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Parametrices for Degenerate Operators

of Grushin’s Pype

CHISATO TSUTSUHI

Department of Hathematics, Osaka University

Introduction. Grushin studied the hypoellipticity of an

dégenerate overator A of the form given in §l. In his paper[?]
he used dperator valued pseudd—difierential operators essentially.
In this note we'construct a left parametrix Q for the operator
A as a pseuﬁo—diffefential operator by symbol calculus instead of
his method. For the construction of Q,we use the fundamentel
solution of parabolic equation studied in[4Jand [5]. Also we
discuss estimetes for A.
We give main théorems and several examples in %1 . In §:2
and Q3 the method of construction of Q will be shovm. We devote

'§4 for vprooves of Theorem B and Thneorem C .

§ 1. lain theorems and exemples.

In this note we treat operators defined in R3 for simplicity.

Consider an operator
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i ‘ E B’ ‘6’3 ofy 0(zv\"(.z
(l) A= A(}‘l’y’Dxl’Dx2’Dy) = 0(\& 1 D_ 1D 2 y
‘ =
(3=, - m

where ay yare constantis, Dj=Q4ﬁ, ) df(dl,&% qg),“u (Llft, )
T2 (3=1,2), ¥=0¥43, o,Y3), 0=(0y, 0,1), min(T;T,)>9 >0
3

Zitaec

and (T: d) = =4z

Let Ao be the principal part of A in a sense, that is,

(2) A= a(x;,y,D_ ,D_,D Z x3 y 2l p%
1 #l X, Nhswl L1 Xl 5 J

T ¥) = (T, \H)-m

We denote by A(xl,y,E,Q} the differential polynomial correspond

to’Ao.

Condition 1. Ao(xl’y’Dxl’sz’Dy) is elliptic for \xl\+\y\¥o

AO(X:L,:Y,E, r( )* 0

for lxl\+ly\¥0,géEfa§2GRl, end ]ﬂ441\%0.

Condition 2. TPFor all xﬂSRl 2nd for all - nonzero vector §632

the equation'Ao(xl,y3§3Dy)v(y)=O has no nonzero solution in)X(Rl).

We get main theorems as follows.
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Theorem A. Under condition 1 @&nd condition 2, there exist a
neighbournocod Qof xl:y:() .and a left paremetrix Q for 4 in a class
of pseudo-differentiesl opei'a-i;ors;

QA= I+ in (2, vhere i is a smoothing o‘pera"cor‘,

By the construction of Q we get eglbimates for A and Ao.

(3) ‘!u“m-x-s S Gl quu_“é + nu\‘

5]

) YV eC(K),

(4, [lsey < 0 Rl gy el ) Yee oo,

|

where ““m is the usuwal Sobolev norm, X is any compact set of

such that Ka{0,%,,05 =¢ , [[ulf(y) A Ni@)u o gad [\_is a pseudo-
2,

-

differential ovparstor with symbol ZEJ‘ t&+ ”U +1 .

=

Horeover we get the following statement.
€85

If sué€ H (Q) and u €D (1), then u GII§+ 0/ T (€2)

where "_“E=m€ﬁ:‘f«’-(tl’ = )

Remark. If =1, then condition 1 means that A is elliptic

.

in case l}.l‘ +|y| is sufficient small.

fle may assume E)l by the above remark.
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Theorem B. If (4)0 hold, then we obtain the Tollowing estimate

for all x e‘Rl and nonzero gé Rg.

vl < e g Gpowogomyv] Vvefah

viere || .|l is the norm im L2(R§r).

Owing to the above tlheorem we get:

Theorem C. Assume that A satisfies (3)o and (4)O . Then, A

holds condition 1 and condition 2 .

Now let us give some examples

' 2 L
Exemple 1. A=A =(- A + ka(«—- Ao ) in Rz,
. ° ¥ ‘ %2
where {and k ere positive integers. Ve can 'bake‘[:(lntk/)t,l),

0=(0, 1) and m=2 . In this case condition 1 aznd condition 2 hold.

2 2

¥ 2 .2y, 9 )
Bxample 2. (Grushin 127). A= = -2, + (y“+x0)( + )
0 N2 I P 2
;Y 3xy 3%g
+i’k§;~. . In this case we can choose [=(2,2,1), 0=(1,0,1) and m=2,
x, :

Condition 1 holds. Condition 2 holds if lx‘(l or Im}\:lfo .

ay-—iayki )(—a«-—ibyk 9 ) & icyk-—l 3

“X 1'.. 1 - = = -
Bxample 3 A AO (3 ax2 5y 3%, DX2

in R™, wvhere k is a odd integer, a,b and ¢ are resl constants
such that 2b{0. In this case T=(k+1,1), 0=(0,1) and m=2. Condition 1

4
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alweys holds. Condition 2 holds if and only if

c 2
Py == 0,1  {(mod(k+1)).

