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ONE METHOD OF REPRESENTATIONS OF INVERSE SEMIGROUPS

Jan Kastl

MOTIVATION,
Any inverse semigroup is isomorphic with the inverse

semigroup of partial injective transformations of a set.
Generalizing this characterization we study categories of
partial injective mappings between sets (closed also under
inverse partial mappings). Such categories (called inverse
categories) can be defined by the same way as inverse semi-
groups — categories with unique generalized inverses. But
the feature of categories can conversely bring a new view
of inverse semigroups.

ABSTRACT. '

Analogously to the inverse semigroups, inverse cate-
gories are such categories with generalized inverses the
idempotents of which commute. We may transform any inverse
category (inverse semigroup, in particular) to thé category
of isomorphisms and build a representation of the inverse
category from a functor F of this iso-category into sets.
Such representation of inverse category by the injective
mappings is called a canonical F-representation, or canonical
regular representation for a special type of the functor F .
It holds that any representation of the inverse category by
partial injective mappings is a factorization of its cano-
nical regular representation. This factorization is specified
by the relations on sets « +that we can roughly describe
as quasiorderings preserved by the partial mappings from
the canonical'representation.
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I. INVERSE CATEGORIES

In this paper we shall use the nonobjective definition

of category.

A category (X,.) is a class X with the partial
operation . satisfying the following axioms.

1) For'any X,7,% €X +the whole equality
(xey)ez = Xo(y.2z) is defined and holds true if either at
least one side of it is defined or the both expressions
X.Y 5 y.2 are defined.

2) For any x€X units dX,rX of partial operation
exist such that d .x.r is defined.

3) Only the set of elements xe X that jl.x.j2 is

defined exists for arbitrary units jl,j2 of . .

/ j is a unit of partial operation (X,.) iff

for Vx,yeX - jex is defined =—> J.X = X ;
. V.3 1s defined = y.]J =Yy .
The class of all units of (X,.) is denoted by J(X,.) . /

Note there exist unique units dX,rX for any morphism
x of the category (X,.) .
For jedJd(X,.) d, =j=r.; for Vx,yeX x.y is

defined iff r = dy ; d =4, , T =r_ - [5] .

A morphism f is called an idempotent if f.f = f
holds true. The class of all idempotents of (X,.) is

denoted by I(lX,.) / J(X%,.) < 1(%,.) /.

DEFINITION.
A morphism 2z of the category (X,.) is called

a2 generalized inverse of x€X provided that x.z.x = x



and z.x.z = z (are defined and) hold true.
A category (X,.) ‘is called an inverse category provided

that any morphism xeX has a unique generalized inverse X .

/ Let us note dz = r., rz=4d. . /

The inverse categories (X,.) where . is a total
operation on the set X are exactly the inverse semigroups

with unit.

PROPOSITION 1.
A category (X,.) is an inverse category if and only

"if any morphism x€X has a generalized inverse and the

idempotents of (X,.) commute.

Proof. Let (X,.) Dbe an inverse category. For any
idempotent feX Ff = f holds. Let the Composition of two
idempotents f.g be defined(%n (X,0) « / dp = rp = dg =T, /
The morphism b = g.fg.f is an idempotent. Namely,
g.fg.f.g.Tg.T = g.FTg.f . And Db.fg.b = gfgffgefaf = gfgfgfef =
=b , fg.b.fg = fggfgffg = fg , éo b = fg is the unique
generalized inverse of the idempotent b . fgfg = fg = gbf =
= gfgf . By the same reason gfgf = gf .

Conversely, let us suppose that the category (X,.)
has generalized inverses and if for any f,ge€I(X,.) f.g is
defined, then f.g = g.f . Notice, if 2z 1is a generalized
inverse of x , xz, 2x are idempotents. For generalized
inverses 21925 of one morphism x we may write: z2q =
= Z9XZq = BXZXZXZ,XB) = ZpXZqXeZqeXZqXZ, = LKAy = Zp e

It holds in the inverse category X = x y Xe¥ = V.X

In arbitrary category (X,.) we can define Green’s
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relations f,@ ,e@ guite analogously to the semigroups.
s,8 ~~ morphisms of (X,.) ,

ad b <-=—> Jx,yeX x.a=Db, y.b=a ,
a b <<<—> Jz,veX a.z =b , b.v

08,01 are equivalences on X which commute. (For any

Vo= a .
2,beX ) HJeceX adcRb <> dadeX a®Ra¥b . Actually,
afchb signifies xa =c¢ = bz, yc = a, cv = b , then

yev = yb = av, ycvz = ybz = a, Xycv = xav = b signifies
a&ycvxb . Analogously for the converse implication.

d= F.R = R.¥ is also an equivalence on X .

