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ON THE UNIFORMIZATION OF COMPLEMENTS OF
_ )
DISCRIMINANT LOCI

K. Saito

Introduction

Let F(z) = 423—g22~q3 be a cubic polynomial and
A= 27g§—gg be its‘discriminanf. Let us‘consider elliptic

integrals of first and second kind:
I,(9,094) =§r

I,(9,9;) = §F

N -

dz

|

.z dz ,

where these integrals are integrals over a homology cycle
on the elliptic curve defined by w? = F(z).
Then we can show that they satisfy the following total

differential equation:

e ‘ d
1 A
dIl -l—z- -A—' w Il
g 1_as
dl, -2 12 % Py
L) z
| -3g,dgy + 3 93995
where w = A .
Sincé I =\(6g a4 1 g2 i——-)]’  thisr equation reduces
2 3 99, 3 72 994 1’

to an equation for I, of order two, which is a hypérgeometric
differential equation.

on the other hand, due to the theory of periocds of
elliptic curves, we know that two suitable linearly independent

solutions I{l), 1{2) give a uniﬁormization of the complement
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of the discriminant locus of A to the domain
H= {{(u,v) ¢ ¢2: Im(u/v) > 0}.

In this note we want to study the problem of'uniformiza—A
tion of complements of discriminant loci of higher dimension.
For this purpose we give a natural interpretation of the
above total differential equation as an equation with logdrith~'

‘mic poles. |

In 81 we define the notion of logarithmic poles and study
some basic properties of it. In particular we shali study
some relationships between the topology of the complement of
a divisor and algebraic properties of differential forms with
logarithmic poles along the divisor.

In §2 we give a systematic method to construct systems
of uniformization equations. Then an inversion problem is.
formulated.

In §3 we étu@y carefully an example of type A3, where
the inversion problem is partially solved.

The complete version with proofs will be published

elsewhere.

§1

first we define différential forms with logarthmic
poles and state some simple properties of these forms.

Let X be an n-dimensional complex manifbld and D a
divisor in X. t% is the ideal for D, which is reduced and
locally principal. Then we define: |

Qg(log D): = {w: germ of meromorphic p~form on i,w and

dw have onlyvsimple_polés along D}
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bery (1og D): = {6: gexrm of holomorphic vector field on X,
s J,¢ Jp!
(Q*(log D),d) defines a complex of differential forms with
logarithmic poles and Derx(log D) is closed under the bracket

product.
The usual pairing between forms and vectorfields can be
extended to a pairing

1
Qx(log D) x Derx(log D) -~ @X

so that each one‘is a dual 6)-module‘of the other. Therefore
Q (log D) and Dery (log D) are reflexive modules.

Let h = 0 be a local equation for D at x e D. Thenvfor
a meromorphic p-form w at x,‘the following statementé are
~equivalent. |
i) we Qg'x(log D)
ii) / 9h dh

. - —— 3 . p= 1 P
— w=ag + b wlth a-e€ QX x' b ¢ Qx,x

for i =1,2,...,N.

Now we define res: Qi{log D) » J{~ . where J{. is the sheaf
D D

of mermorphic functions on the normalization of D, as follows.

res (w)= a/gi
. i D

It can be easily checked that res is a well defined map
and we have an exact sequence:
o » o » al(log D) ~ L~ -
X X D

We can also show that the image of.Q; (log D) under res
contains the sheaf of weakly holomorphic fﬁnctionS'é>6 .

Now we want to study the relationship between the
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homotaopy tyﬁe of the complement of D in X on one hand, and
the sinqularities of D and properties of (Q (log D) d) on
the other hand.

The following is one of the first results in.this
direction. |
Theorem Let D = DlU i"LJDm be therdecomposition of D into
irreducible components at x € D, and:h = hl e hm be the
corresponding prime decomposition.

Then the follow1ng statements are equlvalent.

