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1. Introduction and Theorem.

Let P be a xo-strictlyvhyperbolic 2p X 2p-system of
differential operators of first order defined over a
Cw~cylinder R x Qc:Rn+l.\ Let B be a p x 2p-system of
functions defined on the boundary T of R:L x € . We consider

the following mixed problems under certain conditions:

P(x, D)u = f _XGRlx9 (x4 >0),
B(x)u=g 'xeT (x5 2>0),
u =nh . .on x0‘= 0 ‘
9 , 9 )
where v=I D = ( > sy )
§xo axl ‘ §xn

For the sake of simplicity of descriptions, we may only
consider the case where Q = { X, > 0} , by the localization

process. Then our assumptions are the following:

- (I). o) The coefficienﬁs of P and B are real,
belong to C» (R*x @ ) and consﬁént outside some compact set
of R* x @ .

B) For P, it satisfies the # condition with respect to

I' and for fixif)iii T, 0 ) there 1is at moét,one real double
/real ' o



126

root A of |P| (x, T, 0, A) =.0 where x e€T.
- Furthermore it is non-characteristic with respect to I' and.

‘it is ndrmal, i.e.
[P] (x, 0,0, 2 ) #0
for any real (‘a A ) # 0 .b

Y) The p row-vectors of B(x) are linearly independent;

where x €T .

(). @) If the Lopatinsky determinant R(Xqs Tgs 0g) = 0
for a real point,(xo,: Tgs ) such that there is no real

dbgble roots‘kfof ,lPI(x » Tgs Ogs A ) =0, then
IR (x4, fb -1y , 9] 2 O(Y ) o) .

Furthermore if there is at least one real simple root
A (xo, 10, 00)" the zero set of R(x,r 1y , 0 ) in some

‘neighbourhOOd U(xo, Ty 00) 1s in the set {y= 0 } .
B) If R(xg, Tgs © 0) =0 for a real point (xo, Tgs Tg)
such that there are real double roots A of

:,P“(xOQ Tos Y A ) =0, then
. . : 1

IR(xg, 75 = 17, 9p)| 2 0(4%)  (v> 0)
Furthermore if there is at 1east‘one’real_s1mple root X ,
the rank of the Hessian of R(x, E s O) at its zeros in some
U(xo, Tos 9g) is equal to | |

codim. of {R(x, T, 6) = 0} in RZ® .
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Where the zero set of R(x, T, o) in some U(xo, To» oo);is

preassumed to be a regularvsubmanifold of R?n,

Y) Moreover, if there 1s at least one non-real root A of
,IPI(XO’ fo, Ty A) =0 for'thg point“(xo; TO?,QO) which satis-
fies the condition B), then for some smooth and non-singular
matrix S(x, t-iy, o) with Y 2 0 defined on éﬁme—ﬁ(xo, Tgs Og)
the corresponding reflection coefficient bpy(x, T, o) is real
whenever 1 is real and R(x, T, é) #0 (Ecr'defin;fions, see §2).
fﬂD. Any constant coefficienﬁg pfoblémé frozen the coefficient

2--well'posed.

at boundary are L
‘Then we have the following
Theorém. Under assumptions (r)y, @, (m),'the'mixed problem
is Lz—weli posed. - ,:A o
| The ailm of the present note is to describe the outline of
- our proof of the above assertion. .Here we use essentially the
conception of reflection cpefficients ([1], [2]) and moéifyiﬁé‘
Kreiss' consideration.(ﬂ]'wé méke‘use of éhe loca1ization of
the characterization for'LZ—Well'pcSed mixédvproblem of’brderv'

two. ([11, [3] and [7])

2. The outline of the proof. ’
Considering the assumption (I) let S(x, t-1y, o) (y > 0)
be a smooth, ﬁon-singular matrix defined on some neighbourhood

U(xo;'rb, o,) such thatv‘
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s‘lfs = ED_ - Alx, -1y, o)
where
T
g
A= Ap " >

A: = ( W ), 1€ I, |I| = r,
| . |

t
i

Next for T4 = ro(x, a)

Ay are real, and Im A; (Im AI)’> 0 (< 0) respectively if y > 0.

a(x: 0, o) 1
Ar(x’~10’ g) = ( > ) .
: 0 a(x, 0, o)
Here we may restrict ourself to the case where the eigenvalue
of An(x,»r, o) ére described by the.following form in some
U(xo, Tys ao)
. .
Ag ® a(xs &, @) F /5o(x, ¢, o) (VI = 1),

“a(x, ¢, o), b(x, c,‘a) are real when ¢ is real, b(x, ¢, o) # 0,
T = ro(xo, OO)’_T =7 + roﬁx, o) and To(x, o) is real and posi-

tive.-

- Furthermore A; have only nqn—real eigenvalues for any vy 2 OC}——~“~LH
and the ones of A; have positive imaginary parts.

