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Spectra of Elliptic Operators in a Domain

with Unbounded Boundary

Takao TAYOSHT

University of Electro~Communications¥*

0. Introduction

We shall study a spectral property of a 2nd order partial
differential operator
A " a?. n ' 3
L=-A+ J,%:aajkm +j§t b-jha_l} + Y
in a domain QCR" (n>2).

In case that = R™ or = the exterior of a bounded hyper-
surface, this subject have been aiscussed by many authors. under
various conditions on L. As for the caée of unbounded boundary,

~ we can refer to [13.[3,4J.[6—1]].
n §§ 1 and 2 of this note, we shall make the following

conditions 1 and 2. (A list of notations will be given later.)

Condition 1. S0 is characterized by xn>-p(§) (§;(Xl,.a,x

2 -
where ¥ (X) is a single valued C -function on Rn'l, and

)

there are positive numbers Ml and MZ such that

2 \1/2

y(%)>Ml(x:2L+ wirx )

BN ZEENEPE I'az?/axjgxquf[a

(j,k=l, ""n—l)-

Condition 2. Put’

n

wn
B = + Y
)'%‘ 3k 2% 2% %4, Jg J ax,

¥ 1-5-1, Chofugaoka, Chofu-shi, Tokyo 182.

al
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then B is real and short range in the following sense.
(3) If we put D(H) = {u €L7(R) | wed (), up=C, AueL ()},
and Hu = Lu for uéD(H), then H is a self-adjoint operator in
L @).

(ii) The inequality

(0 o, S0 (-8 +BYull (R ;o o)+ lluly (@ o)

v &) wi e is i t of R.
holds for uéHa,loc(ﬂj with uwzQ,where c, is independent o
(1ii) There are positive numbers h and C, such that

-1-h , N
"Bu"o(QR,R+l)§¢ZR ult 2 (Qp 3 pe2)

for YR>0 and Vuet, 5 QD).

Under these conditions the discreteness of non-zero eigenvalues of
H and the absolute continuity of the continuous spectrum of H will
be shown. It should be noted that, under Condition 2, the coefficient
Y may have a high singularity of some. type.
In §3, the conditions will be slightly weakened.
In §4, a short remark on the absence of positive eigehvalues
will be given.
There are some possibilities that we can extend the arguments
in §§l-2 to include the perturbations which are not necessarily

short range. For example, we can put

Bl is real and short range in the above sense,

B, is multiplication by a real Cl-function q., and
. - o =1-h '

lay | +va,)< Clx] b %‘%"<le} for some C, h >0,

But, in order to avoid some tedious culculations, we shall omit

L
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discussions about these possibilities. A full treatment will be

given in [12].

List of notations

€@ : an unbounded domain in n-dimensional Euclidean space
R"= {x| x:(xl,n‘,xn)} (nga).
[': the boundary of £; = 3L
=_ ou _ .
R=097, O g =Qndx[R<t< Red, R, = [h§x] Ri<xa <R},
SR= _Q_O{X !Xn=R}. .
A: the Laplace operator; A:)é"ba/a:cjl.
<§>: a smooth function which depends only on X
/ U4 a - 2
¢’= d?/dxn, p= d 4>/dxn, TN
Yn: the angle between Xn-axis and outer normal.
2 2.1/2
[xi= (xf+ +x)ME
. n 2.1/2
{vul = (Z;lau/ale d

-

Hm s ° the space of functions with the norm
s ,

1
' 1S o (2 z
ati, = (Sﬂ(mxlz)lggjﬂb uffdx )

a_ lal, o Qn .
(D=2 faxl > S lal =0 * +qn),
H (G) : the space of functions with the norm
4
Hun (G) = S > IDO‘M,Z dx ) *
. ( G Wigm )
z
L (-Q) = Ho(ﬂ) = HO,O -

1. Discreteness of non-zero eigenvalues

The next equality is important for our purpose (c.f. [3] chap.4).
Let ueH, loc(_'(i) be a solution of the equation ¢A-z)u=f with the
s

boundary condition u[r,=o (z=6+iT , a complex number), then
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P slau 2 i -~
25 b |55 ldr = 2 Reﬂ%%f dx + %_—Jd)"’}ulzdx
ﬂ"‘l’ R)_ ﬂgiJRZ ‘2' gllﬂl

+ RQS ¢)7(a dx + 2T Im 4’%%"&- di
(]‘_o l) aE‘le '“QRI,RZ.

+ j@ lvul*ces, 43 +U —S}%’é%liivul;%cl“'zﬁs

R, 5?]. Sg‘

+ ol [~ { Jorzaas - £{(( f#mras.

S, & Se, Se,

Theorem 1.1. Each non-zero eigenvalue of H has a finite
multiplicity. All. of the non-zero eigenvalues of H make a discrete
set on the real axis.

Proof. Let uéD(H), Hu=hu, Aeé[a,b], and 0¢[a,bl. It suffices

to show that u€H, ¢ for some £>0, and
I

(L.2) ‘\ul\?’£< Cﬂuﬂo’o ’

where ¢ and C may depend on the interval [a,bl, but are independent
of A and u. Indeed, if we can show (L.2), the assertion of the
theorem follows from the Rellich's compactness theorem (see the
proof of Th. 3.1 in [21).