: 1 dhi
i) x'x(log D) = Qy + E GDX x h

!!95

ii) res Q (1og D) D.

i=1 i,x

iii) Qi . (log D) is generated as ‘QX 4 ~Module by closed
, :
forms.

iv) a)’ Di is normal i=1,...,m.

b) There exist analytic sets Aij c'Diei Dj so that

dim Aljé n - 3 and D; and Dj have normal crossing

outside of Aij for i,y =1,...,m

c¢) dim Dir\ ngq Dk <n-3 for i,j,k =1,...,m. .
Remark Under the conditions of the theorem we have:

1

¥ N X - NS
H (Qxlx(log D)) = @ and ™ (X~-D)

g .
We can choose a system of generators Yyeeeor Yy for the

local fundamental group of X-D at x ¢ D¢ X, so that the usual

'de-Rham duality

ah., -
H—l i3 holds.
2w¢ 3

Yi
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This 6bservation suggests that in general there exists
a kind of "duality" between Qi(log D) and nl(X—b).
1To support this idea, let us make some observations for
the case ofvplane curves.
i) Let D be a germ of an irreducible curve at 0 in ¢2 and
B be a small ball in @2 centered at 0. Then ﬂl(B-D) is
isomorphic to the knot group nl(a B-D), which is abelian
(2 z) if and only if D is nonsingular at’' 0 (L& ). On
the other hand fof_singular D using the Puiseux ekpansion
we can construct forms w € Qé(log D) whosébresidues are not

holomorphic on D.

ii) Let D = Dlu D2 be a ‘germ of curve in B ¢ (I:2 where Dl
and D, are smooth ‘and let m > 1 be the intersection multipli-
city of Dy and D, at 0. For suitable coordinates

D = {x(x—ym) = 0}. Then ﬂl(B—D) is a group with generators
9,+9, and a relation (glgz)m =(gzgl)m which is abe;ian iff

- ; L _ ydx - mxd 1
m = 1. On the other hand w = z§7§:§57—x € QB(log D) has a
holomorphic residue iff m = 1. ‘ . '

iii) Let D = Dju DZL).D3 be a germ of ?lane curve at

0 e Gz given by xy{x-y) = 0. Then ﬂl(B—D) is a group with
generators 91;92'93 and relations 919,93 < gzg3gl'= 939192’
This group is non-abelian and on the other hand

w = - (éi - gx) € Qé(log D) has a non-holomorphic ;ésidue.

. Xy X
Summarizing it is easy to see that we get the following

theorem.
Theorem Let D be a germ of curve in cz at 0 and B be a small

ball centered at 0 in mz. Then wl(BéD) is abelian iff
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Qé(log D) has only holomorphic residues.
Ndw let us come back to general situation
Theorem Let X be a complex manifold of dimension n > 3 and
D be a divisor on X. Then the statements 1) and ii) below
" are equivalent aﬂd iii) implies i) and ii).
i) res 9;(log D) = Uy
ii) There exists a n - 3 dimenéional analytic set A ¢ D, such

trhat the singularities of D-A are only normal crossings.

iii) For any point x € D, the local fundamental grou
n] (X-D) is abelian.
Conjecture ' The above three statements are equivalent.
Due to a Lefschetz type theorem of Hamm-L&, we can reduce
the conjecture to the following:
Conjecture Let D be a germ of surface in ¢3 at 0 and B
be a small ball in ¢3 centered at 0. Suppose the singularities
of D-{0} are only normal crossings. Then wl(B—D) is abelian.
We remark that the above conjeciure implies a well known
conjecture of Zariski: The fundamental group of the cbmple-
ment of a plane curve in Pz with only normal crossings is
abelian.
In order to study our uniformization-problem we need
another property of Qi(log D).
.Prop. The following statements are equivalent.
i)’ Qi(log D) is a. locally f;ee'!ﬂx—module of rank n.
1i) 9B(log D) ¥ Pr al(log D) for p = 1,...,n. |
iii) det Qi(log D)'g G&JKX+D), where Ky is the canqnicalf
line bundle of X. | '
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Conjecture The above statements are equivalent to:
iv) For any point x € D there exists a small neighborhood
B, of » in X such.that n, (B -D) =0 , i = 2,3,... .

One motive for the development of the ideas exposed in
this paper is that they might be a step in the proof of -this’
conjecture. ‘ '

We remark also that in the case n = 2 the conjecture is
true. |
Example Let. G be a finite reflection group acting on a
complex vector space V and H be the union of hypersurfaces
of reflections of G. Then the quoiient space VG can be con-
sidered as a complex affine space and DG = H/G defines a

weighted homogeneous hypersurface in VG. It was shown by

E. Brieskorn and P. Deligne that the space VG—DG is a
1

K{n,1l). In this case we can also show, that QV (log DG)
_ G _
is a free @Vc—moaule.
Now let us suppose Qi(log D} is locally free, let

Wyrees s be a local free basis and let Xl,...,Xn € Derx(log D)

be the dual basis. Then the exterior differentiation is
‘ n i ‘ dxl)\ N dxn
given by d = i£l w; ® X7 and WA ccrAw = 5

Since Qi(log'D) is locally free, it corresponds to a

*
vector bundle over X, which we shall denote. by Tx(log D).
The inclusion Qi C_Qi(log D) corresponds to a bundle homo-

* *
morphism i: Ty X is the cotangent bundle

of X. Remark that outside of D, i induces a bundle isomorphism.