Let (X,.) ©be an inverse category. For idempotents
f,g el(X,.), f¥g «<— £ =g . Namely, f&g —> xf =g,
g =xff = gf , but also f = fg = gf .

Because for any morphism a€X adaa s 1t holds
afb &> 3a = bb . Analogously alb «<—> a3 = bb . Then

in the inverse cafegory adp <> 44 a3 =ad , dd = bb .

‘We can generalize also the partial ordering of the

" inverse semigroup for an inverse category (X,.)

For a,beX a=Db iff ab = aa (is defined and holds).

Let us note ab = aa —> ba

aa /da=db’ra:rb/'

ab = aa = (ab)
)

= ba and then 8a = 2abbaa = bbaa = baza =

=ba (=8b) .
Then we can easily prove a=b=c =— a=c ,
a=Db=a > g = b . == 1is a reflexive, transitive and

antisymmetric relation on X .

For idempotents f,g eIl(%,.) , f=g «—> fg =1 .

LEMMA 1.

The following holds for the elements of an inverse
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category '(X,.)
1) a=b =—> a=>
2) a=b, r. =4, dy =T, =—> X.a.y=Xx.b.y
3) a=1~f, f(’:I(X,.) —_ aQI(X,.)

4) TFor Va=xx 3! y=x such that a = y¥

aafa = aaaa

A

Il
o
Q©

Proof. 3) a = aaa = affa
4) a €I(X,.) ax=xXx , ax.ax = axxa = a and any other ¥

is y = yyy = yyx = ax .

The category of all partial mappings (PM,.) is the -
class of all triplé (f,A,B) , where f 1is a partial mapping
from the set A into the set B . The composition |
(f,A,B).(g;c,D) is defined if and only if B =C , and i%
is equal to (fog,A,D) . ( fog is the usual comﬁosition of
relations. )

Thé subcategory of all injective partial mappings (PIM,.)
is an inverse category -- (f,A,B) = (f—l,B,A) . Note that
(f,A,B) = (g,C,D) iff A=C, B=D, fCTg .

IT. CANONICAL REPRESENTATIONS

A functor F from the category (X,.) into the category
(Y,.) is a mapping of the class X into Y satisfying:

1) For any jeJ(X,.) (j)F is a unit of (Y,.) .

2) If X.y is defined, theﬁ (x.y)F = (X)F.(y)F is
defined and holds ( x,y €X ).

Let us note that the functor F satisfies (dX)F = d(x)F ’

¥

B
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(rX)F = r(x)F / xeX /. A functor from the inverse category

into the inverse category preserves generalized inverses

(X)F = (x)F , and also x=y — (x)F={(y)F .

If F is a functor from (X,.) into (PM,.) we can
describe it fully by the pair of mappings Fm,Fo from X
or from J(X,.), respectively, into sets such that

1) Vxex ‘(X)Fm;(a}{)Fox(rX)Fo ,

2) Vieds(x,.)  (Fm = 1d(5yp, » |
3) VX,ye:X , X.y is def. (x.y)Fm = (x)Fmo(y)Fm .
(x)F = ((x)Fm,(d,)Fo,(r )Fo)

Definition of iso-category (X, x)

Let (X,.) be an inverse category. We will define a new
partial operation x on the class X .
xxy 1is defined if and only if x.x = y.y , and then

xxy = x.y ( x,y€X ) /xx =37 =r =4 /.

I}
o
O
|
x|
i
™
™
ba
™
1l
M
™

The equalities (xxy). (x%7)
(§:§7.(X*y) =V§y show that x is also a partial associative
operation. XX %X = X , X xXX = X . It is to see that (X,x)
is a category and J(X,x) = I(X,.) . (X,x) is an iso-cate-
gory because in (X,x) , X is an inverse morphism of x

—  xxX , X%x € J(X,x) .

From the previous we can easily conclude that for units
f,g€dJ(X,x) there exists a morphism x +that TFfxxxg is

defined, if and only if f@g . So, the Green’s D-classes

devide (X,x) into connected Subcategories.

