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FREE PRODUCTS WITH AMALGAMATION OF. ORTHODOX

SEMIGROUPS

Teruo Imaoka

1. Introduction

A class of algebras )1- is said to have the strong

amalgamation property if for any family of algebras { LR ie1'}

frbm ;¢, each having an algebra U ¢ )¢— as a subalgebra, there
exist an algebra B in )¢ and monomorphismé ¢i: Ai + B,
i € I, such that

(i) épi[U = ¢j{U for all i, j e I,

(i) A6, N Aj¢j = Up, for all i, j e I with i # 3,
where ¢i|U denotes the restriction of ¢i to U.. Omitting
the condition (ii) gives us the definition of the weak
émalgamation property. Adding the condition that A, = A.

J
for all i, j € I, to the hypothesis of the definition of the

strong amalgamation property gives us the definition of the

special amalgamation property.

It is well-known (seé [ 3 1) that in a class of algebras
closed undef isomorphisms and the formation of the union of
any ascending chain of algebras, each amalgamation property
follows from the case [I| = 2. Hence we shall consider, in
this paper, only the case |I| =2,

The classes of algebras for which the strong or the weak

amalgamation properties are known to hold are "groups, groups
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with a given operator domain, commutative groups, fields,
defferential fields of characteristic 0, partially ordered
sets, lattices, Boolean algebras, locally finite-dimensional
cylindric algebras of a given infinite dimendion{ 6 ],

pseudocomplemented distributive lattices B , n <2 or n =g

n
[ 2 1, inverse semigroups, semilattices[ 3 ], commutative

inverse semigroups|[ 4 1".

In section 2, we shall first study the free product of
orthodox semigroups. Secondly, we shall give the free product
of the variety # of bands.defined by an identity. 1f A
is the variety of [left, right] normal bénds, we can déscribe

it in a more useful form.

In section 3, we shall add the following classes of
semigroups to the list above: "[left, right] normai bandé,
reqtangular bands, left[right] =zero semigroups, one element
semigroups, M[L.N, R.N}-inversive semigroups". Moreover, the
variety of bands defined by an identity P = Q has the strong
amalgamation property if and only if P = Q is a permutatioh

identity or a heterotypical identity.

In section 4, we shall show that the varieties of [left,
right] regular bands, left[right] quasinormal bands and [left,
right] generalized inverse semigroups have the special

amalgamation property.

The notations and terminologies are those of [ 1 ] and

[ 8 ], unless otherwise stated.
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2. Free products

At first, we shall give the free product in the class of
orthodox semigroups. Let Si' i e I, be a family of orthodox
semigroups, and let S be the free product of the Si in the

class of semigroups.  For X = X. X, ...X. , X, € Si , in a

k J 3
reduced form in S, set

W(x) = { x! ...x! x! ¢+ x. e V(x. ) },
i, i,74 lj 1j
where V(xi)(= VS (xi)) denotes the set of inverses of X, in
i
Si' If x ¢ Si' it is obvious W(x) = Vsi(x).

By an argument similar to the proof of [ Theorem 1, 7 1,

we have the following theorem.

THEOREM 2. 1. Let ~ denote the congruence on S
’ . ' '
generated by all pairs (xx'x, x) and (x X1X2X2"'ann
Xlxlx2X2"'XanXlX1 5 2...x x) 'Yy for x, Xq Kot wees Xn in S
and for x' € W(x) and xﬁ € W(xj), i=1, 2, ..., n. Then

S/~ is the free product of the Si in the class of orthodox

semigroups.

Let A be the variety of bands defined by an identity
P =‘Q.’ If P =Q 1is heterotypical, it follows from [ 8 ]
that ﬂt.is one of the varieties of rectangular bands, left
zero semigroups, right zero semigroups and one element semi-
groups. Let ﬁi be the variety of rectangular bands. Let
{ Si: i eI} be a family of rectangular banés. For each Si’
there exist a left zero semigroup L;» say, and a right zero
semigroup Ri' say, such that Si = Li X Ri,'i e I. We can

3
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assume without loss of generality that L, N Lj = O and
RinRj=E[_if i# 3. Let L=U{Li:i€I},R=
U { R, * iegI?} and B =L x R. Define a product o on B
as follows:

(a;r by)ol(a,, by) = (a;, b,) .-
It is clear that E(o) ié the free product of the Si in. )4’.
Similarly, we can easily construct the free products in the
other three varieties of bands.

So we now consider the free product in the variety of

bands defined by a homotypical identity.

THEOREM 2. 2. Let # be the variety of bands defined

by a homotypical identity P(Xl’XZ""’Xn) = Q(Xl,Xz,...,Xn).

