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Vector Valued Pseudodifferential Operators

and their Applications

By Kazuaki TAIRA

Department of Mathematics, Tokyo Institute of Technology

§1. Introduction and the result. In this note we introduce
the vector valued pseudodifferential operators where the veétor
space depends on a parameter (cf. Sjostrand [3], §4) and take
this opportunity to comstruct global parametrix-like operators

for the following operator in rR™%:

— itk a(x,t,D_,D,) + b(x,t,D_,D,),

P(x,t,D_,D;) = D,

where (x,t)eR™ with xeR™)

, teR and kez¥ is odd, and a(x,t,D_,D,)
and b(x,t,DX,Dt) are properly supported classical pseudbdiffer-
ential operators of order 1 and order O respectively, and the

principal symbol a1(x,t,§,t) of a(x,t,DX,Dt) is positively

homogeneous of degree 1 and
(4) Re a,(x,t,§,T) # O

for (x,t)eR®, (E,%) # (0,0), TR, TeR (cf. sjsstrand [2]).
Introducing the vector valued pséudodifferential operators, we
can construct the parametrix-like operators in the above non-
elliptic case completely analogous to the elliptic case.

Theorem. (c¢f. [2], Theorem 1.) Assume that for all £ p

Z+U{Ol and multiindices d,p there exists a constant C =
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C(ol,£,8,m) such that

(B) IDiD’iDng%(X,O,E,t)I < (1 + 18| +1x)t~el-m

for xR®7', (§,7) # (0,0).
I. (i) If Re a,(x,t,§,7T) > O for (x,t)eR™ and (¥,T) # (0,0),

fhen there exist properly supported operators

B (g%
/7 = ( i : @/( Rn) — @
/ -+ gl (Rn-i)

1 R

B/ (rY)
— +y. /., n
Gr=cope: g@ L — D

such that 91’/71 - I and 7)1- 31 - I have C®kernels.

(1) If Re a (x,t,§,7T) < 0 for (x,t)€R" and (¥,T) # (0,0), then

there exist properly supported operators

D(rY ,
P, =@ o2 o, — B
G D7 (rY
32 =( 2. ,(Z’)/(Rn) —> &
G— @/‘(Rn )

such that 92.7)2 - I and Pz.g-a - I have C®™ kernels.

I1. PFor all s¢R,

G.,G :Hloc(Rn) ____)Hloc 1 (RY),
1 2 S S 4 ——
1tk

5 TR
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G':Hloc(Rn) Hloc(Rne1)

S S

are continuous.

111, WF'(Gl), WF'(GZ)C {((x,t,g,t),(x,t,g,r))c—(T*(Rn)\o)
x(T* RN 0)
wF'(R7), WF'(aH)C {((x,o,g,o),(x,g))e(T*(Rn)\O)X(T*(Rn'])\O)};

e (RY), wE(eT) < {((x,8),(x,0,5,0)) (T¥E™)No)x(r¥ ™)\ o).

§2. Vector valued pseudodifferential operators. (cf, Treves

fh], Tkeorem 4.1.) Let H1 and H2 be complex Hilbert spaces and

let 5£,(H1,H2) be the Banach space of bounded linear operétors
H, =—> H,. We define s™(R"xR™; H,,H,) as the space of c®
functions-p(x,g) on R™R™ with values in ji(HT,HZ) such that
for all K Cc R" and multiindices ol,[3 there exists a constant C =

C(d,p, K) such that
«_pB m- 3|
| DXD;MX’?)N;UH],HZ) <o+ 13D

for all (X,§)€K><Rn. With such symbols we define L™(RY; H1,H2)

to be the space of pseudodifferential operators P(X,DX):C:YRH; H{)
—> C™(R%; H,).

We shall consider the case that H1 or H_ is equal to the

2
space D?(R) with kez¥, EeRn'1, which is a subspace of H1(R),
given by the norm:
2 °°
KT
|]u[|2k=(1+|$l)‘ k 5 |u(t)|2dt +
D§ < %o

(continued)
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00 o
(1 +1g1)% | 7 fu(e)|®ar + D, u(t)| at.
(cf. [3], s4.)
In this case the norm || |} £.(5. 8 5 depends on geRn—1,
’ 1’72

but all the calculus for scalar operators (cf. Hormander LD
extends to the vector valued case, in particular we have the
usual composition formula and the results about Hs—continuity

because we have the inequality:

lall . < nuan < Grlsh dlul,

and hence

s o) < LERT PR,

n-1 )24
R H D§
where Dk(R) is the space Dg

We define Tm(Rn) to be the space of "pseudodifferential

L™

(R),H,) C L™ (R, DE(R),H,),

(R) with § = 0.

operators! a(x,t,DY):C:(Rn) — Cm(Rn) where a(x,t,%) €

» sSB(R’xr™"1) (see [2), Appendix).

Under the assumptions (A), (B), we can reduce the proof of
Theorem to the proof of
Proposition. (cf. (2], Proposition 3.6.) Let L(x,t,D ,D,) =

D, - it" r(x,t,DX)-+ s(x,t,DX), where r(x,t,Dx)eT1(Rn) (resp.

t
s(x,t,DX)eTo(Rn)) is properly supported and its symbol r(x,t,E)

is positively homogeneous of degree 1 and r(x,t,%¥) (resp.
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s(x,t,§)) is equal to r(x,0,§) (resp. s(x,0,8)) when |t| =C
for some constant C > O and Re r(x,t,§) # 0 for (x,t)eRn and
g#0.

