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Pundamental groups of the spaces of regular orbits

of affine Weyl groups of rank 2
E. Bammai (3R N /% 3 i‘ﬁikﬁ)

In (2], E. Brieskorn has proved that the fundamental group
of the space of regular orbits of a finite real reflection group
W is the Artin group of the same type as W. The purpose ofrthis
paper is to consider the fundamental groups of the space of
regular orbits of affine Weyl groups.

Let W be an irreducible affine Weyl group of rank 2. Then
W acts on R2 naturally. Let Zi be the set consists of all the
reflections in W, and for s € S let H_ be the hyperplane in R
which is fixed by s pointwisely. Let C be an open chamber, i.e.,
a connected component of Rz—gz%éé(see (1)), zet {H;}ses be the
set of the walls of C. Then it is well known that S :{SO' Sy szﬁ
and (W , S) is a Coxeter system, i. e., W has a presentation with
generating set S and relations (ss')m(ss')‘= 1, where m(ss') is
the order of ss' and m(ss) = 1.

Now, let W acts on 02 naturally and let HS, S € Z; , be the
hyperplane in 02 which is fixed By s pointwisely. Let us set

Y, = €°- \JH . Then we have obtained the following:

W se)

Theorem The fundamental group of the space of regular
orbits Yw/ W of an affine Weyl group of rank 2 is the Artin
group of the same type as W, i.e., it has the following
presentation with the generators 84r S € S, and the defining
relations:
gsgtgs... : gtgsgt... L]

m(s,t) factors m(s,t) factors
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Remark It is conjectured that the same result also holds

for affine vweyl groups of rank > 2.

Proposition 1. Let W be the affine Weyl group of type KZ

acting on Gz, that is , W 1s generated by three reflections s

O’
-
s;, and s, defined by s, (%) = ¥ - 2(4, A, X, , i =1, 2,end

2
- — -
so(?z) =7 - 2(3,0(0)0(0 + 20 for u € ®2, where ( , ) denotes
: -
the ordinary inner product of ®2 and o(.l, i=1, 2 ana 0, are
- -
vectors in C°defined by O(l?- (J3/2,=-1/2), A,= (0,1) and

~

—&O =o(l +(§(2. Let us set
)= epoEi[ixl/3 + exp(—f_?xl+3x2)7[i/3 + exp(-ﬁxl—3x2)7[i/3, ;

£,= exp(-2/3Mix;)/3 + exp(/3x;=3x,)Mi/3 + exp(V3x +3x,Mi/3.

Then fl‘and f, are invariant under the action of W. Let _@:(32——%)2

define by P (u) = (fl(u), fz(u)) for u € €. Then the map 3—3_

2

induces a biholomorphism ? between CZ/W and €~ and the image

of Yw/ W under this map is the complement of the algebraic
curve in 02 defined by

+27£O.

h(z) = 4zi + A,z:23 - zizg - 182122

Proof It is clear that fl and f2 are invariant under the
action of W. We can also show that ?é is onto and one to one

map and §(UHS) = {zé C2l h(z) = OJ . Since YW/ W is dense
s€X —
in €2/ W and @(YW/ W) is dense in 0}2, P is a biholomorphism

between 412/ W and €2.

Proposition 2. Let W be the affine vweyl group of type ?{2
acting on 152, that is, W 1is generated by three reflections Sg9

. - > > = -
s, and s, defined by sl(u) =Q - (13,&?1)0(1, 52(3) = U - 2(u,5()2)5?2
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22 > -
and so(ﬁ’) =3 - (u,uo)o(o +0(O for u € CZ, where ( , ) denotes

2

—
the ordinary inner product of ¢ and o ., i =1, 2 and O are

i
- >
vectors in €° defined by Oklr- (1, -1), O(2= (0,1) and
= - -
0(O~ 0(l+2 X,. Let us set

)

f, = exp(xl+x2)lti + exp(-—xl-xz)f(i + exp(xl-xz)lti

exp2|ix, + exp(—27tixl) + exp 2Mtix, + exp(-2i{ix2)

+ exp(-—x1+x2)7{i.
Then f; and f, are invariant under the action of W. Let §:®2———> c?
define by @ (u) = (fl(u), fz(u)) for u € €. Then the map
induces a biholomorphism 5 between ([!2/W and ®2 and the image
of Yw/ W under this map is the complement of the algebraic
curve in ¢2 defined by

n(z) = (25 - 429) (25 - (2,/2 + 2)?) = o.

Proof It is clear that fl and f2 are invariant under the
action of W. We can also show that § is onto and one to one
map and ) (UHS) = {ze«!z \ h(z) = O} . Since YW/ W is

5 S€Y 5 _

dense in €/ W and E(YW/ W) is dense in €°, $ is a

biholomorphism between (22/ W and €°.

Proposition 3. Let W be the affine Wweyl group of type A@2
2

~acting on € y that is, W is generated by three reflections s

O,
. i - >
8y and s, defined by sl(a) =3 - 2(3, 0(1)/3&71, sz(u)= ?—2(?1, ?2)32
i - —> -—>
and 50(3) = - 2(—1;, 0(0)/30(0 + 2/3 , for T e (D2, where ( , )

2

P b 4
denotes the ordinary inner product of €° and o(i, i=1, 2 and O,

) 2 i = -
are vectors in € defined by °(l= (J3/2,-3/2), O(2= (0,1) and
6?O= 26?1+ 3572. Let us set‘
1= exp2mix, + exp(-2Rix,) + exp(fjxl-xz)ni

+ exp(—ﬁxl+x2)?ﬁ+ exp(ﬁxl+x2)7(i + exp(-—f&xl—x2)7li.,
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f,= exp2l§tixl + exp(—ZfEKixl) + exp(j3x1+3x2)Ri
+ exp(-J§Xl~3x2)ﬂi exp(]§x1—3x2ﬂti + exp(—J§Xl+3x2)1(i,

Then fl and f2 are invariant under the action of W. Let ® :¢

define by P (u) = (fl(u),fz(u)) for ue &2. Then the map

2

2 c?

