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Propagation of Micro-analyticity for

Solutions of Pseudo-differential Equations I.

By

Tetsuji MIWA

Abstract.
Propagation of micro-analyticity is studied for a
solution u of a pseudo=differehtial equation P(x,D)u =0
of a certain class whose charadteristiés are not necessarily

of constant multiplicity.

Introduction.
‘Let P(x,D)u = 0 be a single pseudo-differential
eduation of finite order defined in a neighborhood of 'xg
= (xo, /:TEOw), a point in the cosphere bundle V-1IS*M of

a real analytic manifold M. This is known to be micréi}dcally
equivalent to the simplest equation (8/axl)mv =0 provided
that P(x,D) 1is real and with constant multiple charabteriStics.
This fadt implies in particular that under the same assumptions
micro-analyticity oY equivalently the zero of a micro-functionb
solution u of P(x,D)u =0 propagatés_along bicharadtéristic
strips of P(x,D). (See Sato, Kawai and Kashiwara [1]; we.
also refer to Kawai [2], HOérmander [3] and Andersson (47 for
linear differential operators with simple characteristics;)

It is the aim of the present article to e#tend,this

result on propagation of micro-analyticity to operators whbse

characteristics are not necessarily of constant multiplicity.

Received AQ\HQ 10, 197¢.
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In this part I we establish lemmas on propagation of microQ
analyticity of a solution u of a pseudo-differewﬁal‘equation
P(x,D)u = 0 for operators whose principal’symbol is'a product
of real and simply characbernstlc symbols. As an. easy carollary
of those lemmas we deduce a theorem on analyticity of elementary
solutions for linear hyperbolic differentialloperators with

real enalytic_coefficients. A key to our theorem is the
existence of good elementary solutions‘for microfhyperbolic
operators (established in Kashiwara ana Kawai [9]);7

A part of the results of this paper has been announced
~in Miwa [10].

In the case of operators with constant ceefficienss far
reaching results have already been established by several‘
authors (Atiyah, Bott and Gérding [51, Andersson [61, [71
and Bernstein [8]). 1In the subsequent part II we will extend
the present results to the wider class of those pseudo dlffer—
ential operators whose principal symbols are mlcro—locally-
contact;transformable to constanﬁ—coefficiented Symbols S0
asrte‘comprise the results of these‘authors. i

"The author expresses his sincere gratitﬁde to.Professdr ”
T. Kawei and Professor M. Kashiwara for their‘kind guidances |

to their deep theory.
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1. Reductlve Pseudo-dlfferentlal Operators

Ta TN et N -

and Their Blcharacterlstlc Strlps

N PER i

In this section we 1ntroduce a class of pseudo—dlfferential
operators and deflne bicharacteristic strips for them. |

Definition 1.1. Reductlve pseudo—dlfferentlal operators

YA e T N VAW T _ = T LTI es

Let P(x,D) be a pseudo—dlfferentlal operator of flnlter
order defined in a neighborhood of k* (xo, £ ©), .2 point
in the cotangential projective bundle P¥X of a complex

manifold X. Let
sl . sr - .
(1.1) o (P)(x,€) = Py (x,E) - p,, (x;E)

be<m~irreducible decomposition of its principal symbol .at

x¥. We call P(x,D) veductive ot X if each P; (x,E) 1is

o’
simply characteristlc, that 1S\Vﬁ g)pj(x,g) is not parallel
’

gg dxid We call r the number of crossing and Sl+"'+sr

the multiplicity.

Examples of reductive symbols.ave

(1.2) Ei - Xl(Ez"'""*'Eg), M
(1.3) (£2-a.(x)g3-b(x)E3) (E2-c (x)£3-a(x)E3)

with a(x), b(x), c(x) “and d(x) positive when x 1is real.
kﬂ———Both of (1.2) and (1.3) are reductive on their real
characteristic varieﬁies.

Definition 1.2. Bicharacteristic strips.

[ AN LA T T T SN

Let P(x,D) be as in Definition 1.1. We can define
.a bicharacteristic strip Bj(xg) of pj(x,g) through xg

as usual. We call Bj(x%) (j=1,---,r) bicharacteristic

strips of P(x,D) through x%.

- 3 -
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2. A qurvey on Mlcro-hyperbollc Operators.
e v\-’\~_ RN - .. I \_/"\_‘\\/ B

In this sectlon we recall the results of Kashlwara and
Kawai [9], which we need in section 3.

