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Cartesian product of a homotopy 4-sphere with o

By

‘Kazuakl Kobayashi

4 1

§0. in this paper we will show that H x E~ is PL homeo-

4 1

" morphic to S' x E where Hu_is a homotopy 4-sphere which is a

PL manifoid and El is an 1-dim. euclidean space. It is an alter-
nating proof of [9. Th. 6], [10. p. 67]. Throughout this paper

we consider PL category of polyhedra and piecewise linear maps

n

(seeA[8])»iontherwise is stated. En, s, p" always mean n-

dimensional euclidean space, n-dim. PL sphere and PL ball.

§1.

Proposlition 1. Let 24 be a PL U-sphere which is locally

fiat PL embedded in SS. Then M, the closure of one of the

complement of I' in S°, is a PL 5-ball.

4

Proof. Since L' is PL locally flat embedded in S°, M is

a PL manifold which is (TOP) homeomorphic to D5 [1], [2]. And

b 45 a (standard) PL 4-sphere. So (p*3M) UM 1is a EL'

M = %
manifold which is homeomorphic to Ss. Then by the uniqueness
of PL structure on-SS'[M], (p*¥9M) U M is a PL 5-sphere and

hence M ¥ S5 - Int st(v, SS) is a (standard) PL 5-ball.
: PL , . ‘

Proposition 2-[3, p 89]. Let K be a closed PL subspace in
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the interior of a PL manifold M. Then there exists a regulaf
neighborhood of K in M which 1s unique up to ambient isotopy
keeping K fixed.

Lemma 1. Let £ : S3 x E' + E° be a locally flat PL embed-
ding satisfying the following condition;.for any 5-ball B5<Z ES'
containing f(S3 x {0}) in its interior there is a positive num-
ber s = s(B) such that f(S3 X ((=»,~s1 U [5,°)))N B? = $.

Then (£(s3x{0}) c E’) is a PL trivial knot. And there is a

4 4

 locally flat PL embedding g : D' » E° of U-ball D' such that

g(a™) = £(s3 x {0}), gt D" A £(s3 x EL) = .

Proof. Let B°C E° be a 5-ball with Int B’ £(s3 x {0}).

Thén by the assumption there is a s = s(BS) > 0 such that
£(s3 x (==, -s] U Ls,=)) N B = ¢.

So £({x} x [0,81) A 285 = £({x} x {sl})u‘---u £({x} x {s_})

where x 6 S3, 0 < 5 < "f <s_ < sandm 2p + 1. Now if B?

m
1s a 5-ball in BS with Int B; > BB\J £(s3 x [0,51), by the

assumption there is a t = t(B ) >0 such that

]
-

£(s3 x ((-=,-81U [£,#))) N5

Since f({x} x (s DEA B° = $, 1 < r < p, we take a

==

2r-1° Sop
simple are Y, on 3B joining f({x} x {SZr-l}) with £({x} x

'{szr}) where yv; N Yy = ¢ (1 # J). Then the simple closed curve.
£({x} % [sy, s
Int B5 = Su x I. Then using general position technlque there

S5 ]) U v, is homotopic to constant in 85 -
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are non-singular 2-balls 6§, (1 <'r < p) such that
: 5 5
D Int GPC Bl - Int B
@ 88 , = £({x} x [s2r_1, s2r])(J Y
) Grtﬁ'BS =y

r

r

@ Giﬂ ‘Sj ¢(i#~j).

Using 6, (1 <r <£p)we can engulf»f({x} x [s2r_1, szr]) into
B5 by an ambient isotopy i.e. there is a level preserving PL
homeomorphism F : E> x I » E° x I such that F|(E’-B7) x I = id.,

F, = 1d. and Flf({x} x [s 2r])<: Int B (L £r £p).

o2p-1° S
Then
Fi£({x} x [0,s1) N 3B° = F £({x} x [0,t1) N 9B°
= Foe({x} x {s_1).
Let

For(s3 x {0}) U FiE(N(X) x [0,81) U Fyr(s3 x {t})
- Fif(Int N(x) x [0, t]) = £3.

Then (I3 C E°) is a knot which is the sum of the knots (£(S3x(0))
~C_ES) anf (f(S3¥(t)) C ES) using B2 and it 1s trivial because
23 bounds a 4-ball £((S3-Int N(x)) x [0,61) in E°. So (£(S3x{0})
c E5), (£(s3x{t})C ED) are both topologically trivial by [5]
and then piecewise linearly trivial by [7].

