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An example of surfaces with b1 =1

By Masahisa Inoue

In this note, we consider (compact complex) surfaces S

satisfying

(a) b (8) =1, b,(S) #0,

and

(B) S 1is minimal.

(cf. [1] and [3].) As yet, we have two kinds of such sur-
faces. We shall construct one of them. (Another kind of
them is constructed in [4].) In our construction, we shall

use some methods in Hirzebruch [2].

For a quadratic irrational number x, we denote by x'
the conjugate of x, We take a real quadratic irrational
number  such that

w>1>w" >0.

Then w®w 1is expanded into a purely periodic continued fraction:

W = ['[no’ n, oty nr-l}].
where r 1is the smallest period (see [2]). For any integer
i, we define
n, = nj, 0 < j <r-1, i=3j (mod 71).

Then

n. > 2 for any integer 1.

We define quadratic irrational numbers Wy inductively by



(1)

W, = n, — 1/wi.

Let §0L be the Z-module generated by 1 and w, and let
U={oceR | a>0, as L =T,
+ ’ Y
U ={oceU]| aea' =1}.

Then U and U’ are infinite cyclic groups. We take a
- generator o of U' such that a, > 1. Throughout this

note we assume that there exists an element o, gf U such

that

. _
agca, = -1, o, > 1.

Then o, generates U and

- 2
Oy 0’.0

We definehintegral matrices N and N; by

2) N () = ey [8], 1= 0,1
Then
2

0 1’
N [nr-4’1]'[nr-2’]]. .....[nd,l}
Loola, o b, o -1,0
For example, if we take

w= (3 +V5/2,

det Ny =-1, N, =N

then
w=[[3]],

a, = (3 + /5)/2, a = (1L + /5)/2,

1 0

3,1 (2,1
Ny = (—-1:01 » No = [—1i—1]



We define positive quadratic numbers a; for any integer i

as follows

a; = (w1w2 . wl) for i 3: 1,

a, = 1,

a . =uwuw . for i 1
-1 Wol-1%2, -1+1 >

It follows from (1) that

n. a;__ —a. =a.

- - 1 -

(3) 13 im 1
\

Ny, o850, T a; = a3

2
P

We take two series of infinitely many copies of ¢’

{(ug,vy) e €'}, iez,

v, =
Wy = {(gj,'wj) e €*}, j e L.
We identify (ug, vy) df vy and (ui_l,vvi_l) of Vi, if
~and only if | |
Vi T V?%;l i-1?
u; = 1/Vi41’ uy # 0, Vi, # 0,

and fprm their union

Uv, .

ielZ

Similarly we form the union of Wj

W - U v,

jez J
by the identifications
n.
Wy = wjazl 251
z. = 1/w. z. #+ 0, w. #+ 0.

j j-r* 73 i-1
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Then C]J‘ and CLU’ are Hausdorff spaces and, hence, complex
manifolds with {Vi} and {Wj} as their coordinate neigh-
bourhoods, respectively. Let C be a subvariety of CLr de-
fined by

C AV, = {(u;,v;) | u;eve = 0}

for any i € Z. Then C consists of infinitely many ir-
reducible components Ei’ i € Z, where éi is a non-singular

rational curve and

Ci{j Ci+1 = the origin Pivs of Vi+1’

(transversally)

C,N T = ¢, 1i-—k# 1,0,

Similarly,clly contains a subvariety D with infinitely many

irreducible components Dj’ j € Z, where ﬁj is a non-singular

rational curve and

Dj(\ Dj+1 = the origin qj+1 of W

jrr
(transversally)
ﬁj(\ ﬁl =6, j — & =11,0,
ﬁ; = - n;.
It is clear that
U -C=1w,,v,) eV, | u-v, # 03,
W=D =1(z,,w,) e Wy | z,w, #0}.

By (3), we can prove that



1,

a. . a a
i i- T k . k-
lug | - v | b= lugl = Vil »1,
a' 1 al a'
i i- k k-
Jugl T vyl T = ug] Selvg ] TN, on VoV,
and
a. a a
- /Q/ Q’_
IZJI J'lw ] I~ Izgl 'lwg,l 1’
a. a. a, a,
j j -1 2 2-1
|Zj| J. wj| I < ]22] -, | , on Wjﬂ W, .
Hence, if we define
a. a.
i i-1
r = lui! : ‘]Vil ’
' 1
3 3i-1
s = [uil -]Vi] , on V.,
and
% j-1
p= !Zjl < w. | ’
1] 1
= |z.] Jeqw.| I W,
q |zJ| [wJ,l , on WJ,

then r, s and p, q are non-negative continuous functions

on Cb andqn’ , respectively. . Moreover

J

C= P QU r®) =0} = (P Q| s(?) = 03,

~

B - 1Q Qul P@ =0} = {Q Q] a(@ = 0}.
We identify (uys v,) ecb"— C and (zys W,) e%—f)
if and only if

vV, =W,

u o =w s U, Vo, W, 2z #0,

where [g’ 3} = NO’ and form the union of % and% .
H

From (2) and (3) we can -deduce



rs 29, w? D) = p(z,, W%,
(4) 4
s(wg z?, w? zE)'= q(z,, w,) /a°,
for (z,, w,) éQJf-— D. By (4), we can prove that Cljqulf
is a Hausdorff space and, hence, a complex manifold. We
define
r(P) for P eclj s
p(P) = o
p(P)"o for P ecllf ’
and
sp) for P ey,
o(P) =

q(P)_lzdou for P ccbj .