PROPOSITION 2,

Let (X,.) ©be an inverse category and F ©be a functor

from (X,x) into (PM,.) which satisfies



Vi, 2ed(X,x) (f)Fon(g)Fo £ f <«—= f =g

The following formulas define a functor ¢ from (X,.)

into (PIM,.) : (X)d)m = U (y)Mm /xeX/
V=X
(NP0 = |J (2)F0  /ije€d(x,.)/
Z =] :

We call the functor (;b a canonical PF-representation of

inverse category (X,.) .

Note that  satisfies the condition
Vxyex ()¢ = (1P —> (x)F = (y)F .

Proof. Any (y)Fm dis a bijection of the set (yy)Fo
onto the set (yy)Fo . According to Lemma 1 and disjunctive
character of F , (x)Pm is a bijection of set U _(z)Fo

z=X%X
onto U_ (u)Fo .

U=XX
For any jedJ(X,.) (3)m = U (f)Fm = U drypo =
. fe=j f=]
= (50 -

Let x,yeX now, and x.y be defined. (X)¢nlo(y)¢m =

U (v)Fmo(w)Fm . Because (v)Fmo(w)Fm = @ for any

Ve X
Wy v
VoW, VV £ ww |, (x)Pmo(y)Pm = U (v)Fmo(w)Fm =
V=X, W=y,
vxw is def.
= U (V*W)Fm .
V=X, W=y
VW= X.Y

But any t=x.y can be composed from +tyxxt , where

1y = xyy=x and Xt=—y . Namely, ZXt¥.Xty¥ = Xttty =

Il

Xty € I(X,.) , then we can easily compute (t¥)ty = ytty =
t

= YYXLY = Xt§ = Xttx = t(Xt) , t7.Xt = vttt = .
Consequently (X)‘f)mo(y)qu = U (t)Fm = (x.y)¢m .
t=X.y

43 is a functor of (X,.) dinto (PIM,.) . Let us
suppose now that dx,y€X such that ()} = (y)(j) , (xX)F #

#Z (y)F . The equality of partial bijections gives

U _(2)Fo = U _(uw)Fo , U_ (z)Fo = U_ (u)Fo .

Z= XX UW=yy 7, ==XX u=Yyy

7



80~

Because £ # (xX)Fo & |J (u)Fo , there exists u’=yy
‘, u=yy |
(xx)Fon(u”)Fo # g , u = xXx =yy ; symmetrically Jyy=3xX .

Analogously also XX = yy . It shows (x)Fm # (y)Pm , which
gives the contradiction (x)Pm # (y)¢m. .

DEFINITION.
A functor G:(X,.)—s>(PM,.) is a factorization of

a functor F:(X,.)—=(PM,.) if there exist partial mappings

bj from (j)Fo onto (j)Go ( jed(X,.) ) that satisfy
ViiGXf () (x)CGm is defined (in the poinf dlé(QX)Go )
12£ dfe(a)Fo  (Fivg, = o and (F)(x)Pm  is defined,
and then (L£)(x)Gm = ((f)(x)Fm)brX holds (and has

since).

Nétice that the definition of factorization is indepen-
dent on the natural equivalence of functors G~ G” and
F'rvF” ;

It is also easy fo show the relationship of factorization

between two functors is transitive.

PROPOSITION 3.

Let ¢) be a canonical F-representation of an inverse

category (X;.) . Let o« Dpe a relation on the sets (j)¢o
satisfying |

0) /<, => Jjeix,.) FH.FHhemd

D) F1Xfos folFy == F1LF3 |

) frelfor f3elfo T 35, F4<F0 <Ay

3) fpe<f, and if for some x€X (x)Pm is defined
in the point f, =—=> (x)Pm  is defined also for 1

and (f))bm L (F) dm

On any sét‘ (j)¢0 we can define a partial equivalence

=¥
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fy by D1 §3 702 L 35’ Felmy s F<m,
1 Cmyem, €()o0 ). | |

Let (j)rb be the set of all nonempty equivalence
classes of f} / jed(X,.) /. Then we can define for every
x€X a partial mapping (x)m from (dX)rB into (rX)rB
by following: - ‘

[f](x)rh = [(5‘)(x)¢m] iff ’(X)¢ﬁ is defined
fpr some f,' € [JEJ .