' o + -
Let BS' = (V, V[, Vi, YE’.Yﬁ’ V).
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‘Where VI are (pxr)-matrices, VI’ Vﬁ are p-vectors and Vm are

(pxs)-matrices respectively (2r+2+2s = 2p)

1 0 .
Let Sp = - ,a=alx, 0, g X
: daFon. gea » - :
I 11 1
’
l+hlzc
and let
Eops
S! = S][’ H]
E2S,

wher’rél':i'j are the functions derived from Ap(x, -1v, g).
Furthermore we denote BeSeS' by '

o= ot

(VI, VI’ Vn,'vi, M’ Vo ) (x, T, 0).
Then from our assumptions we obtain the following Lemmas.
In particular. from (I). ¥), (II). a) and ([[), we see the follow-

ing

Lemma 2. 1 If for real (xo, o* % ) there exist no real
~double roots. ‘X, then there is a neighbourhood U(xo, 0° ao)

where

1) For some V§’1 the determinant
. 3

+ + ;.. + —v + s e e’ +
+ + : '
where Vp <V3,l’- 3 s), s=p-Y,V 3 4 are p-column vectorsgﬂhL
(Here after let 1 = 1).
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ii)’ For some V; 1 it beidngs to the linear subspace
. 3> :
+ + RN L + +
L(V3,2, s V3;s) spanned by the vectors V3,2, , V3,s‘
. B . - ) ) + +‘ooo
.111) The column vectors ‘of Vy bglong to L(VI, V3,2,‘ s V3,s)\
But ii) and iii) are only valid at the points € U(xo, Ty oo)
such that the Lopatinsky det. IVI, VEI (x, T, o) = C(T—T(x, g))

= 0 (¢ # 0) and where T(x, 0) is real whenever V; present.

From (). B8) we ‘see the following
~ Lemma 2. 2 Let (io,'fd,‘co)_bé‘a real point such that ,
.there exists a’ real double root.A. Let lV;, VE, VEI (x9s &, 0g)

}_=,0,.where we consider § as a new varilable 1nstead'of T. . Then

i) ¢ =0.

' 11) . Let g¥ = n, then

+ + ' _ , v :
IVI, VI, V3l = cla-n(x, @) (e # 0)
~in some U(xgs Tgs Og), Where n(x, o) may take comples values. /A

/x\. ~

/

Under the assumption of Lemma 2. 2 we see the following

Lemmas.
Lemma 2. 3 = 1) The reflection coefficient
[ S :
Vi, VI, VI
I’ I[’ .
+ :m (xo, ,-iY, do)
iVI: I® ml A

bu'n_(xos "iYs 00)

Ceotyh v 0.
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a); * ayobprp

11)  Let Q(x, ¢, o) be _
SRS PR PO

, then

N -
|vi, v, vo| a a _
it is I{ I’ 1 , - Where 11 121 . S 1.
v, v, v a,, a I
I 'I° 'L 21 <22’

Now from Lemma 2. 3 and () we obtain the following

Lemma 2. 4

+ o +
1) VI, Vi yml,# 0.
ii} Yﬁ é L(Yﬁ),v ' ?n z = n(x, 0) = 0.
111) VI e L(v;; Vi) on € =n(x, o) = 0.

+ ot
iv) Vi - Quge LV, V).

From (I). "8), v), (I[) and the definition of Q we see the
following '

Lemma 2. 5. 1) The above defined Q(x, £, o) take only

real values, when T is real.

i1) ¢ = 0, Q(x, 0, o) = 0 are equivalent to R(x, g, ¢) =
0 for Im g < O.

111) -Q(x, 0, ©) > 0.

From Lemma 2. 4 we obtain the following

Lemma 2. 6 For (x, ¢, ¢) belonging to some U(x,, T, 0g) s
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+ / v; -
Up + (CKpp+Kp)U' + KppUp

+ + : -
g = (Vp,.Vp, V) UF + QU + (ZKjp+Kpp)Uy

+ - .

I “ur'n;
+ V ('ﬂ),
Ug

where u = (U], U, Uj, Uy, UF, Us).
Moreover the components of Kfn-and KEI are zero, whénever
¢ = 0 and n(x, o) = 0. ' | |
From Lemma 2. 1 we obtain an a priori Lz—estimate in the
- case where there 1s no double root‘a. On the other hand if there
"1s at least one double root A, we ;ee'ffom Lemma‘Q. 5 and by
some modifications of Krelss' method that the problem
_ ((Dn-AI)u = f, u"'¥‘Qu' = g) has an a pribri estimate
DAl |+ ey, 2 Cxliully (€ > 0)
. : B _
_where supp u_c‘U(xO),~spectrum of u with respect to xg,**°, X, 4
- € U(ty, 05) Then from the method of thévproof of the above
estimate and from Lemma 2. 6, we obtain a similar estiﬁate in

this case. Here we use the fact that the components k of Kin,

3Ki13has the following form: in some U(xo, Tys oo)
k(x, ¢, o) = K(x, 0, o) + zK(x, 0, o) + o(lclz),
|k(x, 0, c)l2 < K|Q(x, 0; o) (K > 0)

which follows from the last assumptioh of (), (B). Further-

more'our'assumptions are valid‘for the dual problem and hence/\s
. ‘ a
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priori estimate for that problem is also obtained. Thus our

proof is complete ([6]).

Remark (1) The conditions (I), (L), (Il) are invariant
for certain coordinate transformation. Hence Theorem is applica-

1xa.

ble for problems defined on any smooth R
(2) The condition (L), ¥) should be omitted, but we have

many examples which satisfy the condition.
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