Let‘ M be a real analytic manifold of.dimention n
and X be @ complex neighborhoégiﬂyke denote by L ﬁhe
cosphere bundle Sﬁx = /TIS*M and by A  its complex
neighborhood. We take a homogeneous local coordinates
(X957 %, /?i‘(gl_,-.._.,f;r,h)m) of L.

Definition 2.1. Partlal micro-hypgzgglggigzil Let

VAN . W f\f-\/\',\‘ P e

"P(x,D) be a pseudo—differentlal operator defined in a

0
istic variety, that is, {(X,gm)E<A,o(P)(X,E) = 0} Let

neighborhood of x¥ = (xo, /—1£0w) and V be its. character-

x* + /“Ivo be a point of V=1SL = SLA. We say. that P(x,D)

is partially micro—hyberbolic at x* + /TIvo if x* + v~Ivo
. I~

- 1s not contained in the closure of V - L in LA, the real

monoidal transform of A with the center L (see Sato,

Kawai and Kashiwara [1]). This is_equi#alent'tc>soyh§that
(2.1) o (P)(y¥+/=Ttv) # 0

when y* is in L and near x¥ ahd_ 0 < ﬁ < 1.
We denote by L x LL the real analytic méhifold
/=1S¥(M x M) —= M x /-18*¥M - /-1 S*¥M x M and we take a
homogeneoos local ooordinates  (x1,;--,xn;xi,-~-,x£,
 /:T(g1,'r',g ,gi,--',g')w5 'of L x L. “We identify 'L with
v writh
the anti-diagonal set of L X L, that ;;:V/éx X,/=1(E,~E)=)
EeL % L}.
Now let us consider in a coordinate neighbofhood of L,

where £ # 0. We can use inhomogeneous local coordinates

I T



(157 5% P57 5P, 4) of L Wbére Py = —Ei(j=l,---,n—1)
and (Xl,'--,Xn,xi,-.-,xﬁ,plifsy,pn_l’pi’...,pé) of L x L
: '
" where p. = ——i(j=l,‘--,n-1) and p! = —~—(J l1,*--,n). L 1is
J 3 . J £

identified with {(xl,'--,xn,xl,---,xn,pl,---,pn_l,_pl,...’
-—pn_l,l)} i(% L x L. |
Let. © be a subbundle of 3¥(L X L) induced from the
fundamental l-form on L X L. Using the local coordinates
©° can be written as
n-1 n-1
(2.2) {(x x,p,np,l (dx -,Z Py dx . »dx'+ Y P, dx Yo)}.
J J
_ j=1 noi=1
We consider S%L 'as a subbundle of- Si(L X L) of codimension

1 by the map

. n=-1
(X""':X sP :"':p ,( X a dX + 2 b dp: )m)
1 n’*l n-1 j=1 j=1 ;
'n n-1 n—l n-1 ‘
» (x, x,p,—p,l ( z ay dx -3 2, dx'+ ) depJ+ Y depj+( X b Py )dpn) o).
, j=1 Jj=1 Jj=1 Jj=1 < J=l.

Definition 2.2. Canonical map H.  There is a canonical

VARV "N A N AN,

map H from S*(L x L) - /Qato /-1SL induced from the

fundamental 1-form on L. H maps (x XsD,=-D,1,
n. n-1 .
a‘dx = a dx + b d b d to X /-1

n n-1 |
(jzlyjﬁa/a*j)‘jzl(?npj+aj>(3/agi))0>.

Lemma 2.1. Let 6,5 826.3 L. Then we have
v S ] ‘ ,O-, .
<H(E?1‘-.), 6,> = —<H(8,), 8y>-

If we denote by L, 1] the Lagrangean bracket (see Sato, Kawa1

———.

._'5_
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and Kashiwara [11y, .

e

<H(da\), dax> = [aﬂ, a; ]

J

is wvalid.

Now We explain the-notion of normal sefvahd conormal
set. Let M be’a real analytic manifold, N be its sub-
manifold and G be a closed subset of M. The normal set
of G along N is the 1ntersection of SNM and the closﬁre
of G-N in \ﬁﬁ and we_denote it by %NQ' The polar of

%ﬂg, that is,
(2.3) {(x,Ex) ¢ S§M1;€g,v> £ 0 for any x+vo ésﬁg}
. VA

is called the conormal set of G along N and we denote

‘¥
it by SNG.