This result is due to Gilioli 2nd Treves [_l]

$ 2. Notations znd theorems for pseudo-differentizl operators

.‘-.} 911) and g=(&.’(§éy

For a wair of real vectors ?:()Gi, 3’2,

“‘/gn) we say §>>g if ?j>§:i for all j. In this scction we fix

?and S such that SJ)SZ:O.

Definition (cf. [5]). We say that a C®function Mx,E) define

in Rgx Rz is a basic weight function when ’)\(x,?;‘) satisfies the

conditions below:

.

Gy AR el <a a0

(6) 14§K(X+y;§)§ﬁ<y>1°>\(x,§) (tzo0) ,

4, ‘ ‘
where %g%%(xyi):(a/a§l) l‘ L (3/ gn)%(—is/B\Xl)gj:‘ - (-_la/ax.n_)%:r

%3‘1:%) end (y):(iyi2+1)l/2 .

e denote by SL:\ g(w®m<w) the set of 2ll C“~functions p(x,&)
r ¥y R

™ which satisfies for any doznd @

defined in R?{ X JRE »
o{ D] S0 g2y 046D

for some constants Cy % . For a symbol p(:-:,g)E Sr;f r we define
, . o r : o A G '
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a pseudo-differential overator by
pu(x)=p<x,nx)u(x):jel>:‘E »(x,8)0( 9 ,
where ﬁ%:(2ﬂ)~nd§ and ﬁ(%) denote the Fourier transform of u(x)

_j11%X defined by

"ﬁ(g)zb[;ﬂix'su(x)dx.'

Wle call o pseudo-differential operator a smoothing operator when

m

its symbol belongs to S for any m.
€Y1 958 v

How consider a pseudo—-differential operator of parabolic type.
a_ .
L"‘a»t + P(X,DX)

-

We call an operator E(t) a fundamental solution for L when E(t)
satisfies
L ﬁ(t) = 0 in 0<% <Vc>o ’
B(O) = I
By [51, we get the ne#t theoremnm
Theorem 1. Assume that,p(x,g)ézsii , satisfies
Re p(x,g) + C ;;COQk(x,g)L
for positive constants ¢ and C,- Then, there exists a fundamental.

solution BE(t) which belongs to S;; 6.wi'bh parcaeter . and whose
?
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symbol e(t;x,%) has the following expension

M-1
e(t;x %) = ji:e (t;x> %) 4 rﬁ(t;x,g)
Mmree.hrhg)ch% ,T(LV”EM}Efml ,w"un(f ~3.) and
J Ao gv > H 5’ s a7
N is eny number such thaﬁ»ngﬁ, Illoreover we geb S §

= exp {»tp(x,%)} and

% A -
ejgeg(ﬁéx,§)=ajsidﬁ(t;x,%)eo(t;x,g) (iz1) ,
where aj,x,Q(t;X’§) Satisfyr
i N+ (8
25,4, (50 9)| 05 wgl )" -( 0+, 1)

HH%w?J

;2%; Rep(}:,%’)}

About the behavior of e(t;x,%) for large t, we get
Theorem 2 (Dsutsumi [S:D. Let p(x,g) setisfy the assumption

of theorem 1 angdg
Re(p(x,D Ju, u) > cy “u“z u.éfg(R?)

. P r i Lz .
with 2 positive constent cq. Moreover let }0 and ij,g) satisfy

a
Alx, gl zallgl x|+ 1)
for some positive constant: a . Then the symbol e(ﬁ;x,s) constructed
in theorem 1 holds the following estimate for any integers j and k

and positive constant &
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.at%%g ('b+E;>:,;)\gc(j,K,oé,%,%)exp(—cgt)

(tz0)

for any dand% R
vhere ¢, is any constent less than c; and C(j,k,d,%,z) is

independent of t .

Now assume that the basic weight function XKX,E) is
independent of x and b T[Tl L N(EIL b [5|*2 (19,2, >0) .
Yie denote the Sobolev norm

ety o by

| i, = el

where W * n‘is the norm in LZ(Rn}_.

. Let glbe z open set in R 2nd let p(x,%) hold the estimate
below .
() |p2?§§(x,g)lgcx x(g)"[“(?"’“”&%) Veex

:dy?