[T is a functor from the inverse category (X,.) into
(PIM,.) and it is a factorization of the canonical F-repre—
sentation ¢ .

Any factorization of ¢) can be obtained (up to a natural

equivalence)bby the described method.

Proof. The partial mappiﬁg (x)Im is defined correctly.
If (x)pm is defined for §oE"e[f] s there exists  §,
o= fpe gt and (by 3) ) (F)Pn>=(F) (x)ne<(g") (x)fn
especially [{f')(x)¢m] is a nonempty class of the partial
equivalence fri

Moreover, (x)m is an injective,partial'mapping. If we
have () (x)Mm fry (g)GO$m , then ((§)(fm)(B)m = g
is defined and holds because (X)Pm = ((X)¢m)'1 . Hence
[¥] = [(Eea]@M =[]

From the definition of [m it is easy to see that
(DM = 145y, for any jed(X,.) and (xS () mo(y)m
for x,y€X, x.y - def.. To prove that T“ is a functor into
- (PIM,.) we need only to show () o) mE (xoy) .
Let us consider Lf](x)rhvs [(f)(x)¢m] = [@] ,
MG = [(9)(7)9n] . There exists (§) G)pm > el
Then  (m') (y)¢m < () (y)¢m , _(rr)')<5c>¢m~<<<f><x>¢m)<i>¢m - f

?
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and it is defined ((nq")(}_c)4>m)(x.y)¢m =
= (") (@) ((Wpme(y)Pm) = () (r)pm . Actually
[E](X-y)f—'m = [f]((x)r’mo(y)f—'m) .

Finally, [7 was defined as a factorization of Cb with

bj from (j)¢o onto (j) o sending fl——>[_—§] .

Conversely, if the functor [*° is a factorization of
the canonical F-representation d) , we may define on every
set (j)Cbo the relation oL as follows.
i i . .= b.
fo<(7 iff _jgeJ(X, ) such that (JE)bJ (/9) ;
(is defined and holds) and ff_-é_ fw , where ff,f e I(X,.)

Y
are idempotents that fe(ff )Fo , n]e:(f@)Fo .

We shall show firstly that for any @1,’726 (3)430
(P)bs = (Moy  iff FE m Do Felm, .

It is to prove the implication when ((V)l)’bj = (@2)10j = .
In this case ('71)(f,91)<f>m = m, and (@2)(f,,72)4>m =M,

By the definition of factorization we have (oc)(f(yl)ﬂﬁ =d =

- (oa)(f,,)z)l'}{1 . Consequently, o = (oc)(.’t‘%.f%)f‘n?l . But it
shows: f:()s)(f,,)l. ,pz)¢m must exist that (f)bj = o . So
fié_ flyl. ,72' and actually I‘Ql>of ~><”)2 .

We see easily that the relation o satisfies the
conditions 0),1) and also 2). We shall prove 3). If fo(“)
and (@)(X)Cbm is defined, it means fféf‘? = YV, (@)(X)Ct?m =

= (@)(y)Fm where y= x . By Lemma 1 there exists v=y,

vV = £ and then (f)(v)Fm = ()E)(X)% . (f)(X)Cme(\_fV)FO y
(m)(x)9u €(Fy)Fo / ¥v<Fy /. Because (f)bg = (m)bg it
must be ((JE)(X)Cbm)bI.X = ((!9)(}'«:)4)m)brX . Really,

(f)(X)Cl)m e (rp)(X)C})m holds true.

According to the proved part of the proposition, o de- |

fines factorization !_' of Cl) « We have also shown that aj

/70
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defined by [E] F—J>—(§)bj is a bijection of (j) o onto
(j)r% / jed(X,.) /. Comparing the definitions we see that
[7 is the functor [’ with "renamed" morphisms (x)[ —
for V/XE:X (). (arX,(rX)rb,(rX)rg) = |

= (ag, (@0, (a)f0) « (™.

Thigs brings the proof to a close.

PROPOSITION 4.
Any functor from inverse category (X,.) into (PIM,.)

is the factorization of some canonical F-repregentation.

Proof. Let H %be a functor from (X,.) into (PIM,.) .
We shall define the functor F from the iso-category (X,x)
into (PM,.) by following:

1) if (x)Hm # & ,

(x)F = ((x)Fm, Im(xX)HmX{xx}, Im(Xx)Hmx{Xx}) , where ImA
means {9 ; :]§ (f)A :,@} and (x)Pm is defined by
(§,xx) —— ((£) (x)Hm,xx) .