*
-+ TX(log D), where T

. * .
Let us consider ker i as a subvariety of Tx, which we

denote by L and call the Lagrangean subvariety of logarithmic

S1-Ks-7



24
poles along D. Let us also consider coker i as a bundle
over D, which we denote by R and call the residue bundle

of logarithmic poles along D.

Theorem 1) L is a pure n-dimensional complete intersection
—_— . .
X

» 3 . *
symplectic form defining the symplectic structure on Tx

subvariety of T, such that the restriction to L of the

vanishes identically.

ii) R contains a trivial line bundle T over 3; such

that

supp (R/T) = supp (res ‘Sz}lc(log,ﬁ)/ (9'5') .

§2
The purpose of this paragraph is to formulate;én iﬁ-
version problem. First we shall develop a systematic
method for constructing systems of partial differen£ial
equations (uniformization equations) which have logariﬁhmic

singularities along D and which are parametrized by a finite

dimensional variety U(X,D).

n and

We restrict from now on to the case where X = ¢

D is ahypersurface defined by a weighted homogeneous poly-
: m m )

nomial h with h(t lxl,...,t n) = tdh(xl,...,xn).

We start from the assumption that Qi(log D) is free.

1l n

Let Wyreoo W, € T(Qén(log D)) and X ,...,X" € F(Dermn(log D))

n
be global dual bases. We may choose Wy and XJ to be
homogeneous -and w, = dh |
g us - 1 !
n
1 1 )
x=_2mx.........
d j=1 12 axi



Put deg Xt = - deg w, = di and 0 = d; < d2 < eee < d .

n
Then we have ] d; + n =d.
i=1 '

Definition Let @ be a free éhn—module. Then a connection

V on ?fwith logarithmic poles along D is a morphism

v: P~ Qén(log D) @ &

with i) Viw + w') = Vo + V'

ii) V(fw) = df @ w + fYu
V is integrable, if the following composition is zero.
, v 7Y _
X~ Qén(log D) 2 ® - Qén(log D) @ X
V is homogeneous, if it is a homogeneous morphism with re-
spect to the canonical graduation.
A connection V on 8én(log D) with logarithmic poles is

torsion free, ig/the composition

aln(log D) ! otn(log D)@ 9in(log D) +inn(1o D)
gn (109 ~ Qgnllog D)@ 9gn(log o0 (Log

coincides with the exterior differehtiation d.

Let us denote by U(mn,D) the set of all integrable,
.torsion free, homogenous connections with logarithmic poles
along D. The first remark we make is that U(mn,D) has the
structure of a finite dinensional algebraic variety.

‘ Conjecture U(Gn,D) # @ |
Example Let G, VG' DG be as in example in §l:
Then for G = A, Dy s Ep U(VG,DG) # 8 .

Now using the bases mi,XJ, we determine the coefficients
o ¢ r{agn(log D)) and rJik e T(@gn) for Ve u(c®,D)-
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Then V is integrable &y d wl = Yoowli A wd

i k

k=1
; : n
V is torsion freed$ d w; = ] wl Aw
=1 *

.V is homogeneous mg is homogenous of degree dj-di..

Prop. 1) An element w € Qén(log D) is horizontal (i.e.,
'Vw = 0) iff there exists a function u such that
T on ' _ -
a) w=4du= ) Xwu- wg

i=1 .

. n . .
p) x*x¥u+ 7 xtu rgk
i=1

il

0 fork,j=1,...,n.

. Let us call éhe system of eqguations (b) the system'of
uniformization equations with respect tc V ¢ U(En,D). |
ii) The system of uniformization equations has n + 1 C-
‘linearly independent solutions, which are multivalued
holomorphic functions on €@"-D.

We remark that the system of uniformization equations
is a maximally overdetermined system in the sense of the
theory of partial differential equations. To show this,
we have only to check that the symbol ideél of the system.
is nothing but (¢ () o(x3), k,3 = 1,...,m = exh), 1 =1,...,m°
whoge zero locus is just the Lagraﬁgean variety L of logarith-
mic poles along D. | |

In order to obtain some general properties of the
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solutions of the uniformization equations, we give some.

simple results on the coefficients Q = (wg) and T = ng .

