g is separable in
B[X;p] if and only if eg and wg are separable in eBI[X;p]
and wB[X;p] respectively. If B[X;p]2 contains a separable
polynomial  f = X2 - Xa - b whose discriminant is m-regular and
e=e(8§(f)) (w=1-¢) then eB'[X;p]2 contains a Galois polynomial
ef, w2 1is nilpotent and wB[X;p]2 contains a separable
polynomial wf = w(X? - b) (Th.4, [5, Lemma 2.21, [6, Th.2]).

Now, our main‘results are the following theorems which
can be proved by making use of the preceding remarks, Lemma 7,
(5, Th.2.17], Cor. 3, 1[5, Lemma 2.10], [3, Lemma 1.8},

[6, Th.2], [4, Th.1.2], and etc.

Theorem 8. Assume that B[X;p]2 contains a separable
polynomial £ = X2 - Xa - b whose discriminant is mw-regular.
Set ¢ =e(6§(f)) and w =1 - €. Then the set B[X;p]zz)

(resp. Z[X;p]Z] forms an abelian semigroup under the

(2) )

composition
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1 1

<gy><g9,> = <eg; Xeg, xef x (eS(£)) — + wgy * wg, * wf * (wb) —>

(resp. <hl><h2> = <eh1 ><eh2 + wh

1 *mh2> )

with identity element

1 1

<f> (resp. <efxefx (e8(F)) = + wf x wf * (wb) > )

, and the subset

~

{<g> ¢ B[X;p](z) | 9 is separable }

(resp. {<h> « Z[X;pIZ]zz) | h is separablel )

coincides with the set of all inversible elements of B[X;p]?z)
(resp. Z[X;p[Z]zz)) which is a group of exponent 2. Moreover
B[X;pl, = Z2[X; - ~ ; - : Z17

~

~ eZ[X;pIeZ](Z)

X mZp/NJU(mZ))-
Theorem 9. Let 2 be m-regular and assume that B[X;p]2
contains a sevarable polvnomial f£f. Then, there exists an

idempotent € (w=1-¢ ) of %P such that
~ ~ o
X = Z[X X wZ U(wZz
B[ p](z) e2[X], x w /Np( (wZ))

where if e(2) = e(8§(f)) then e = 0.

Corollary 10. Iet 2 = 0 and assume that B[X;p](z)
contains a separable polynomial. Let U(B[X;p]}z)) be a group

of inversible elements of B[X;p](z). Then, there exists an

idempotent € ( w =1 - ¢ ) of 7z such that
U(BIX:i0]7y) ez/e{z’-z | z € 2} x U (02) °/N (U ()

where wZ 1is an additive subgroup of Z, and if B[X;p]2

contains a Galois polynomial then w = 0.
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