Note at first that

(1.3) !lulla’o g const.ﬁuﬂo’o .

This follows from Condition 2 not directly, but easily.

For any WGHZ,S (s= a real number),

(1.4) fi Bwif < const. lw "2,,3

O ’ l'*h‘*‘S =

—lpm
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This follows from Condition 2-{ijii).
Note that (-4-A)u=-Bu, and ulp=0. Put ¢s1 in (1.1) and let

RZ->a: (along suitable sed%nce if necessary), then we have

= -~ . uj? Ynd
(1.5 0 2Re§QRm‘Budx + S [ ul? cos S

= (22— fpulniur) 43
52'

for any Rl>O. In view of cos Tn <0 (Condition 1), we see

(1.6) S (21%11 fref4 AP )as < —224—:';—;‘,—“"@;41,
‘Q"Z./Qb

In consequence of BuéHo’l+h ’

(1.7) Lin R'*“S 24 Buldx =0
R-yo0 ~\’Zp,oo

From (1.6) and (1.7),

(1.8) ’Q"’Mﬂ"*’? R"”‘ S<2‘%]2~—IV“‘Z+>\MF>&S§ 0.
R-> 00 S .

1+2¢

Return to (1.1), and put ¢= x.° = , 0 < 2¢ < minfh,1}, R =0.

1
(1L.8) allows us to take the limit R, >0 , and we have

2(!428)S ol o P Py —zhgi'*"i 2 Budx + Re (l+ze)§ 2 (Bu)T dt

N3
(1.9) 212t
+(1+28)¢ (%-DS L 2T |ufrda
Pl
From this we can show
2 2
(1.10) Exiil%%j dt £ constnBully |4
Ky}

Beéause of Condition 1, we have some latitude in choice of the

direction of Xn-axis. So (1.10) means
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2 oz
(1.11) _anjvu] dx < const.HBuHO’l+£
X

Multiply the equation (-A-A)u=-Bu by x;€ﬁ and integrate over (1,

then we have by partial integration and (1.11)

2

.. k2 ‘
(1.12) anlul ax < const.ﬂBgl(o,l_,_E

%

From (1.11) 2nd (1.12),

(1.13) ”u"l,g§ const.HBuﬁo’l+€;v.

If we combine this with the inequality*

(1.14) ;[wua,s < cons‘t:.(lIquo’s + ”W"l,s) (sjreal, WéHZ,s-’.Wp:O);
we have
(L.15) nu"2,2§ const.nBuﬂO,l+£

(1.8),(1.4) and (1.15) give
nuﬁ2,€§ const.ﬂuuz’e_h < const.ﬂuﬂo’o .

Thus we can conclude (1.2). ' (.E.D. )"

Theorem 1.2. Let A be a non-zero real number, Lu=)u, WF=O,and

) 1+h R
ueHa’s for some s>~ — Then u is in Hacn = N HZ £ *

HEYVE DIV

The proof of this thecrem is based on the facts that (1.5) is

valid also for uéH2 s (s>—l%5~,and that
bl

EQM.R§H+kJ %&Eﬂldi =0,

R>= Jlsw

* This inequality follows from Condition 2-(ii).
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2. Absolute continuity of the continuous spectrum

Let HO be the self-adjoint realization of - A4 defined as follows;

D(HO) = D(H) :{ uéLZ(Q)] uéHltﬂ), ulrzo,,ﬁuéLZ(ﬁJ} , Houz—Au for

ueD(HO). And put RO(Z)z(HO~Z).l (Im 2 £ 0).

Theorem 2.1. Let £€>0 and K be a compact set in the complex
plane. If the origin is not in K, there exists a positive constant
C=C(X,¢) such that

(2.1) IRo(2)2h,,  LLE < Cfitly 12

for any fGHO 1+€ and z¢K with Im z #40. -
r 2

The proof also can be carrieéd out by use of (1.1).  But we omit
it because it is somewhat lengty and partly overlaps with the proof

of Theorem 1.1.

Lemma 2.2. Let 0<f<h and K be a compact set in the complex
plane. If the origin is not in K, there are roer(K,£)>O and C=

C(K,%2)>0 such that

(2.2) 1(BR(z)fUO’lzi < c{ufuo’lze +MR(z)le(ﬂo,ro) ¥
for any fEHO 1+¢ and z€K with Im z 30, Here R(z):(H-z)"l.
0,25

This lemma is obtained from Theorem Z.1 and the inequality

(2.3) \ Bw (! < const.(H(L-z)wuo s +Nle s) (wéHZ’S ’ wuzo)
> , ,8’ ©

0,1+h+s

by estimating

‘ S
5 (1+1x1%)" 2 > TP ul? da

f <1
Ly o g

(u:R(z)f:Ro(z)f-RO(z)Bu).
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above
In consequence of the a%ee lemma and Theorem £.1 we have

Lemma 2.3. Let €, K as above, then there are roer(K,%) and

C=C(K,%) such that

(2.4) th(z)fuZ";%g < Ct"f“o,lgi- +uR(Z)f"l(ﬂO,ro)}

for any f Hy l+e¢ and z€K with Im z £0.
Tz

Theorem 2.4. Let K be a compact set in the complex plane. If X
contains neither the origin nor eigenvalues of H, then, for any £>0,

one can take a constant C=C(K,¢)>0 such that the inequality

—

(2.5) IR(z)THl l+¢ < Cilf#, 1+g
2,-4'2-'~ = 0, >

holds for any f€H,. 1+¢ and z€K with Im z £O0.