Prop. For a given V ¢ U(Gn,D} there exists a constant
s+d. - :

s € @ so that F;l = 3 = 6;, for i,j=1,...,n and
1i _ s i . l_ s .. a
‘Pj =3 dj (i.e., wy = 3 wi) for 1,3 =1,...,n.

Cor. We can choose 1, Ujre-- U, as a base system for the

solutions of the uniformization equations, where the uy

are homogeneous of degree s (i.e., Xlu. = % u, or symboli-

1
cally
m m

1l n
ui(t xlp-colt

xn) = t ui(xl,...,xn)).

. i .
Now since tr Q = wy is a closed form it has a

i=1 m
m dh, ns = .zlmi dh
presentation 2 S; ® ; (= ¢ g 1= + 1) . in the
i=1 i :

I~

case when h is irreducible) where the hi are the irreduci-
ble components of h and s; € c.

Then we easily compute:

Sl S

i' — ’ LN AN ]
dgt(X uj) = C exp J tr @ =.ch; hm

and .
oaf(u;...u) Wa Ao e AW .
1 n 1l n i.
det = det{X u.) =ch ...h '
a(xl...xn) dxlA---Aan 3j 1 m

where ¢ is a non zero constant.

e n n
Let p: @ -D » @ -D be the universal covering of @ -D.

Let 5:.En‘:-§ > p" 1.5 be the universal covering of p 15,
in the case when h is homogeneous, where D is the hypersurface

S1-Ks-11
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in P™ ! gefined by h = 0.
Then (for s # 0) we obtain holomorphic a mapping -

N

u, = (ul,...,un) : ¢-p + " - {0} which commutes with the

€* action and which is of maximal rank. In the case when

h is homogeneous we obtain also a mapping

O et 1
a: PPT-B - PP

of maximal rank so that the diagram below commutes.

’ n . »
-D -+ @'-{0}

Now we are in a position to state the inversion problem.

I. How do the image domains H of u and H of u look like?
| In particuiar what can be said about the boundary of
H and f? /
II. When do the values ui(x) of the integrals determine the
value x? In.other words: when de the inversion

=l 5 with E o @ = P ,Eou

mappings E: H » ¢®-D and E: H + P
exist?
ITIXI. Describe the inversion map x = E(u) explicitly, when

it exists. Can it be developed as an Eisenstein series?

For n = 2 the inversion problem which we formulate here
can be solved for certain special cases by means of the
classical Schwarz Christoffel theory. |

In general the problem seems delicate and requires

a deeper analysis of the boundary of 4 and H, which we

Sl-KS-lZ
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don't accomplish here.

83
In §1 we have noted that an interesting example in the:
context of the problem of uniformizing complements of dis-
criminants is the case where V, = V/G, G a complexified

G

reflection group, and where the discriminant DG‘: V. is the

G
image of the reflection hyperplanes.

In this paragraph, we shall étudy in detail the case
where G is the Weyl group of type A3. We shall analyze the
systems of uniformization equations for this case in analogy
with the classical Schwarz Christoffel theory for the hyper-
geometric differential equations. 1In the case of the hyper-
geometric equation, which depends on parameters, dne haélan
inversion problem, which is solved by the classical theory
and the behavior of the different types of inversion maps
is well understood.

In our case GA= A, it turns out that the variety
U(VG,DG) parametrizing the family of all uniformization
. equations is a l-dimensional variety with two irreducible
components. At present we are not able to solve the inversion
problem for all possible parameter values in U(VG,DG). - How-
ever for a certain special point in U(VG,DG), thch we call
a complete elliptic point, we can_solve the inversion
‘ problem for the correséonding uniformization equations. We
shall describe the éolutions of this uniformization equatiop

by means of elliptic integrals.” This will be possible
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because in the case A.,, we can describe V_-D

3 ' ¢ Dg as a fibration

with fibres which are punctured elliptic curves. Finally
the inversion x = E(u) will be given by the classical
Eisenstein series of Weierstrass. |

This reduction to the elliptic integrals above comes
from the fact that the Galois group of a polynomial of degree
4 ig solvable. Hence we don't have any generalization of
the above reduction process for AL with n 2 4.