Let Si’ ie I, be a family of bands belonging Eg__ﬁl, and let

S be the free product of the Si in the class of semigroups.

Let ~ be the congruence on S generated by all pairs

2
(x~, x) and (P(xl,xz,...,xn), Q(Xl’x2""’xn)) for x, X1
Xyr e+ey X in 8. Then S/~ is the free product of the

s; in s

Next, we shall consider the free product in the variety of
[left, right] normal bands. In this case we can describe it
in a more useful form. Let Es i e I, be a family of normal
bands. It follows from [ 9 ] that each E, ie I, is
isomorphic to the spined product Li [h] Ri(Fi) of a left
normal band Li and a right normal baﬁd Ri with respect to

3 { L :0, eTT. } and
a; i i

a semilattice Pi. Let Li

R, = { R : qa, ¢ Fi } be the structure decompositions of Li

i o . i
i
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and Ri’ i e I, respectively. Then the structure decompositiop
of each E,” is E, = 3{ L xR : a, € I'. }, We identify
i i o, o . i i
i i
each E. with I{ L x R :a, ¢ I'. }. To construct the
i oy oy i i

free product of the Ei’ we can assume without loss of

generality that Ei N Ej =[O if i # 3, and we assume

U { Lu s a. € Fi’ ieI?} =1L, say, and U { Ru : 0, € I'.,

. i . i i
i i
i eI} =R, say, are both disjoint unions. Let T =
. (1) L.

{ (ai)ieI' a, € Fi , only finitely many but at least one oy
different from 1 }. For convenience, we write simply (ai)
instead of (ai)ieI' Let B be the subset of L x R x T
consisting of (a,b,(ui)) such that a ¢ La and b ¢ Ra

3 k
for some aj # 1 and O #1 of (ai). Hereafter, we
sometimes denote such (a,b,(ai)) by (a,b,(ui;j,k)). By

e(ai) and f(Bj), we mean elements e and £ of Lui and
RBj' respectively. Define a product o on B as follows:
‘ (a,b,(ai;j,k))o(crd,(si;m,n))
= (are(ay8,) Fla B )-d, (a;8)).
Then it is clear that B(o) 1is a normal band, and we have the

following theorem.

THEOREM 2. 3. Let E., i e I, be a family of normal

bands, and let Ti, i € I, be the structure semilattice of Ei'

Then B(0) is the free product of the E; in the variety of

normal bands. Moreover, the structure semilattice of B(o)

is the free product of the Fi,‘ig the variety of semilattices.

COROLLARY 2. 4. Let Li’ i e I, be a family of left

vt i s p———  —
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normal bands whose structure decompositions are Li = zq La :

a; € ry }. Let L =V {vLa.: a, € Pi, ieI}l}, and let T be

a semilattice defined above. Set

E = { (a,(oci;j)) g L x r a e Laj, oy #1 }.
Then E(o) is the free product of the L; Ain the variety of

left normal bands. Moreover, the structure semilattice of

E(o) is isomorphic to the free product of the Fi, in the

variety of semilattices.

COROLLARY 2. 5. Let s be the variety of [left, right]

normal bands. = Let E;, i ¢ I, be a family of [left, right]

normal bands, and let B together with the monomorphisms ¢i

be the free product of Ei’ i& the variety of [left, right]

normal bands. If F., 1is a subset of E;» i e I, then

< U { F.¢,: 1 el } 3 is isomorphic to the free product of the

Fi in the variety of [left, right] normal bands.

3. Strong amalgamation

We shall first show that the variety of left normal bands

has the étrong amalgamation property. Let Ll and L be

2
left normal bands with a common subband U. Let the structure
L - o,
decompositions of L,, L, and U be L; = I{ Ly: a e T },

L, = { Lg: a e T, } and U = %{ U,: oc¢ A}, respectively.

We can assume without loss of generality that Ll N L2 = U,
— o o _ . :

Fl n F2 = A and Ly N L, Uu for all o e A. Let

L=1, UL, and [ = (r{) x r{P)\(a, 3. 1t follows

6
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from Corollary 2.4 that

_ . o 8 (1) (1 .
E=1{ (a, a, B) e L x T: a e L, U Ly, o€ Fl , B € Fz }
is the free product of L and L in the variety of left

1 2
normal bands, if its product is defined by

(ae(ay), oy, BS) if a e Ly,
(a, a, B) (b, v, 8) = {
B

(a*e(BS), ay, BS) if a e L2'

where e(o) denotes an element of Lg, i=1, 2. Hereafter,

e(l) means 1.