Now we define an embedding g : Du - E5 satisfying g(aDu)
= £(s3 x {0}) and g(1nt D') A £(s3 x BY) = ¢. since (£(s3x(0})

C E’) 1is trivial, £(s3 x {0}) bounds a locally flat 4-ball Bg
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in E° and (f(S3X{t})C1 Es) is trivial for any t by using the
1nfiniﬁe cylinder f(S3 x E1). Furthermore (f(S3X{O})L/ f(S3X{t}),

'C E?) is a split link by the assumption for f. So (£(S3x{0}) U

1

£(83x{t})c E?) is a trivial 1link for any t € E' and there is ¢

> 0 such that f'(S3 x [-€e,e]) N Int Bu = ¢. And hence for any

0 .
z in E5 such that BBﬁ = f(S3 x {0})
4

N 1(s3 x [-t, t1) = ¢. So there is a h-ball B
4

t > 0 there is a U-ball B

4
t

E5 satisfying 9B

‘may define g‘:”n“

and Int E iﬁ
= £(s3 x {0}), Int B' N £(s3 x BEY) = 4. We

+ B2 by g(d¥) = B".

X

Let H' be a homotopy 4-sphere which is a PL manifold and
V” % ,Hl'l -~ Int ou where'cu is a 4-simplex. '
R B | TR ' \
Lemma 2. If £ : S- x E” » aV X E is a PL homeomorphism,
y Y 1 ' |

there is a PL homeomorphism g: D x El + V. x E” which is an
extension of f.

& s o x1aDY, T, vt x1 v

[0, 1]) be boundary collars i.e. 31, Eé are embeddings such

Proof. Let (I =

that &) (x, 0) = x (xe ") and T,(y, 0) =y (v € v'). And let

et ' x T xE' DY xE, oy i oVt x T x BY > vH B be
cl(x, S, t) = (Ei(x,s), t), cz(y, s, t) = (Eé(y,s), t). Let

. u o . u . » .
£, 1 oy (3D x I x EY) > cp (V' x I x El)‘be £1e1(p, 5, t) =

cé(p', s, t') where ficl(p, 0, t)‘= fclkp, 0, t) = c2(p',V0, t1).
b x gl 7 g5 by [6], let 1 : Int V"
1

Since Int V x E} » E? be a

PL homeomorphism. Then .7’f'~l<:l|8DLl x {1} 'x E VSDu'x'{l} x BT
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-+ E5 satisfies the condition for f of Lemma l,‘i.e. for any 5-
ball B3C E° containing f£1e, (3D x {1} x {0}) in its interfor
there is a positive number s = s(B) such that.fflcl(BDg x ((-=,
-s] U [S @))) N B° = ¢. Because\f_l(B5)<: Int Vu
for some s' > 0 and f~ l(BE)I") ¢ (aV x {1} x ((=o,=s5'] L/[s'

X (-S' St)

°°))) . -Hence there is a number s > 0 such that

f'l(BS) Nt

161 (3D X {1} x ((==,-s1°U [5,%))) =

and so'
B° N Yfieq (BDLl x {1} x ((-»,-5] V.[s,»))) =

So by Lemma 1 Cff (BD X{l}X{O}) C E°) is a trivial knot and

~4

it bounds a locally flat H ball B0

with Int BO N fflcl(BD X

{1} x Y = ¢.' So £, (aD x {1} x {0}) bounds a locally flat
PL 4-ball B f"l(B ) such that
o b _ Y S
Intanc(an{l}XE)—IntB ﬂcz(BVX{l}XE)-—
Similary we may assume there are H—balls B (t € Z : integer)
y 4

such that 9B = 101(8D x {1} x {t}) and Int B, nkcz(avl‘x{l} x

El) = ¢. And we may assume_Bﬁ N Bg+l =¢ (t € Z). So we can

extend fl to

£y cl<aD“ x I x EY) U (DY x 2) ..
—_— cz(av“,x I x ET) UBE '
| teg

by a cone extension. Since

ot L

flcl(BD x {1} x [t t+1]) U BL U B, 1 (t € Z) is.a PL l4-sphere

TR

which 1is locally flat embedded in Int V' x E° 5, itnbounds
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a PL S-ball BE by Proposition 1. So we can extend f2 to a
required PL homeomorphism |
g : DY xEl » e (av? x T x E}) v UB? (= v* x gl
g 2 teg ° -

by a cone extension.

4

Theorem. H' x E' is PL homeomorphic to S' x El

where Hu

is a homotopy U-sphere which is a PL manifold.

1 4

Proof. Since any regular neighborhood N of p x E™ in H

1 is. PL homeomorphic to Du X El, we identify N ="DLl X El‘:

X El using Proposition 2. So HLl x Elv

morphic'tq V)4 x El. Let 3& : Du

We may consider s x gl = (Du val) L’(D4 x E') where the one
, ‘ ‘ R I :
4 1s a regular neighborhood of g X El for some g € Sa.

- Int N is PL homeo—

X El_+‘N be a PL homeomorphism.

1

of D" x E

(j&IBDu x El) to another D“

TR R

~ Then by Lemma 2 we can ektend 3fi

x gL x B
E;‘n'

and so we can get a PL homeomorphism ¥ : S
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