(i) If Re r(x,t,E) > 0 for (x,t)eR” and & s£ O, then there

exist properly supported operators

L(%,t,D_,D,)
L x0) = ¢ 122" Di(R), AR @ ©),
R¥(x,D)

_ + O, p-1, .2 k
Eq 06,0 = (8, (x,0), B¥(x,0,)) € L°(R*'; L7(R) @ ¢,Dg(R))

such that

I mod T (R 18(R) ® ¢,18(R) @ ¢),

il

L, (x,D)- &, (x,D.)

E,(x,0 ) (x,D,) = 1 moa L™(&*"; of(r),DE(R)).

3 &
(ii) If Re r(x,t,E) < O for (x,t)€R" and § # O, then there

exist properly supported operators

- - N - o,,n=-1, _k 2
L ,(x,0) = (Lx,8,0,,0), B(6,00) €125 DE(R) @ 0,1%(R)),

EZ(X”DX)

€1°(R*; 12(r),05(R) @ ©)

C,(x,0,) £

E“(x,DX)

such that

L ,(x5,0)-E,(x,0) = T mod L (R™; L3(R),15(R)),

Ea(x,nx).iz(x,nx) = T mod T (R ', DE(R) @ C,0NR) D C).

3
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§3. Sketch of the proof of Proposition.

Lemna 1. Let L(x,%) = Lo(x,,g) + Ll(x,g), where LO(X,E) =

D, - it* r(x,t,8), L (x,8) = s(x,t,§). Then we have

Lo(x,8) € s°(R*'xR™; pE(R),13(R)),

1

2
g(R),L (R)).

L(x,8)€5

In particular, we can regard L(x,t,Dx,Dt) as an element of

Lo(r* DE(R),LZ(R».

The next lemma is the essential step in our proof of

Proposition.
t
Lemma 2. Let B(x,t,s,f) = — 6" r(x,9,5)d6.
S

(i) When Re r(x,t,§) > O for (x,t)€R", ¥ # O, we define the

kernel KI(x,t,s,g) by

i exp [B(x,t,s,%)] 0<s <t,
K,(%,t,8,8§) = { -i exp[B(x,t,s,8)] t<s £0,
0 otherwise.

(ii) When Re r(x,t,%) < 0 for (x,t)€R", ¥+ 0, we define the

kernel K,(x,t,s,8) by

-1 exp [B(x,t,s,g)] 0 £t<s,
Kz(x,t,s,g) = i exp [B(x,t,s,i)_] s £t<0,
0 otherwise.

Then for Kj(x,t,s,g)‘ (j=1,2) we have the following estimates:
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Lo 1
(1) sup 'S ]Kj(x,t,S,E)ldS = o(l%| Tk ), §—> oo,
t

1
018l ™K ), E s oo,

sup S IKj(X,t,s,g)tdt
o ~ 00

unifornly when x belongs to any compact subset of Rn_1.

00
(2) sup 5 Itlk IKj(x,t,s,g)lds
t

~00

i

O(lgi-1), g——") 0o,

]

[+)
swp [ el |yt Dl ar = 01317, § s oo,

8 ~v0

uniformly when x belongs to any compact subset of Rn'1.

Lemma 2 follows from the following two facts (cf. Treves [4],

Lemma C.1):

(a) There exists a constant 01‘> 0 such that

h-'dk+1 k+1 _gﬂl

g(}']t

for all t-s > O when kez%V is odd.

(b) There exists a constant C2 > 0 such that

615 e - sl g o, |57 - &5

for all t-s = O when kezt is odd.
Combining Corollary in [4], p. 94 and Lemma 2, we can prove

Lemma 3. Let Re r(x,t,¥) > 0. We define for |§|>1

k

R+(x,§):D§

(R) —> C,
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E (%,8):C —> D§(R>,

E1O(X,§):L2(R) _— DIE(R),

Ez

1 )
R (x,8)u = |g|F S u(t) P, g, t)dt,

1
ENx,B)z = || TF 9 (x,%, 1),

-
Elo(x,g)f= j Kﬁx,t,s,’;’)f(s)ds - E;R+K1f,
~ oo

respectively, where

1

t' o t z
‘}’(x,g,t) = exp [-S ekr(x,e,g)de]/ (Xexp {-2( QkRe r(x,e,'g)de] dt
' o] -0 0 .

Then, after having been suitably modified for small ¥,

L, (x,8)
4o (x:8)= € sO(R* kg2, DL;(R),LZ(R) ® c),
RY(x,%)

+ -1_.n-1, .2 k
E1o(x:8)= (8, (x,8), B3(x,8)) € %R x5 15(R) @ ¢,DL(R))

and Em(x,vg) is the inverse of ilo(x’g) for |&|=1.

Lemma L. Let Re r(x,t,§) < 0. We define for |§|=1

R7(x,8):C —> L5(R),

ES(%,8):L%(R) —> C,
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550 (%:8):15(R) — DE(R),

by
R (x,8)z = ‘f’(x,"g,’t)z,
E;(X,E)f = S (t) V/(X g,t)dt,
LZO(X,E)f = Ka(x,t,s,.f) (f(s) - R_E;f(s))ds,
/0o
respectively, where
1
t ® t B2
k/’(X,E,’c)z exp ekr(x,e,g)de exp | 2 gkRe r(x,Q,%)de| dt
(o] -00 o) .

Then, after having been suitably modified for small § s
Lo (5,8 = (L (x,8), R (x,5) € sO(rR* kg2 1, D%(R)@ ¢,12(R)),
EZO(X’E)
EoulxiB) = ] esP(R™ xr? 1 L8(R), D(R) @ ©)
E (x,%)

and 820(}:,§) is the inverse of iao(x,,‘g) for |¥|x1.

By Lemma 3 and Lemma 4 the construction of Ej(x,Dv) (j=1,2)
in Proposition is formally the same as the construction of a

parametrix of an elliptic operator in the scalar case.
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