—

induces a biholomorphism ¢ between GZ/W and € and the image
of YW/ W under this map is the complement of the algebraic

curve in ®2 defined by

n(z) = (zy= 25/4 = 3)(25+12(2+2,)z,=4(23=92,~9)) = O.

Proof It is clear that fl and f2 are lnvariant under the

a—

action of W. We can also show that P is onto and one to one

map and P ( UHS) = {z € wz\h(z) = O} . Since YW/ W is dense
SE€Y : —

in cz/w and §§(YW/ W) is dense in ¢2, < is a biholomorphism

between 02/W and ¢°.

Proof of the Theorem.

Case 1. W = affine Weyl group of type Ké. Then 8 = {SO, S1 szgand

m(so,sl) = m(sl,sz) = m(so,sz) = 3. By setting z, = z{ - z}

and z, = z{ + 25 , We can show that Yw/ W is isomorphic to
the complement of the algebraic curve 24

2
+zi—8zi+l8z§—27 = 0. Then we can calculate T[l(YW/ W) by the

2 2
- 2(zl+1221+9)z2

method of Zariskif3l.In above equation =z, has four distinct

2
solution exqept for zq = 3, ~1 and -3/2. As the genérators of
the fundamental group, we can choose 8gr 811 85 and g in the

zy = 0 plane as the figure 1 shows. Here the base point is taken

far enough from the origin O.
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figure 1 (zl=0 plane )

If we move z, along a closed path z(t) (t € L0,1) and z(0) =

1
z(1) = 0) in € which surroundsonly the point 3, then we obtain
the relation 818,81 = 858¢85¢ If we move 29 along a closed path
z(t) (tel0,1) and z(0) = z(1) = 0) in € which surrounds only

the point -1, then we obtain the relation 8 = 8- If we consider
a path which surrounds only the point -3/2, then we obtain the
relations giggi = 88(8 and g0g2g° = gzgogz. Therefore TTI(YW/W)

is the Artin group of the type A,. Noreover ‘ﬁi_l(ao), §i'l(a)
€ H. /W, ?Efl(a ) €H_ / W and éﬁz-l(a ) €H_ /W . Therefore
0 1 Sy 2 5,

the correspondence between the generators of W and 7Ll(YW/ W) is
natural. Thus we have proved the Theorem for the Case 1.

Case 2. W = affine Weyl group of type‘ﬁé. Then S = {SO, Sy 52}
and m(sl,so) = 2 and m(sl,s2) = m(SO’SZ) = 4, By Proposition

2 we can calculate T(;(Y,/ W) by the method of zariskil(3). In

the equation h(z) = 0 in Proposition 2, Z, has four distinct
solutions except for Z2q = 0, 4 and -4. As the generators of

the fundamental group, we can choose 8pr 811 85 and g in the

zq = i/4 plane as the figure 2 shows. Here the base point is

taken far enough from the origin O.

¥

Gq, da 0

figure 2 (zlz i/4 plane)
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If we move z, along a closed path z(t) (t€ L0,1) and z(0) = z(1)

= i/4) in € which surrounds only the point O , then we obtain

the relation 8, = 8- If we move Zq along a closed path z(t)

only

(t € L0,1) and 2z(0) = z(1) = i/4) in € which surrounds]the point

4,then we obtain the relations 818,818, = 8,818,587 and

808808 = 88(88(° If we consider a path which surrounds only

the point -4, then we obtain the relation 818p = 8p8y- Therefore

1(1(YW/W) is the Artin group of the type'ié. Moreover we

have B (ag)e By /W, T H(ay) € H /W and’iE’Ka,aI})eHs/W-
. 0 1 2

Therefore the correspondence betweenthe generators of W and

1(1(Yw/ W) is natural. Thus we have proved the Theorem for the

Case 2.
ase 3. W = affine Weyl group of type G2. Then S = {so, Sy 52}
and m( SO’Sl) = 3, m(so,sz) = 2 and m(sl,s2) = 6. By[§§oposition

3 we can calculate 7(1(Yw/ W) by the method of Zariskil, In the
equation h(z) = O in Proposition 3, z, has three distinct solutions
except for zy= =2, -3 and 6. As the generators 0£ the fundamental
group, we .can choose 89 gl,and. gi in the z2y = O plane as the
figure 3 shows. Here the base point is taken far enough from

the origin O.

figure 3 (zl = 0 plane)

If we move z, along a closed paht z(t) (te(0,1]) and z(0) = 2(1)
= 0) in € which surrounds only the point -2, then we obtain the

relation 8p8s = 858g- If we consider a path surrounding only



the point -3, then we obtain the relation 80818¢ = 818087 -
If we consider a path surrounding only the point 6, then we
: . .3 3
obtain the relation (glg2) = (gzgl) . Therefore 7tl(Yw/ W)
is the Artin group of the type G2. Moreover we have
=1 -1 — -1
g2 (ag) HSO/ v, @ (a;) eHsl/w and § (a2) € Hsz/ We
Therefore the correspondence between the generators of W and
7(1($W/ W) is natural. Thus we have proved the Theorem for the

Case 3. This completes the proof of Theorem.
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