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Study of (fundamental sqlutions of) hyperbolic differen-
tial equations has a long hiStory. Sge for example Riémann‘fl],
Hadamard [1], Courant-Hilbert [1] and references cited in.

- Courant-Hilbert [1], [Zj. In such é long history the works of
PeUnwﬂq:UJ ahd Girding [1] are clearly outstanding milestones
\from the Jiew_point of the general theory of differential
equations because of the generality of their results. Leray [1]
has also influenced much the later development of the theory of
hyperbolic differential equations by establishing the existenﬁﬁ
and uniqueness theorems éf the solutions in-an elegant and
far-reaching way. See also Friedrichs-Leﬁy~[1] and Friedrichs
[1]. AOn the other hand Hérmander [1], [2] gave good existence

~and uniqueness theorems for real operators of principal type
along these lines. One of the reasons fof the success of

Hormander seems to us to be the fact that such operators are
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micro-hyperbolic. The notion of micro-hyperbolicity was intro-
duced in Kashiwara-Kawai [1] in full generality. Hereafter
Kashiwara-Kawai [1] will be often referred to as K-K for short,
In the case of linear differential operatoré with constant
coefficients the same notion was introduced by Andersson [1]
influenced by the work of Atiyah-Bott-G&rding [1]. (See Kawai
[2] and G&rding [2].) In most of the above quoted papers the

- fundamental solution plays its essential role. As for the con-
struction and investigation of the fundamental solutions for
hyperbolic operators or real operators of principal type, we
refer to Courant-Lax [1], Lax [1], Léray (11, [2], Ludwig [17,
Mizohata [1}, HOrmander [3], Kawai [1] and Duisteimaat-Hdrmander
[1]. Note that these works assume the regularity of character-
istic variety of the operator. In order to treat the operators
whose characteristic vériety is nof simple; the employment‘of
hyperfunctions is very crucial as is shown by Bony-Schapira kl];
[2]. (See Mizohata [2], where a necessary condition for hyper-
bolicity is discussed. See also~Leray-0hya [1],Mizohata-OhYa
[1], Chazarain [1] and the reference§ cited there about the
operators with constant multiple characteristics.)

The purpose of this report is to explain in a sketchy way‘
the idea of Xashiwara-Kawai [1], whose results cover all the
above quoted (local) existence and uniqueness theorems as long
as the operators under consideration have analytic coefficients.
Note that the theory developed in Kashiwara-Kawai [1] is also

related to Egorov [1], [2], Nirenberg-Treves [1] and Treves [2].
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(Theorem 3 in the below.)

The topics of this report are completely restricted to the
existence and uniqﬁeness of the (fundamental) solutions of linear
(pseudo-) differential equations and other topics of hyperbolic
equations are not discussed here, though some of them are im-
portant and also expected to be closely related to the topics
discussed here, e.g. hyperbolic mixed problems. (As for such
problems we refer to the exposition of Chazarain [2] for example.)

Now we will sketch the idea of the proof of the existence
of fundamental solutions for partially micro-hyperbolic pseudo-
differential 6pérator P(x,DX); | '

A pseudo-differential operator P(x,Dx) is said to be-
partially micro-hyperbolic at (xo, igo)e Y-1S*M with respect
to the direction <¢¥,dx>+<p,dE> if pm(x+iep, i£+sp)#0 for

0, EO) and for 0O<g<<1.

every (x,£) sufficiently close ta (x
(See K-X §1 for the precise definition. See Garding [2], [3]
also.) Then using the "quantized" contact transformation (Sato-
Kawai-Kashiwara [1] Chapter II §3.3) we can easily reduce the
problem to the case where. - P has a matrix form Dx1-A(x,D')A so
that A 1is a square matrix of pseudo-differential operators of
order < 1 which commute with x; and that all eigenvalues of
its principal- symbol Al(x, i€') have non-negative real part.
(The above qhoted report of Sato, Kawai and Kashiwara will be
referred to S-K-K [1] hereafter.)

The first step in our arguments is to construct fbrmally a

solution R(x,D')=E aa(x)D'a as an infinite sum of pSeudo-
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differontial operators so that PR=0 and that Rlxi=0=l’ This‘
" part of the proof is not difficult to'perform. In fact we need
not use.the assumption of partial,micro-hyperbolicity of P at
this stage. C£. Treves [1]. What we need here is that (x;=0)
is non-characteristic with respect to P. (See Proposition 2.2 in K-K
§2.) The essential difficulty comes in at the next step. Gener-
ally the existence domain of R is so small that G cannot be
endowed with the meaning as a kernel microfunction of a funda-

mental solution of P. In order to overcome this difficulty

~-'we rewrite the equation PR=0 by using the '"defining function"

of P and R. (Lemma 4.1 in K-K §4.) Then: we try to extend
the domain of definition of the defining function G of R by
the partial micro-hyperbolicity of P. In extending the domain
of definition the following Lemma 1 is crucial. Note that the
partial micro-hyperbolicity of P=bx1-A(x,b‘) at (xl,x'; i(gl,
£)=)=(0,x%"; 1(8;,6% )®)=(0; i(£,,0,...,0,1)%) for every real

€1 with respect to the direction Xq implies that
g(xy,2',24,0") = det (g - A (t,z',z'))
never vanishes on

n-GCan; 0 <x

e

{(xys2'527,0")eR x C 26,

1

lz'] < 8, [ (5gsevestypl=le] < 8lg |y -Im(zy/c)
n-1

> MUyl + I 1ImGzy/ep) L)
v=
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Here the assumpfion of tHe partial micro-hyperbolicity of P
for every:real‘ El is not iestrictive in application beéause
we can easily 1ocglize the problem with respect to El by the/
preparation theorem of Weierstrass forApseudo-diffefential
operators (S-K-K [1] Chapter II §2.2.) See the arguments in
the proof of Theorem 5.2 in K-K §5 for details.