Y

Definition 2 3. 34‘, and AL Let x% be a point
[ A N U o ey A : . R

of L and T be a subset in S*(L 2 L) over x%. We
\
denote A the set of all germs K of CCO n) x¥
T s , ; 4 | MxM - .
such that the fiber over fﬁ' of the conormal set of the.

support of K aIOng LCL % L COntains a neighborhood .

k_*«~————-_.of the antipodal set of T. If A is a subset

of Y-1S:L, then ‘}dmdf\, is denoted by Zﬁf
/X S HEF )
Proposition 2.1. Rlng structure of F4 ﬁ%ﬁ is a
NN AN /\,W\"‘" - s ¢ i

ring by the operation (K\(x x)dx, K (! x)dx) >

IK‘(x x")K (x",XJ)dx“}dXV if T is not empty.

Definition 2.4. uﬁ%y Let X% be a point of L and

A NN L

I be a subset of é% (L. The set of all germs u(x) of

C

M at Q% satlsfylng the following condition is denoted

-6 -
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by ‘AWF; the normal set of the support of wu(x) along %
/

does not intersect the polar of T.

Proposition 2.2. /Lf\ is an J‘-( "\ module by the operation .

% \,\/ i N

(K(x,x)dxy,u(x)) » (Ku)(x) = IK(x,xv)u(xv)dxw.

Now we can state the main theorem in Kashiwara and

Kawai [9].
Theorem 2.1. Existence of a good elementary solutlon.
\/.\""“—-'\/,._ N /\N-/\/\/\ e~ i

Let P(x,D) be a single pseudo—differential operator of

finite order whlch is partlally mlcro-hyperbolic at x¥+/ lvo.

Then there exlsts a un_gue elementary solution E of P in

LT

tlsfylng

}{ 44/ lvo’ that is, an_ element E in » »x%&/—lv \\\g

(2;u) Av . PE = EP = 1.
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3. Lemmas on . Propagatlon of Mlcro analytlclty.m
RN [aay - T N ST - :
In this sectlon we prove lemmas on . propagatlon of

micro—analytlcity for solutions of pseudo—differential equations.
The following lemma is another expression of Lemma 3.1.5

and Lemma 3.1.6 of Sato, Kawai and Kashiwara [1].

Lemma 3.1. Normal set of a non- 51ngular hypersurface.
v TN TN N TN T TN S

Let $(x) be a real analytic function defined in a neigh-

bbrhood of Xgs & point of a real analytlc minifold M.

Assume_that d%xq) # 0. We can rewrite as
P(x) = glx)(alx) + /Ib(x))

where

g(Xd) # 0:
da(xho‘)' 'r‘ 0

and b(x) Z 0 on_ {xja(x) = 0} or b(x) =

. Then the normal set SyV of V = {x€Xjf(x) = 0} is

i

as follows

o + SO

1) If b(x)

0, then (S ) = {V'G(SMX)x :<v,da(x0)>
o o o} :
= 0}.

ii) If b(x) >0 on {x€eMja(x) = 0}, then
Pumos == — -

(S V) 0 = {v E(SMX)XO;<V,da(x0)> < 0}.
iii) If b(x) __<__ 0 on {xeMja(x) = 0}, then

(sV) v e(sy X) y<vsdalxg )> > 0}.
, xo 0
iv) Otherwlse  (SyV) . = (S0,
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Let P(x,D) be a pseudo-differential operator defined
in a neighborhood of x§(= (0,-+<,0;/=I1(0,++-,1)=) € L. We
assume that P(x,D) is roductive at %ﬁ% and (1.1) is an
irredﬁcible decomposition of its principal Symbol. Moreover
we assume that each Qi(x'g) is real and partially micro-
‘hyperbolic at iﬁa+ Y=-1Ivo for such-an element iv that
<v,w> = 0 where w is the fundamental 1-form on L.

From Lemma 3.1, we have <v,doi{x;£)> # O.i;By a suitable

contact transformation of L, we can transform v into

B/Bpi, An associated quantized contact transformation trans-

form P(x,D) so'that we can take
p;(x,p) ='Ei§“ q(x,p) (3 = 1,e.0,0) 0

Therefore r—blcharacterlstlc strips through xg“ Cam,be

parametrized by Xq We denote by B ~ the positive

‘ A ﬁ&a&aﬁ;ﬂg:%f
(respectively negative) part, that is to say,YX; . 0, of

i-th blcharacterlstlc strip through rg}

Our flrst lemma on \propagatlon of. micro- analyticity
is as follows.