~for any compact set K in () .

Theorem 3 (Tsutsumi [bT]). Let P=p(x,D ) satisfy (7) end

s

2 . ' co,
nunm,?\i— CK(“Pun +“u]|m”>\‘) ue Co(k) .
vhere Ma2m=0, m>n and X is any compact set in (2. Then, <For

every K znd every integer I one can find ¢ so thet wvhen xeK and§ERn
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om 2 | () (6,4-8) § .o o

5725 H‘*dl&@z v(lﬂD;l‘r\ ?‘dy) , YeCT (@)

Kibedy
Here @:(G_L’@.?_? . ”/Gn) is chosen such that: 80 =min(5>j—— Gj , QJ*&J , SJ.)?O

and both dl and 62 are constants independant of ¥ .

§ 3. Outline of comnstruction of a left parametrix Q.

Vie introduce some notations.
N 74
h=h(x; ,¥3)=( =["+ |y])

)7=)7(le3’,’%“,YL):;h(xl’y‘)'j |E’;J\ F o
2 1/

AGEPAL
=,

75'—“?5(%‘@:32:1!23\ CALIE

We denote by ST(V, %) (-o<ms) the set of 21l C”—functions

1 . .
p(xl,y,g,ll) defined in R;lXRg?(RixR}L which satisfy

(8) lp%é%w Z,Q)lé%Q( L L A

for any o(:(c(l,o(Z,c(B), (5»:(%1,0,{33) . Ve define 2 psuedo-differntial

operator Pu.(xl,xg,y') with a symbol (r(.}?):p(xl,y',;,q‘)G Sm(\)y}l7X) by
Pw(xl,xz,y—):\fel(m?ﬁ-xiiﬁyz )p(xl,y,g,\z)a(g,m)ﬁsd’z

for Iu 6)&(1{3) .
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We get the following lemma for operators of this class.

m.
Lemma 1. {(Psutsumi[b]) (i)If Pj belongs to S J(}],}L,’X‘)(jzl,Z)

Ty + M,
then PlPQ belongs to S = (V,PTX) and

G“(Ple)(leY’§7'L) =~ 3oy Oey ¥, 5, D) op (5,9, 5,2y) )

yo-
XO (\},}k,‘X), where gczlnin(tlatQ)“Oi

belongs to S~
(ii)If P belongs to s°(V, K,X), then P is z bounded opzrator in L?R3)
(i1i)P GSm()]‘)Y\,‘X) has pssudo-local propety, i.e. For any g))y.eCw(R‘))

P is 2 smoothing operator when supp?ﬁsupp?=:¢,

The main result of this section is the proposition below.

Provosition 1. Under condition 1 and condition 2 there exist
. . N m .

a neighbourhood {JCR”.of % =y=0 and A(xl,y,i,il)é S (V,}L,X) which

. satisly the following pwoperties.

Ny ' . =T ~
(i)We can construct a left parametrix Q€S (y)}L,x) for &, i.e.
",‘\' of L) 3 RE +
QA =1 + W , where w is a smoothing operabtor .

(ii),(ﬁrﬁ)'(:cl,yf,g,*(h 0 it (x,y) ¢ Q-

By this pronosition and lemma {1 one can’ prove theorem A, nobting
that. A? belongs to Sl(v, %,‘)O and thet Q is elliptic for [ + %o,
i.e. The symbol q(xl,y,é‘,if() of Q satisfy {q\z.c(tgﬁ— i¥l[+r-1)~mfor~

{xﬂ +lyl% O .

i/e need several steps to show prownosition 1.

10



Lemmz 2. For all oznd Q we have

m—
R A L G o O

. ,

Moreover if ve fix a C‘Z(Rl)-iurlction 9, then ?( ixl\l-w\y\)f‘; (x y,g,?\)
1,7°

belongs to (Y, 51\7() and (g( Y1+\J\)(A——,_ )(Al,y,g Yl) satisfies (3) for

s
h(:-:_ls}[) (£l> 0) instead of the constants

o{lel’l ().

c .
o{,%
Lemna 3. If condition 1 hold , then we get for some comstant

cC >0

o1 |4, (xl,y,g i’[)l<)}(z.l,y, rl)<c Ao (s ks l)\ .