After the above observation cohcerning the implication of
partial micro - hyperbolicity, we state the following lemma.

Lémmal; Let ?Ckl,z',z') ‘be a positive valued real ana-
lytic function defined on U={(x1,z')=(x1,x'+iy') ; \0<x1<61,
|x']<62, [5';|<63 with 622+$32<§12}. Assume that ¥ satis-
fies the following:

n-1
@ s wuy e 1 135
1 T v=2
n-1

@ &< o v
_ v=2 "% » » ‘

Suppose that G can be extended to V={z; 0<x;<é,,

lz'|<§2, yn>3Txl,2',?')}. ‘Then G can be extended to a holo-

morphic function,défined on an open set V' which contains

{z; 0 <“x1 < 84, |z'l«$”62, Yn 2 &Txl,z',?‘)}.

Once we have proved this lemma, we can easily prove the

following Theorem 2 by a suitable choice of ¥, while the proof

-5 -
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of the above lemma is reduced to the invertibility of elliptic
pseudo-differential operator. (See S-K-K /[1] Chaptef IT §2.1
Theroem 2.1.1. See also the exposition of Kawai of this issue.)

Theorem 2. There exist 60>0 and M such that G(xl,z')

1
is holomorphic

((x,,2)eRxC™;, 0 < x, <6
1

1 lz'] <8

0’ 0°

n-1

Im z_ > M;x;( 2 [Im z 1)}

\) I
As for the details of the proof of Lemma 1 and Theorem 2 we refer
to K-K §4.

Now Theorem 2 allows us to define the boundary value w(x)
of a hyperfunctlon G* (xl,z )= Y(xﬂg@&’v) w1th holomorphic para-

meters z' defined on

~—

: - n-1
‘{(xl’z'); |x1l’ lz'l <8, Im Zy > M‘X1|(vzzllm z

vl)}’
(See S-K-K Chapter I §3.2 about the notion of taking the boundary
value of hyperfunctions with holomorphic parameters.)

It is readily verified that the singular spectrum u(x) of

- w(x) satisfies Pu=§(x)  and that Supp uC{(x; ii=); xl;O,

|€vI;Mx1|En{ (v=2,..,n-1), |xn[;vx1}. Using this fact one can -

easily show the existence of fundamental solution of the partia-

" 11y micro-hyperbolic pseudo-differential operator P. (See

Theorem 5.2 in K-K §5.)
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Once onevgefs a fundamental solution, it is easy to show
the existence or (propagation of) regularity of solutions. The
results are listed up in §6 of K-K and we omit the details here.
However, we would like to touch the following theorem without
proof. This thgorem will show why we have treated the partial
micro-hyperbolic operators, not the micro-hypérbolic operators.
2k

In fact, Dxl+1x1

sz (Mizohata [3]), the easiest and most<
typical example that can be covered by Theorem 3, is not micro-
hyperbolic, though it is partially micro-hyperbolic. (See Sato?
Kawai-Kashiwara [2] élso.)

Theorem 3. \Assume that the reél characteristic variety 'V
of P(x,D,) is defined by ‘a(x,nj+/7Tb(x,n)=0 where '(/TT)-ma(x, 
" /"In) and (/1) ™b(x,/-In) are real for (x,/-In) in /-IS*M

near x0?=(x0,/7Tn0) and that grad a(x,n) and w are

(x,n)
lineaﬁandepehdent there. (Here m denote the degree of a
and b with respect to n.) Assume further that (v/-I) ™b(x,
/-In) 1is positive (or ﬁegative) on each real bicharacteristic
strip Qf (/TT)_ma(x,/TTn) and not identically zero there.
Then P(x,Dx) hasyan-inversé_in the ring of micro-local opera-
tors. |

We refer toﬁS—K-K [1] Chapter I §2.5 and the exposition of
Kawai of this issue about the notion of micro-local operators.
Note that the above theorem implies not only the micro-local
solvability of tﬁe equation Pu=f but also the "micro-local"

" analytic-hypoellipticity of P. We also mote that a more general

result is given in K-K. (Theorem 6.6 in §6.)



94

At the end of this exposition the speakers would like to
lay stress on the following point as a summary:

The employment of hyperfunctions and microfunctions has
made the theory of linear hyperbolic differential equations
very lucid and thrown the light to the nature of a class of
hypoelliptic operators from the view-point of "hyperbolicity."
The essential idea in showing these is ''taking the boundary
~value of pseudo-differential operators defined in the complex
domain." In fact P(x,DX) is invertible when pm(X3n)#0
and the partial micro-hyperbolicity of P(x,Dx) means the
invertibility of P on a conical sef which is tangent to the
real axis. Therefore what we have done may be summarized as
a justification of the procedure of ''taking the boundary value

of pseudo-differential operators."
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