Lemma 3.2. Assume that r = 2 and that

V'} ,/\”V\” S —— e s

(3.1) '{pi(x,E), ngx,i)} # 0

at,,XSa If u is a mlcrofunction solution of the equation

+ i

P(x,D)u = 0 in a nelghborhood of x*ﬁ and micro- analytlc
. S0 U

on each B} (i = 1,2), then u’ is micro-analytic at“,xéﬂ
For arbitrary r we have only a partial result. We

do not know whether the following condition (3.3) is necessary

-9 -
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or not.

Lemma 3.3. Assume that

\/\.\,.\_‘. Ny,

(3.2) {p/\(x 8, py(x,8)} # 0 for 1 #]

at fﬁ% Moreover we assume that the skew—symmetrlc matrix
e Y '._x .

({p'\(X,E), P (X E)}) iaj = l,"..,r

x*\ satisfies the follow1ng condltlon.

—n et et

e ot i o

(3.3) For any principal minor

it m T

Wp = (e f X,E), %{x,s)})? ’;,Jexcu,---,r}

such that #(I) > 2 and for any vector A = (§i3°-'{}#z;}{
such that AN>- 0, RN

el Dt ,1 =

sAyrry 20
,.#(I)\

if and only if A = (0,°+,0).

Then the conclu51on of Lemma 3.2 is also valid for

r > 3.

. 1 ‘ .
Proof. We prove Lemma 3.3 under ke condition (3.3)
\AV VAV . ’

by the 1nduct10n on r. Let
Y= {v€S_,L;<v,dp,—-d 0}
(dpyrday)v = {v: xg-7<V.0P17Ad5 > < B

We also denote by (dplquift?(respectively (dpl—dqi)f) the

set
‘{véESXSL;<V,dequi> > 0} (respectively
{ve ngL;’<v,dp1‘—dqi>=0} .

- 10 -
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P(x,D). is partially micro-hyperbolic at xg +/~Ivo

for any v in A = ,2\(dp‘ - dgy) <. Let

r . ; . . X

= BY(MNSE L = (L) - ‘

r = H\/(A)/\Sifx';&L = ({3H \Dl/(dpll dg; )J)f\s*x\8
FAd) 4

\

L
\\

and 1 be its polar in §/'L.
0
From Lemma 2.1

‘\-J“ \l s '
<—H(dp’—dq ), ;(dp —dquV> = <d8ird91> (dpird%ﬂ)7> < 0.

Hence {ﬁ\/(dpi dqi)~/\S Eé‘)L}\/-- H(del.dqﬂ)‘

Put ?ﬁ - -H(dpl—dqi) Then

Oii— -“v.oov - = r LR ) )
4}0’—,Y17 Yf{' {121 \j i,}i>0 i=1, . ST ané

(Al’.o.,.kr.) # (0’-~-’0)}‘
We denote by G the support of u. If we can show that
30
(3-4) SX*G/\FV = ¢,
. X0 -

.then a good elementary solution E for‘,P(x,D) operates

on u. Hence we have
= (EP)u = E(Pu) =

To prove (3.4), first we recall that micro—anaiyticity
propagates along a bicharacteristic strip if P(x, D) is -
with constant multiple characterlstics.

Let us take a point ﬁ?{ on B“Q near fg; From
condition (3.2), we may assume that p1 q (x,p) # 0 at
x{i for j # i, that is, P(x D) is of constant multiplicity

X ¥4 $ = -q. =
at x¥. If y¥ is a point on V. {Pl gifx,p) 0} near

11 -
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ifa P(x,D) is of constant multiplicity at jf{ also. From

our assumptions, u is micro-analytic at x% and hence at

yﬁ. If we consider the bicharacteristic strip Bifff)
through yl, micro-analyticity of wu propagates along %{(§§)

until when By (y ) meets other characteristic varieties

Yé\(j £ 1).