Lemma 4.(CGrushin [2]). We find a constant €,>0 such that

hull 04 || 4, Gepays §50 00| !"lue)g(al)

for any . E when i%‘al

Set (y,h) with parsmeters z=(x,,&) by
Z - 1

1/2m

o) = <\AO(>:1,y,g,rp\2 # 1)

then by lemmz 2 end lemma 3, we geb:

Lemma 5. I |gfF1 , then we gotb

(1) Rz(s},fl) is a basic weight function which holds (5) and (6) for

A, : ang A indecvendant of parameters z.
b

(1) |3,y )% %1 2 A, 05,0%
(1i1) igl?gés Ao(x]_!»Yrgr‘l){é_i C“,B ,)\Z(y,g)m—lOH |

where Cd 5 are independant of z
’

11



Now, by lemma 5 we can apply theorem 1 for L =L (1&gl =1)
VA Xl,g

iefined by
2

L =L = = o (x D
e A S p(xy,9,8,0,)

dhere 3(K17y7§ D )=A (yl’J’gL ) (X11y7€—) ) end & (jl"’ 7% D, )

is the adjoint operator of A(Al,u,§ ,D_) .

_— ) . . - e m
Let e(’b;y,Dy;z) € 50 ,1,0 be the fundamental solution Ffor L, with

Z,

parameters z. ([f]= 1).

For any £ ([g}gl ) we get

Lemmas 6. If condition 1 and condition 2 hold, then there existe

the fundementel soluvuition U_(t;,y y;z) for LZ which a2dmits the expansion

below for Hz2m,

H-1 ’
u(’b;y, 3Z) = ZU (t; J,"L;Z) + vﬁ(’b;y,*l;z)
3~0 , .

\3,{‘3; uj('t;y,yl;z)lécj’ 4 (Y + ] y~imw )Ljﬂi& e:»:p[—co(v-k}&)zm'b]

l%‘ta‘; Vii(t-;y',fl;z)‘gcm’c{’%(v_k}krl@m Hz-s-ngx\ ’
(9) l ?‘36 u(thf) 1‘—')l~___ Ao c)(vl— l»\) k——‘u\!’x l?’texp [__Co HQmJG_]
for }.Lm”'c 28>0 eand 211 k_

Proof. For il=1 by lemmz 4 and theorem 2 , one can find a

constant C independent of z such 'bhub -

max sup ly’*’["ﬁ D e(t—bi,y,fl !g(}exp[-—czi:]
lc(lrwr\g,m%-KL ‘36R‘ 'Lék 1

for any §£>0, i and C,<Cq

Ao(xl,y,%,fp is cuasihomogencous in the sense

1z



e Wixl,?t~1y’ WE, fzgz;., M )=\ Gy, 8, 5,
then u(‘t;y,tt;z) is given by
G0 w05, 8, 5)=e (sl ]11 oy, LT E,)

\2T 2
(SZ:L}L Jgj '

(o8
where ')Z:Y\(g) is the positive root: of the eguation

By (10) ’ and theorem 1 we get the assertion.

oo

Put I‘(ley'y E, Yl):r(y"q;xl’%):‘g u(f;Y‘,‘L;leé)dt’ for i%\;"-l
e
Then R(}:l,g)zr(y,l)y;xl,g) is a left and right inverse of
p(}:l,y,g,l)y) . Let us define a psecudo-differential overator K(xl,;)

with parameters by

K(le%)ZR(le%)ﬁo(xl:y7§’by) .

Lemma 7. K(xl,g) is a left. inverse of A (x l’y’§’D ) with a

symbol lf(y,fl g‘) k(}.l,y, rl) which admits for zny d and @

—m-!d W"
M(vw) W

Moreover ‘)°( [*cj) +\y{)k(xl,y,g,"() belongs %o S’—m()),}l.,')f) for any

B R R

0o, 1
gec&a).
Proof. It is sufficient to show that r(y, ;}:1,§) setisfies
~2n—1l} 1R
EREMESCR I o =M (V07 p!e

and theat j"(pcl\ +‘y\)f\>:1,y’§ ’l) belongs to S~ “(v,;t,x)be lemns 2.
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Ve write

Kee) oo
-C(y 'L }>11§) J‘u(t .Vay( l’i)db + u('t;y,}l;xlat)dt )
TR )
=4 I

For Il we fix II such thet N Z2m znd use the expension in lemma 6.

Vle anply (9) taking k=2m for 12 . Tor derivetives with respect

t0 parameters Xland g, we can write for example

3 (y,Dy;xl,‘f;):—r(y’,Dy:xl,% )pgj(xl,y@,Dy)r(y,Dy;xl,E)
Then, by lemma 2 and symbol calculus of pseudo-differentiel
operator with parameters z:(xl,g) and also noting that R(Xl,g)

has pseudo-local vroperty with respect to y, one get the assertion.