2) if (x)Hm = ¢ ,

(x)F = ((x)Fm, {EP{xX},{E}x{Zx}) , where (x)Fm maps
(g,xx) to (E,Ek) and £ is one fixed element such that
€ & Im(f)Hmn for every fe€I(X,.) .

Let us note to this definition that (x)Hm = & iff
(xX)Hm = &4 .

The equality x = X.X.x also gives Im(x)Hm = Im(¥x)Hm .
Consider (x)Hm ™t = (F)Hm / and X = x /, we see that (x)Hnm
is a bijection of the set Im(xX)Hm onto Im(ix)Hm’ (identity,
especially, for x€I(X,.) ). It shows easily that F - is
a functor from (X,x) into (PM,.) .

The functor F satisfies the condition from Proposition 2.

’/
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‘We ‘can build the functor ClD -— canonical F-representation.

of (X,.) and its factorization will be H . Let us define

on the sets U (z)Fo relation o as

2=

(f:f) o< (’p,g) iff f= /p £E and f=2g .
o evidently satisfies assumptions 0) and 1) from Proposi-
tion 3. |

Consider that f,ge I(X,.) are idempotents, f.g is
defined. If there is féﬁ Im(f)Hm n Im(g)Hm thenfEIm(f.g)Hm .
Naméiy, (f.}g)Hm’: (f)Hmo(g)Hm is the equality for partial
identities warranted by property of the functor H . Then
(£,8) >= (f,7.2) L (Fre) -

This proves the assumption 2) (and will show that aj
is injective).

Assumption 3). Suppose (f,f) o ()E,g) , (f,g)(x)¢m
is defined, / xeX /, 1i.e. (f,g)(X)CPm = (f,g)(gx)Fm =
= ((f)(gX)Hm,:'ch) / g=x% /. Because (f)(f)Hm = £ ,
(£) (gx)Hm = (f)(f-gX)Hm = (£)(fx)Hn (and also =(f)(x)Hm ).

'Hence (f,f)(x)‘bm = ((f)(fx)Hm , xfx ) is defined and

(£,2) (x)fm =< (5,8) (x}m .
According to Proposition 3, o defines factborization
[T of Cp . This functor [ is natural equivalent with H .

- Define the bijections 2 / jed(X,.) / of ()Mo
onto (j)Ho by  [(f,£)]—=F . Then [(f,e)] ((NMmeay ) =
= ((A)(x)Hm, Xg'x)ay = (§)(x)Hm -- defined iff '

J g'=xX.g and J?e:Im(g')Hm ;  equivalently feIm(xi)Hm
(‘end (f,8) € (e)F0 ). |
But under the same condition, it is defined
[(j?,g)] (g0 (x)Hn) = (§)(x)Hn .
We have verified (x) m o ar = adX,,(X)Hm and the proof
is complete.

/2



ITI. CANONICAL REGULAR'REPRESENTATiCNS

A special case of inverse category is a connected
category of isomorphisms. Small connected iso-category is
a Brandt ‘s groupiod; thin connected iso-category is the ca-
tegory (X,.) satisfying le,jzeJ(X,.) J1 xex
Ay = J1» Tx = o -
LEMMA 2.

Let (X,.) be a category. (X,.) is a connected iso-

category iff it is isomorphic with the cartesian product

of a group and a thin connected iso-category.

Proof. Let us fix one unit q of the connected iso-
category (X,.) . Choose for any jeJ(X,.) one morphism
g €X satisfying dmj =q , rmj = j . The category (X,.)
is isomorphic with cartesian product of the group (G,.) ,

G = { x€X ;4 =1 = q} y - 1is the operation of (X,¢)
and of the thin connected iso-category (T,°) , where T =

= { (31030 5 5109, €3(%, 00} and  (dy,3,)" (igrdy) = (iysidy)
is defined iff j, = iy .
Injective functor H of (X,.) onto (G,.)x(T,°) can
o - -1
be defined by (x)H = (mdx.x.mrX ,(dX,rX)) .
Conversely, it is trivial to conclude that the cartesian

product of connected iso-categories is also a connected iso-

category.

Call the representation C of a group (G,.) by inner
right translations the Cayley’s representation of group --
(g)C = (fé,G,G) / Pq mapsv.glk—> glsg;/. Let S be a
functor from thin connected iso-category (T,*) into (PM,.)