Mlcro—analytlcity of u propagates along bicharacter-
istic strips on Vi\ as well as on Yib hence from
our in duction Rypothesis, wu is still micro-analytic if
-the crossing point is of multiplicity"é f—l. (Note thaﬁ |

from (:) assumption (3.2), a bicharacteristic strip on Yk\

. /¢

meets other Vk' only once near Qg‘ ‘Hence if we put
r

T = {Aiij u is micro-analytic outside of T\JB (T) near’

X# € T

fé, where BY (T) = U/ Bjﬂx¥).
j:l,---’r.’

Hence

: IO\

7

SQGAV,C S T V(-va).
/ 3\ X* A
It follows that if Sf%efxfg}\v # ¢,
11 X
) . \
V...v
/l\ . ‘i’\/\sxigt\r ¢

‘This implies that for some X = (Apse e s shy) # (0,000 ,0)

- such that A{'i\.;- 0,-..4,)\5&; 0

<- 2 A H(dp dqi), dp!—-dq =0 (k= 1l,000,r).
=1 /A & LUK '
From Lemma 2 1 thlS Coviﬁradfdfkﬂ<'

(3.3).

assumption

It is easy to see that if n = 2 <>‘ condition (3.2)
impliesv::: condition (3.3).

- 12 -



Lemma 3.4. Assume that n = 2 and (3.2) holds, then
\/\J,\_, \\/_ et ot oo T et s tasnmtad RS N e
the conclusion of Lemma 3.2 .E§WY§}E§:

e e e e

Next we treat the case when r = 2 and the Poisson

bracket vanishes at x% but not identically. The case when
the Poisson bracket varishes identically will be treated in the
subsequent part II. : ' ‘

Lemma 3.5. Assume that r = 2 and that
v\/{w o o e B e

.{pi‘(X,E), Qé(x,&)} = 0

at ig. Further assume the following.
Baba \\ . ving

(3.5) There exist positive integers my and my:

&

such that

oy fpps e es oy 5B # 0

Ti;%imes

jpé s {921: . "; {92"_.9@/1"-‘}5 7‘ 0

mzftimes
t x% and
2t xf an
(3.6) ' {pl; {pl.fi,pz} } {pg‘; {p/]}‘,pé!‘}} >0

near i%f Then the conclqg?ggwefwmpemma 3.2 ismvaliq:

e e e e o -

Proof. Let (ml(x*), mg(X?)) be the smallest choice
i o= .

N AY

of the integers satisfying (3.5) at ig; We prove this

lemma by the induction on m(x¥) and mz(XWE.
. 7~
As in the proof of Lemma 3.3 1t is sufficient to show

that

' vV oy -
(3.7) vy v2/\§x3¢ b
where v, = —H(dgi? -1=1,2

- 13 -
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and T = {MeL/m, (%) = m(x¥) 1 = 1,2}
‘ ] A s IO\ ‘
Let us begin with the case when mp(x3) = my(x%) = 2.
7/ s Ad se Ve

Then
T = {og = 03 = {ppupyt = 0}

Ll

i

If (3.7) is'not'valid,thére exists a pair (A A2? # (0,0)
. : ot

where */i\i 0 (1 = 1,2) such that
~Ogpy + Apgs Byt = 0 1= 1,2
and
_{75191 * ey {plﬁ."ié\i}} =0
~at i%% Since we have assumed (3.6), this is a contradiction.

Next we proceed <= to the case when mi(ig) = 2 and

i

ir;,zfx’g_) = 3. Then
T = {pl_ = 92 = {91,92} ={92',{pl:pz}} = O}.‘

Hence if (3.7) is not valid, there exists a pair (A;,X1y) #

A

/

(0,0), where An > 0 (i = 1,2) such that

~-{p )\2;[3_2';, p;} = 0 i=1,2,

7

(3.8) ;{%Ipi + AZP%’.{PIéQé}} =0
and
(3.9) __{)jlp-l” + ’fngé{ Pg#fplﬁ,pz}}} = 0.

Since {pl;{pl,pg}} # 0, (3.8) implies that ﬁﬂ = 0. Then,

since {ps,{p,5{p-sps}t3}} # 0, (3.9) implies that A, ‘= O.
PRLPRL : P 2"

This is a contradiction. In the same way we can proceed

with the step of the induction and pfove the lemma.

- 184 -
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L, Analyt1c1ty of Elementary Solutions.

by N R

In thls section we define characteristic conoids for
’operators‘treated in section 3 and show.that the elementary
‘solutions for those operators are analytic outside the character-
istic ‘¢onoids.