Let us denote by Vs, {(resp. V2) the .three (resp; two)
dimensional complex affine space of all polynomials of
degree 4 (resp. 3) of the form

_ .4 2
F(t) = t7 + x2t + gBt + Xy

3
(resp. F(z) = 4z~ - 9,2 - 93) . |
Let D3 {(resp. D2) be the hypersurface in V3 (resp. Vz) which
is the zero  locus of the discriminant A3 {resp. Az)-of the

polynomial F(t) (resp. F(z)), where

_ 3 2.2 4 2

,A3(x2,x3,x4) = 256x4 - 128x4x2 + x4(16x2+144x2x3
3.2 4
(4x2x3+27x3)

- 2 _ 3
b,(9,5,94) = 2793 - 9,

Then QX (log D,), Der (log D,) are free and dual
v, 3 vy 3} ar

bases are given by

11 3 3 3
X = (2%, =— + 3%, =— + 4x, =)
5 2 g 3 9, 4 %,
2 3 .2 3 1 5
Xo= 3y e * (=x5 + 4%,) 55— = 3 X¥3 3y

3 4

S1l-Ks-14
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2 _ J
: 2 3
9 2 9
+ (7 x3 - Axpxy) 5%,
o 2123
1 2 A3 :

1 3 : 2 2 2
Y. ((32x2x3x4 - 9x3)dx2 + (—l6x2x4+6x2x3+64x4)dx3

Wa =
2 3
- (4x2x + 48x.x%x,)dx,)
273 374 4
21 2. e 2 2.3 4 2
Wy = F FT ((8x2x4 3x2x3 32x4)dx2 + (2x2x3+24x3x4)dx3

3.9 2
+ (-432+16x2x4—18x3)dx4)

From this we obtain the following relations:

"
.-l
it

1 4=1,2,3 , x%,x3%) = % X
= 0, dw, = - 1 w W. = X, W w do, = - F W )
1 ¢ 9¥2 6 1A M2 2¥2 A B3 983 3 Y1A Y,

dx, A dX3 A dx,

A5

For Q% (log DZ) we have the following basis and relations:
dA2 _ '_3g3dg2 - Zgzdg3

.(;)- = e—— ;. W, =
1 A2 2 8,

| 1 .

— — - - - 1 dgz A dg3

du; =0 , de, = O W A Wy = ——
N S 2

We remark that wy and Wy form an involutive system.

Phéorem I. Let us put L = 16x, + % x2 ana m = x3L =

% xg + 36X% - 96x2x4. Thenvwe obtain:

§1-KS-15
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P
(o)
[

W

i
u
I

W=

=

i)

2

ii) m[L,M] = {P ¢ G[xz,x3,x4}: X°p = 0}

II. Let N: V3 > V2 be the holomorphic map defined by

1
g, = L(xz,x3,x4) and g3 = -v§ M(xz,x3,x4). Then we have:

s * = -
i) N (AZ) 16A3

ii) N*(ml) = 2wl

IIY. The fundamental groups of V3—D3 and V2—D2 are
braid groups, which are presented by suitable generators as
follows:

nl(v3—D3): generators al,az,a3.re1atlons ajaja;=aja,a,,

8333857333534

. - ajag=aga;
wl(vz—Dz): generators bl,b2 relations blb2b1=b2blb2
such that Ny (a)) = by, Nylap) = by, Nylaz) = by .
IV. Let X = {gz,gB)x(y,z,w) € szPZ:‘
yw2=4z3—g2yzz—g3y3}

be the Weierstrass family of elliptic curves and D the
: _ .

divisor of X defined by y =2z = 0. Theny =1, z = - 3 Xor
w = 2X3: g, = L, g3 = - % M defines a holomorphic map

I: Vj + X such that

S1~-KS-16
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i) I: Vv, - X-D is an isomorphism

3

I
>

ii) The diagram \ X is commutative.

3

N/
\F
Cor. An orbit of X2 which is qutéide of D3 is identified
by I with an elliptic curve punctured at infinity.
Remark. For the space of polynomials of higher'degree,
there exists no fibration Vo ™ Vi of this type, except the

above case and the trivial cases of n = 1.

Now let us compute U(V3,D3).

Let © be the 3 x 3 matrix with coefficients in
1 N . .
Qv3(1og D3).

4
gu; + ax,u, : gu, gu, ) w

dx.w, + ex. w

1
292 393 (gHz)w thxyuy T,

2 . . 1, ,
‘ébxz + cx,)wythxauw, ix 0 +iXgusg (g+§)wl+zx2w3)

where a,b,c,d,e,f,g,h,i,j,k,l.are undetermined constant
coefficients in C.

Applying the integrability condition 4@ = QA &, we
compute the coefficients. Thus we obtain the following

two components of U(V3,D3).

