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Spontaneously broken symmetry and the cusp catastrophe
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Spontaneously broken ‘symmetry is discussed from the viewpoint of
Thom’s catastrophe theory. It is just the Maxwell convention in cusp
catastrophe and is a special case of the usual symmetry breaking. The
relation between usual symmetry breaking and ‘bag theory’ is suggested
briefly. ’

1. INTRODUCTION

Tt is well known that a kind of symmetry can be obtained from an exactly symmetric
Lagrangian, provided that the physical vacuum is not invariant under the symmetry
group U(1). Such a symmetry is popularly called ‘spontaneously broken symmetry *
(hereafter we call it s.b.s.) and is considered as a basic concept of the Higgs
mechanism (Higgs 1964 ; Weinberg 1967: Salam 1968), phase transitions and so on.

In this note, s.b.s. as well as the usual symmetry breaking is discussed from the
viewpoint of Thom’s catastrophe theory (Thom 1972). As a simple case, we consider
the Lagrangian density with only a single real scalar field,

L = 1@ $0,9) - kgt — 3Agt.
The mechanism of s.b.s. is caused by the following symmetric potential (Abers &
Lee 1 : 2
973) Vig) = g+ b, (1)

where A (> 0) and z2 are the coupling constant and the square of ‘mass’ respec-
tively. The variable ¢ may be considered as ‘c-number’ because quantization gives
only a small correction effect near the stable equilibrium (Lee 1974).

2. CATASTROPHE THEORY

We can find that the potential (1) is strongly connected with the universal
unfolding of catastrophe theory. The universal unfolding, V(, c;), are written for
single variable 2 as (Thom 1972; Woodcock & Poston 1973)

n+2 n an—1

= ¢, — +¢
mye Ty tharT

+...+cC,7,

where c; is called the control parameter (we call it ‘parameter’). The number of
parameters is regarded as the co-dimension of Fy(x) = V(x,0), codim ¥, by Thom’s
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catastrophe theory and it is enough to consider the case codim I} < 4. The universal
unfoldings V(x,¢;) and the name of their bifurcation sets are shown in table 1 with
codim ¥, < 4. The geometrical considerations of these catastrophe are demonstrated
in the lecture notes (Woodcock & Poston 1973).

We are then concerned with the cusp (Riemann—-Hugoniot) catastrophe for which

Vo(x) = 1at, (2)

TABLE 1. THE UNIVERSAL UNFOLDINGS AND THE NAME OF THEIR
BIFURCATION SETS

codim EAES) Vix,ye)) name
0 f i object
2 2 ‘
a3 at
1 s N +ux fold
at x a?
2 Y vy +u 3 + oz cusp
3 f —tu ai‘ +v :f + wx swallowtail
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Ficure 1. The bifurcation set and the potential V(x).
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with minimum a = 0. Then any ncarby potential function, universal unfolding,
can be expressed as V(v) = dat+ juat +va. (3)
Varying the parameters (u,v) can give rise to two different types of potential
function: if (u,v) lies outside the cusp, 4u3+ 27v? = 0, then there will be one mini-
mum: if (u,v) lies inside, then two minima. These are shown in figure 1 with the
potential shapes. Such a situation is clearly explained by the manifold, M,

dV(x)

i =x3+ur+v=0 (4)

Ficure 2. The manifold M ; a3 +uax+v = 0.

shown in figure 2. M is called the bifurcation set. The projection from the manifold 27
to the control plane (u—v plane) in figure 1 is defined as the catastrophe projection.
The catastrophe with this type is called the cusp catastrophe. Two minima of the
potential have the same value on the line v = 0 as shown in figure 1. Such a situation
is called the Maxwell convention and is specified by '

v=0, u=-—a2 (5)

by equating the two minima of (3).

3. SPONTANEOUSLY BROKEN SYMMETRY

Now we return the s.b.s. potential (1). To consider (1) as the universal unfolding,
we should rewrite it as

Vi) =g+ gt 2 g, ©)
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where the additional term, (y/A) ¢, breaks the symmetry under the transformation
¢—>—¢. The potential (6) corresponds to the usual symmetry breaking potential
as the o-model of Gell-Mann & Levy (1g60). If we put

w=p*A, v=y[A and z=¢ (7

in§6), we obtain the cusp catastrophe. Especially, the concept of the Maxwell
convention for the potential (6) is just the s.b.s. and we obtain by (5)

vy=0, ¢*=—u?A (thenu?< 0). (8)

This is exactly the same gs the result in the s.b.s. (Abers & Lee 1973).

It is found from the viewpoint of catastrophe theory that ‘spontaneously broken
symmetry’ is explained as the specialcase (the Maxwell convention) of the usual
symmetry breaking. Furthermore, the following are given: for the usual symmetry
breaking, two minima of the potential appear in the case of

= (Y[A)? > (4/27) (u¥[A%)  (p* < O). 9

Two different vacuum expectation values (0| ¢ |0, are then expected for y # 0
in (9). One is ‘stable’ and the other is ‘metastable’. These two vacuum states corre-
spond to the ‘true vacuum state’ and the ‘vacuum excitation state’ in a somewhat
different approach (Lee & Wick 1974). It seems that the results of our simple and
topological analysis are closely connected with the usual ‘bag theory’ in particle
physics.

One of the authors (M.T.N.) wishes to acknowledge the members of the
‘elementary particle group” of Kyushu University for their helpful discussions.

REFERENCES

Abers, E. S. & Lee, B. W. 1973 Phys. Rep. 9¢, 3.

Gell-Mann, M. & Levy, M. 1960 Nuovo Cim. 16, 705.

Higgs, P. W. 1964 Phys. Rev. Lett. 13, 132.

Lee, T.D. 1974 Phys. Rep. 9c, 145.

Lee, T. D. & Wick, G. C. ‘1974 Phys. Rev. 9D, 2291. .

Salam, A. 1968 Elementary particle theory (ed. N.Sawartholm). Stockholm: Almquist &
Forlag.

Thom, R. 1972 Stabilite structurelle et morphogenése. Massachusetts: Benjamin, Ine.

Weinberg, S. 1967 Phys. Rev. Lett. 19, 1264.

Woodeock, A. E. R. & Poston, T. 1973 A geomeirical study of the elementary catastrophes.
New York: Springer-Verlag.