Let P(x,D) be a pseudo-differential operator satisfying
the conditions statéd in section 3f We "assume that qﬁﬁx,p)
(i=1,++-,r) satisfy the assumptions of one of the lemmas
3.2 ~ 3.5.

Now we define "bicharacteristic closure" operation for

P(x,D).

Definition 4.1. Bicharacteristic closure. Lét ﬁ%ﬁAbe
AN s \/\A,—/\/\/\_/._zs/\/’\/‘/\f\/-\ -
a point in a nelghborhood where P(x,D) 1is defined. Let us
"pursue a bicharaéteristic strip ﬁ?\(ng through %%Q 1t
/ N
may fall across a point f%\\ fﬁ) > 2. Then we proceed
withy pursuing ﬁv (XIO, one of the r(x *ﬁ—bicharacterlstlc strips
through £W It may fall across again a point XS\ of r(xg)
>;'2. Then we pursue some (XEQ and so on. The union of
these bicharacteristic strlps is denoted by. ﬁ*?igq and the
NS s .
union of Bifxge ~and x%\ is called the positive bicharacter-
. / .
istic closure of xg\ for P(x, D) Likewise we define Bt(gﬁ?
and the‘negative blcharacteristic closure. We denote by
B(x ) the union of BV(x*) and x§, and call it the
bicharacterlstic closure of igﬁ for P(x,D).
Now let KGECL(O :1)  pe the kernel function of a good
MxM - : g
elementary solution E of Kashiwara and Kawai [9]. Then the
following theorem is a trivial consequence of lemmas in

section 3.

15 -
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Theorem 4.,1. Micro- analytlclty of elementary solutlons

R T L N L S -

supp KC{(x,y,»’_(E,n) € /~IS¥(MxM) ;0(P) (x,&) = c(P)(y,—n)

=0 and (x,&) Dbelongs to the pqggpiyewg}gperacteriggig
Mﬁ‘ (y,-n)}U{(x,y,/—_l(E,n)eJ—TS’-"a(MxM);'Fy, g=-nl.
Now let P(x,D) be a m-th order linear differential
operator hyperbolic with respect to the direction (1,°-+,0).
We assume that P(x,D) 1is reductive en the real characteristic
variety '%ﬁ\ and satisfies the assumptions of one of the

lemmas 3.2 ~ 3.5. We define the characteristic conoid for

P(x,D).

Deflnltlon 4.2, Characteristic conoid. Let y be a
Vit e M AN A e S e~

point in a neighborhood where P(x,D) is defined. Let

& /"
B\V(s?%'))\/y, where w: /-IS¥M > M.

[

¥
Wi(y) = w( .
y¥er (y)n%\

This is called the positive characteristic conoid through
y  for P(x,D). Likewise we define ﬁify) and W(y).
Moreover we denote by ﬁ%(y)(respectively W(y)) the
complimenf of the connected component of the compliment of
ﬁxiyj (respectively W(y)) which contains the germ of a

set
xilx-y| « 1, xp =y, x # vy}

Now the foliowing theorem is a consequence of Theorem

4.1 and the fundamental exact sequence

0+ -~ 23+q%\(6)+o.

Theorem b 2, Analyt101ty of elementary solutlons

RSN e T el T e T T

- 16 -
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Let E(x,y) be a good elementary solution for P(x,D), that

i o e

is to say E(x,y) 1is a hyperfunctlon sat;sfylng

T e e e e et et s ... [

P(x,I{)ﬁ(x?E(x,y)? é\*i/xy,Dy\zE(x,y) = G(X-;y)
Y : LAY .

and .

—

supp E(X,Y) C{(X,y);lxl 2 yl}’

and let  En(x,y) (J = 1,%-+,m) be the_elementary solution

of the Cauchy problem for P(X,D),‘,that j‘.__s_,,_ <5_. ~' E}jwéx,y)

is a hyperfunction satisfying

P(x,D_)E. (x,y) = 0

x40
and
(3/9%, 5%, (x,yY|, _. = 8, 8(x-y).
AT ’51{521\. - 15
Then ﬂe~i1ave .
sing supp E(x,¥) C {(x,y);x e W (y)},

supp E(x,y)C {(x,y);'x:éﬁ""(y) 1,
. sing supp F;Jngx,y)'c {((x,y)yxew(y)}

and

éupp Eﬂx,y) C{_(x,y)‘;’x € ﬁ(iy) 1.
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