0,73
Proof. Without loss of generality, we may assume 0<t<h.

If lIm zi>5>0, there is a constant C6 which may depend on &, and

“R(Z)f"l(ﬂO,ro) § 06Ufuo’_§§

According to Lemma 2.3, to prove the theorem, it suffices to
show the assertion: if z€K and Im z #0, Cb actually can be taken

independently of &>0.

Suppose that this is not true, then there would be sequences

JZN} and {uN} which satisfy the following (£.6).

In ZN#O» éZN#:K, {ZN} converges to a real number gg€K.
(2.6) 4uN}(:D(H), HuNul(ﬂo,ro)=l, fN:(H-z)uN converges
strongly to O in HO 1+€ .
' 2
We must show that (2.6) leads to a contradiction. Note that

A~ =f. - ., . i -~ b
(-4 zN)uN.fN BN’ ”BuN"O,(l+£)/¢ 5 const (“fN“O,(l+E)/¢ +1) by

-8-
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Lemma 2.2, so {(ﬁA—zN)uN} is bounded in Ho,(1+£)/a . Consequently,

{uN§ is bounded in H. (Theorem 2.1). Let us take € such

2y,~(1+%)/2
that ¢<f<n, Then, taking a subsequences i1f necessary, we may assume

. A N
that éuN} convergés strongly to a»functlon Ug ln.hl,~(1+€)/& (Relllch‘s

compactness theorem). Moreover we can see

“uO"l(ﬂO,ro) =1

U.O”_,=O

In view of (1.1%4), uOE-H2 1+&', and so u.€H (Theorem 1.2). This
T2

0~ 2,00
contradicts the assumption that K contains no eigenvalues of H.

(Q.E.D.)

Theorem 2.5. The continuous spectrum of H is sbsolutely

continuous.

This is a consequence of Theorem 2.L4. See, for example, [3]

Chap.l or [8] Appendix C.

3. An extension

Let us suppose L! to be a differential operator in a domain
ﬂfC:Rn. We make the following conditions.

(i) There is a diffeomorphism Q' Q: Xl=xl(Xl,.u,Xn),"o, X =

Xn(Xl,ur,Xn), and fl satisfies Condition 1.




121

(ii) 1If we define the transform of functions as follows;
(Uu)(X)_—_u(X(X))IJ(X)[l/é , where J(X) is the Jacobian
3(xkp sy % )/AH 5 X ). Then L=UT'L'U satisfies Condition 2.

In this situation, H'=UHU -

is a self-adjoint realization of L!
in LC(,Q') under the Dirichlet boundary condition, and we can replace
H by H' in Theorem 1.1 and 2.5. This follows from the fact that U

. defines a unitary transform La(ﬂ)eLd(Q').

L. A remark on the absence of positive eigenvalues

In this section, we write L in thé form

b= 2 FI?XJ- *hylag ﬁ*a’fk *h) +q

J’/'k""‘
Let us assume th;at there exists 'a'positi've constant r, such
that the following conditions are satisfied for [x|>Tg. (a) ay |

and‘ bj ai‘e rgal valueq Cl-funct.ions‘ and L (b) 3Fc>0 such
that ¢ lzl2§ Zajkzjzk < %’—lz ]2 for any complex vector (Zqs92 )0
(¢) day /0% =of lx™h).  (a) age? By (1xloe0). (e)%‘%— —,_f—f;w(lxr')
(£) q(x)zd( x| -l). (g) The unique continuation property holds.
(h) Zajkx.vk § 0 for each boundary point x (.‘{)_c[ >r0), where

(Vl, iy \/n)vivs the oﬁter normal td Mat x. |

The conditons (a)-(g) are nothing but those which are proposed

by Ikebe and Uchiyama in [5].

Theorem 4.1. If u is a not identically vanishing solution of
Lu=pu (A>0) in Qn{Xl IX(>rO} and u“_,néx‘ [X[>ro}=0, then we have for
any £ >0

R ¢ ? o
lim r 5( > 2 4, X

A z AR
; B Mu® + [2a g, (D uyxfTras = <0,
rr 5w

J

-10-
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i=r}, .= Xd G2
where S(r)=fp{xl| xi=r}, X= 5 and i)j-[_iaxj+bj .

The proof can be carried out in the same way of [5]. Because

of the condition (h), the unboundedness of [ brings about no

essential difficulties.

£,

If L enjoys the unique continuation property on the whole of

the absence of positive eigenvalues of H follows directly from

this theoren.
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