The formula (4) implies that p and o0 are continuous map-

pings of C\yLJQ¢r into [0, )} and [0, =], respectively.

Clearly we obtain

Ub - p e YUY | 0@ = 03,
= (P C%U']”| 6 (P) = 0},
=P e yUYs| o(@) = =}.

We define an analytic automorphism 'g& of (\;t)Q*f as

o (@l

s 4

follows

g sends (ui,vi) of Vi to (gi,vi) of V.

: d s G W. . .G Wa W, _.
g - sends (zJ,wJ) of WJ to (zJ,wJ) of W

From (2), it follows that
- gh = p%1,
(5)

g*s = 01/01.

Let JEY be an open subset of C\ILJQLY defined as follows
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& = e YUyl o2y < 11,

Then Jj, is invariant by g and

J e .
Moreover

-~

g(C;) = C;

i-r> 8(P3) =P .

g(Dj) =Dj-r’ g(‘lj) =qj-1"

By (5), we can prove that g generates a properly discontinuous

group <g> .of analytic automorphisms of JET' free from fixed

points. We define Sw to be the quotient space of A:r by

Sm = jff/<g>

S, is a complex manifold of dimension 2,

<g>

Let w be the projection of Sj’ onto S, and let
C=m(@, C3=m(Cy),

D = n(D), Dy = n(ﬁj).

Then C and D .are compact subvarieties of S, which have
irreducible components /CO’ Cl’ sy Cr-l and DO’ Dl’ N

D respectively, When r > 2, C and D are cycles of

r-12

non-singular rational curves CO’ Cl’ ey C and D D

0) 1’
ey, Dr—l’ respectively, where the intersections are transversal

r-1

and

When r =1, C and D are rational curves with an ordinary

double point and
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In any case
(6) c’* =D® = - (n,+ n;+ «+++ +n — 2r).

T-1

The configurations for C, D are illustrated as follows

r ., o r=1.

Evidently, C and D do not intersect.
Let (&, z) be the coordinate of H x € where H is
the upper half of the complex plane and let G be the group

of analytic automorphisms of H x € generated by

. 1
go (g, 1) —> (0‘1&, EIE)’
g+ (&, ) —> (8 +w, T tuw'),
gz:(g’C)_‘%(g"'lva'l)'
G 1s a properly discontinuous group of automorphisms of
H x € free from fixed points. We define a holomorphic map-

ping ¢ = (¢, ¢) of S, —C—D into H x C /G by
2n/=1 & = wlog v, + log u,,
2nv-1 7 = w'log v, + log u .

Then ¢ 1is an isomorphism of §; —-—C—D onto Hx € /G.

By this fact and the fact that C,rﬁ are compact, we can prove



L

that S, 1is a compact complex surface.

Since JSY is simply connected, we obtain

Proposition 1.

T (5,) = Z, b _(5,) = 1.

Let X be the canonical line bundle of Sw. Then
K= [-C - D].

Hence, by (6) and the Noether formula, we obtain

Proposition 2.

bz(Sw) = cz(Sw) = 2(n,+ L U 2r) .

By the adjunction formula, we‘can'eaéily prove

Proposition 3. S, contains no irreducible curves
other than CO, Cl’ f"’.cr-l’ DO’ Dl’ ceay, Dr-l' In
particular, S, is minimal. The above propositions imply
that S, satisfies (a) and (B).

Remark.

1. If w= (3 +V5)/2, then b,(S)) = 2 and S, contains

exactly two irreducible curves,

2. Let S'=1{P e S,/ o(®) <1} and 8= {P e S_| o(P)zl}.
Then S° and S~ are deformation retracts of C and D, res-
pectively. Hence the Euler numbers of S' and s° equal
f. Moreover, the Euler number of S+(\ S; equals zero.
Thus, by the additivity of the Euler number, we obtain

b,(S,) = c,(s,) = 2r,

+ + e + ==
n,+ n, no_, 3r.



3. Sw has an involution Ny defined as follows

1, sends (u;, vy) of V., to (u;, v;) of W,

sends C, W. f wW. t . . f V..
1 (zJ WJ) 0 3 0 (zJ, wJ) ) 3

1 has no fixed points on S, and

w
1 (Ci) = Di‘
Let
'§w = 5,/<\>.
P o . .
S, also satisfies (o) and (B).

4. F. Hirzebruch remarked that we can construct a surface
for any real quadratic irrational number « such that

w>1>w'">0 by similar methods.

5. D. Mumford, I. Nakamura and T. Oda remarked that S

can be constructed by the methods of troidal embeddings.
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