/3
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which is injective ( injective on J(T,°) ) and (L)So £ &
/teda(n,) /. | |

We can define a product functor Cx3 from the category
(G,.)x(T,*) dinto (PM,.) by following

for units (1,L)(Ccx8)o ax(L)So / ted(1,) /,

fgx(*c)Sm / g€G,TeT /.

Il

]

for morphisms (g,T)(CxS)m

DEFINITION.
Let H Dbe an isomorphism of connected iso-category (X,.

onto product (G,.)x(T,*) of a group and a thin iso-category.
The composition of H and the described product functor -—-

R = Ho(CXS) -- 1is called a regular representation of (X,.)

LEMMA 3. |
'~ Any functor F from a connected iso-category (X,.)
into (PM,.) is factorization of a regular representation
of (X,.) .

( If (j)Fo # g for j€JI(X,.), the factorization is

total —- bj are mappings. )

Proof. Let us suppose that the iso-category (X,.) is
directly (G,.)x(T,*) and that F satisfies (1,j)Fo # 4 .

Choose one unit aeeJ(T,') and define an equivalence m
on the set (1,%)Fo Dby )

Z, m Z, iff Jget (zl)(g,%)Fm = Z5 .
Denote Y {[z] : z€(1,2)Fo} / £ % / and fix for any
y€EY one z_€y .

y ,
We shall define an injective functor S from (T,°) into

I

(PM,.) as (()So = ¥x{t} for (ed(T,*) and (T)Sm , for
TeT , will map (y,d¢) —s (y,r¢) .

The functor F will be a total factorization of the

1%
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regular representation R = CXS .

Let us define / for any € J(T,.) / a mapping b, from
(1,)Ro = GX(L)So into (1,L)Fo as (g, (y,))b. =
= (zy)(g,71)Fm , where %, is a (unique) morphism from T
such that dqz = 2, Iy, = [

Any b, is onto. Namely, if we (1,t)Fo then Vg =
= [(u)(l,ctzl)ijeY and there exists g,€GC

(Zyu)(gu,%)Fm = (w)(1,%T%)Pn . Consequently (g, (7))L =
= ((W(L,EHM) (A, 5)F = u .

It holds for any morphism (f,w) € GXT bdwc(f,m)Fm =
= (f,w)(CXS)m,obrw , which shows that F is a total

factorization of CXS . For any element (g,y,d,) namely

(g,Y;du)(bdwo(f,Q)Fm) = (Zy)(g.f,Tiu)Fm and also
(,7,80) ((£,0) (CxS)meby, ) = (g8.£,7,1)by = (2,)(g.£,75,)Fn .
DEFINITION,

A canonical F-representation ¢ of inverse category (X,.)
is called a canonical regular representation provided that the
restriction FD of the functor F on every connected sub-

category (D,x) 1is a regular representation of (D,x) .

Note that it is easy, for any inverse category ' (X,.),
to construct (injective) functor F from (X,*) into (PM,.)
satisfying the condition of Proposition 2 and whose restric-
tions FD are regular representations of (D,x) . Because
any canonical regular representation is injective (Proposition 2)
every inverse category is isomorphic with an inverse category
of partial bijections between sets. EaSily, any inverse category

is concrete.

By Proposition 4, any functor H from inverse category

VA Y



88

(X,.) into (PIM,.) is a factorization of a canonical
F-representation - ¢ . According to Lemma 3, there exists (D,*)-
regular representation R of (X,x) the total factorization
of which is the functor F . It is easy to verify that the
mappings bf from the factorization R onto H build map-

pings LJ bf of LJ (f)Ro onto (j)¢o factorizing the
f=7j f=j

canonical R-representation onto 43 . Consequently, H is
a factorization of canonical regular representation. So, we

have proved the following proposition.

PROPOSITION 5.
Any representation of inverse category (X,.) Dby partial

injective mappings between sets is a factorization of cano-

nical regular representation of (X,.) .

According to Proposition 3 the factorizations of canonical

regular representation are described by relations a<_ . In

. particular, it describes any representation of thé inverse

semigrdup with unit by partial injective transformations (cha-
racterized in [2] — 87.3) as a factorization of its canonical

regular representation.

PROBLEM.
- Is there a simple connection between relations °<: and

closed inverse subsemigroups (for the effective transitive

representations) ?

/6
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