S1-Ks-17
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(73' - 3')"’1

4 .
- gkx w +3kx3w

272 3

1, 2
((2k+7)x2+6x4)w3

~<+ 3kx w2

3

C

k e

1
(k - f)m2

k
§ml+kx w

(k+l)x2w

4 oo e e wee e
. -

- Z(2k+1) ng0

3

The inditial equation is AZ(A - %) = 0.

The system of uniformization equations is

xt v Du = £

(Xz)zu = k(2x Xl -1 X3)u
2 3
x2%x%y = k(9x. X* + x.X%)u
3 2
32901 .9 .2 _ . 219
S ((X7) -—LX + Ex3x yu = k(6A2X 2x3
TXEe II
x 1
(G- g D Y2 o
o (4k-2) 30 K o k¥ w :
292 FW kX0, :
-3(-—1)x 0y ; g
*(-i<k+4{(x;z)x2 : ;k+£)x.'. .5
3 Iy 292 :
£303k242k-4) % V. b Tk (k+2) X0, -
4'¥3 ¢ 77 3¥3
3 : :
-=(k=-2)x,w : .
. 72 3¥2 : :

S1-Ks-18
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C s
S

where k € C*

The inditial equation is A(A—§+%)(k—§~%) = G.

The system of uniformization equations is

1k _1
X"u = (§ g—)u
(Xz)zu = - %E (Zk-l)xzu - %E X3u

3,2 _ k _
X"X"u = =3 (j, 'l)x3u + kx2X

.

2
.
% = (-Fk+e) (k-2)x2 + 303k%42k-4)x ) u
-2k (k+2) x ;X Pu-kor X u
Remark i) The above two types of systems give‘the same
equations when k = + 1 .

ii) The solutions of the system of Type II do not-
have an Euler integ;al presentation, since the initial
equation has separated roots;

Now let us consider the Type I.' Since the characteristic
exponents of the equations are 0,0, %, it is necessary for
the existence of an inversion may that % = % for some
integer m. The number m is the order of ﬁhe semisimple
éart of the monodromy transformation obtained by walking
once around a general point of the discriminant surface Dy-
In the particular case when k = 1.a basis of the
linear system of solutions of the uniformization equations

of Type I gives just the algebraic functions which are the

components of the inverse "map" of the ramification covering

S1-Ks~19



Vv ooV . The fact that these algebraic functions can be

developed as hypergeometric‘series of several variables.was
krown to Mellin.

Now let us study the most degenerate case, when ﬁ = o,
i.e., the case kx = 0. In this case from the equations we
check easily that X2u must be a constant. From this one
can deduce that the solutions of the uniformization equations
can be obtained as solutions of one of the two following

systems:

i) Xu+ Zu=20

1) x'u+ zu=0
qu = -1
(x)? + Za)u = %x3
Theorem Let us put‘
j( dz » '
u. (x) = . i=1,2.
1 Yi(x) /223 - Lz + % M o
2,
372 az
V(X) = [ ; ’
© th3 - Lz + % M

where y;(x) i=1,21is a horizontal family of canonical
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bases of the first homology group of the elliptic curves

Wl = 4z° - Lix)z + éM(x).

Then we obtain:

i) ui(x) i = 1,2 satisfies the system of equations i).

v(x) satisfies the system of equations ii).

ii) Let X = {(ul,uz,v) € ¢3: Im(ul/uz) > 0 U # muy + nu,

for m,n € %}
Then the image domain of the multivalued map

(ul(x), uz(x), v(x)): V3--D3 - ¢3 is equal to X.

iii) The following functions defined on X give the in-

version map for (ul,uz,v): Vy-Dy > X

-%xé = plv,u ,uy) = v? 4 2'{(v-nu;—muz)—z(nul+mu2)_2}

2xy = p'(v,u;,u,) = '{'-3, + 1 (V‘nul"’“"‘z)%}" tf

L = 16x, + %xg =60 ] (nu; + muz)-g4 C?pﬂ
%M 8 g _ 4‘x + 9_.2_ x,%, = 140 Z'(nul+mu2)'6._ .

L}
Here ] means the summation for all m,n € % except.
(m,n) = (0,0). |
For the proof we use the following lemma.

Lemma Let P(2) = 423 - L({x)z + l =M(x). Then
. 2

3.2 3 -112Lz4 - 3L222 + % MLz - %— +‘L?
((X7)" + 3¢ L)
. _ - 8PVP
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