By lemme 2 we can coastruct ﬁg(xl,y;g,q)ésm(v,yqx) such thet

]:’?g(xl,y,g,ll)‘}__ C%m for ‘Xli + vizl end 2;(7»1,3’@:11)=A0(X1,Yy§y'l)

if  |x {+{y « Now let us construct a pseuvde-differential
operator Q =0 (y ,3,J ,D_ ,D_) which is a left paremetrix for
B s -
R (xy,y,0, ,D, D) by 1 ).
f DI T
By X10Yy X:L,)X,g v using k X173 g ‘1

Put qs(xlayagy‘l):?l( lX]J +‘Y‘ )?2(‘\ )h Alyyag }1) +?l l\b:'”‘(f?)?l( 1@1\1)
G, C\Ef+ "[\2)1‘1(X1’3”§’7) +3’2(lxl}l+\y\)kl(xl,y,’;,'z) .

Hore X (2,5, =.r.10(xl,y,§,lz‘)“l, $1€Co(aY) such thet @, (+)=1 fri

14



E?l(t):o k2  end Cg2:i—?l . It is clear that 'qg(xl,y,g,}z) belongs
sTHY, 1 X) -
~t ’
, / - ; o 0,
(11) Ao (39,558, Dy VA Gy, ¥, 8,0 )T €87 % (y,p %)
vhere ngmin(gﬂ ;1)>O using (i) of lémma 1 .

From ({1) one can get a left parsmetrix Q€ S-m(y,}i,?c) .

For any £0 bhero exist Q'ena Alx X551 5, *L) 6 ()},)i,’)() such that
~ ) .. /
A(Xlryyi;’yl) = A(Xl_;Y7E,7Q) 1I (ley) € Q

IR (24 >(()<x1,y,g r{)\<z~: (y et T lpd o "R

or d=(dy dyrly) and f=(f;,0,63) -
If¢ is sufficient small, then by (12) there exists RO(:'SO(\J,WX)
the” inverse of I4Q (»T_«?;) . Set Q:ROQO, then Q is a recouired
left: psremetrix .

$

S 4. Prooves of theorem B and theorem C.

At first we show theorem B.

Define a weight function \(E 9‘1} by

s

A1) =?(§,Q)(Z|§j§1/ri+ “l\l/f ) o+ 1

where §€¢(2%) such that Cy(g) =1 (5|21) , Y5)=o (5l<1/2)

[}
s
jed]

~“E:.m:a.:«:(T,l,T:Z) . Then by (4) it is clear that

(13) Yu“1 kﬁC(UAu“ Hull ) Vué(}f:(Q).

15
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t is easy to see that A(}“l’y’ V() belongs to Dl 9.8 1f)>=(T1,‘C231)

Ehele! 6:(0,0,0). Now from (13) we can apply theorem 3 in §l for
|=0 ,choosing G,j such that Gj::("[lj—'rO”j)/2 (3=1,2) ana ®3:l .

hen for any K

CRd PO+ (kb 152002+ 11 By |

7\"(% O)/vq “1% \g ‘Zh(ﬁ)(“l’\/’g O) K(g 0)

: [/\'T‘P\
14) | y 6
6 et ] 45 305,002 >t |

low take N such that 2m[-2 EQI'-I+dl=2m+‘E'0 Kote that (14) is
troe for }k(?;) insteed of ?\,(§ 0) and put :{1—1‘, i,y:O‘ and
§j=izt&§g (j=1,2) such that }L(ﬁo)zl . Then qugsihom.ogeneity of

’,L(g) and A%%%(xl,y,%,O) we geb the following estimate

v s el Zaders ot ot dpl s |

0
where Y = min( %1 ,(”‘Sj——(fj)/Z ).

Hote that Z,L (0,0,4) 0 ¢ %0) §51:»°‘: 1gl=n (x%,&,¥°,D, W end
lmﬁkt\?(o o, )02 3 5 AR S 30

gquasihomogeneity of Ao(xi y,g,?) vie get the asgsertion of theorem B.
b

: 2
To show thecorem C we take Xgé,‘l)z(ZK’j}Q—x— ll'llz 3 1)1/2.
. !

Then by (3)o and theorem 3 we get for (xl,y)éK

16
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?\{(g’q)mé CK\AO(Kl,y’g’Yl)\ for [§‘+‘TI[£C>O

By quasihomogeneity of AO(Xl,y,g,q), it is elliptic for \xl\+\y‘¥ 0.
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