We define a relation 6 on E as follows:

( 3. 1) For elements (a, o, B), (b, v, 8) of E, define
(a, a, B) 85 (b, v, 8) to mean that there exist
oge A and u e U0 such that

(ar o, B) = (clr Elr,nl)(u: g, l)(czl 52: nz)r‘
(b, Yo §) = (clr Elr nl)(u, 1, 0)(021 52: nz)y

1
for some (cy, E;. nl), (cyr Ey n,) e ET.

1 t

Uoe, U1 and let 5 = 8.

Let 6, = 6 0

1 0
Then of course 6 'is the congruence on E generated by

{ ((u, 0, 1), (u, 1, 0)): u e Usr 0 e A }. Since any
homomorphic image of a leff normal band is also a left normal
band, E/6 1is a left normal bands.

LEMMA 3. 1. If (a, a, 1) 8 (b, B, y), then there exist

g € Al and u ¢ U0 such that

ure(y) e U and. a = b(u-e(y)) (in Ll) if b e Lg,
bue U and a = (bu)-e() (in L;) if b e LY,
where U, = {1}.

Let ¢;: Ly » E/6, 1 = 1, 2, be mappings defined by

7
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x¢p; = (x, @, )8  if x e Li,
v, = (v, 1, )8 if y e L.

It is clear that ¢l and ¢2 are homomorphisms. Let x and

y be elements of L% and Lg, respectively, such that
X6, = ¥b,- Then (x, o, 1) 6 (y, B, 1). By the lemma above,
1

there exist o, T €' A7, u e U0 and Vv € UT such that x = yu
and y = XV. Therefore, o = B and x = xy = (yu)y = VY.
Hence ¢l is a monomorphism. Similarly ¢2 is a monomorphism.
By the definition (3.1), it is clear that ¢l]U = ¢,|U.

Next, we shall show that L1¢1 N L2¢2 = U¢l. Let x and
% and Lg, respectively, such that
x¢l = y¢2. Then (x, o, 1) 86 (y, 1, B). By the lemma above

y be elements of L

and its dual, there exist o, T € Al, u € U0 and Vv ¢ UT
such that

vyu e U and (yu)+*l = x (in L),

Xxv e U and (xv)+l =y (in L2).
Then x, y e U and x =y. Thus we have Ll¢l N L2¢2 Cc U¢l.
It is obvious Ll¢l n L2¢2 2 Ud, - Hence Ll¢l N L2¢2 = Ud, .

It is clear that < Lydq U L2¢2 > = E/8 and that E/6

together with Y and by is the colimit of Ll and L

malgamating U, and we have the following theorem,

2

THEOREM 3. 2, We use notations defined above. Then

E/6 is the free product of L, and L

angc M

amalgamating U, in

the variety 9£ left normal bands. Moreover, the structure

semilattice of E/6 1is isomorphic to the free product of Fl

and Fé amalgamating A, in the variety of semilattices.

8



48

COROLLARY 3. 3. The variety of [left, right] normal

bands has the strong amalgamation property.

COROLLARY 3. 4. The class of M[L.N, R.N]-inversive

semigroups has the strong amalgamation property. Then the

class of regular semigroups defined by a permutation identity

has the strong amalgamation property.

The following example, due to T. E. Hall, shows that the

variety of left regular bands does not have even the weak

uamalgamation property.

Example. et s={e, f, g, b}, 7=1{ £, g, h, x, v}
and U=1{ f, g, h'} be a left regular band, a left normal
band and a left zero semigroup, respectively, whose multiplica-

tions are defined as follows:

o
o

g h f g h x vy

e e g g h £} £ £ £ x x
£ £ £ £ £ g|l9g g9 9 v vy
g g g g g h h h h x x
h {h h h h X X X X X X
y Yy ¥y vy Y Y

Supposé that there exists a semigroup W such that S U T

can be embedded in W. Then, since W is associative,
ex = e(fx) = (ef)x = gx = vy,
ex = e(hx) = (eh)x = hx = x.

Thus the elements x and y must coincide in W, a contradic-
tion.
1f s is one of the varieties of rectangular bands, left

zero semigroups, right zero semigroups and one-element.

9
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semigroups, it is easy to see that & has the strong
amalgamation property. Then the following theorem follows

from [ Corollary 1, 4 1, Corollary 3.3 and the example above.

THEOREM 3. 5. Let sl be the variety of bands defined

by an identity P = Q. Then s« has the strong amalgamation

property if and only if P = Q 1is a permutation identity or

a heterotypical identity.
4. Special amalgamation

We have seen that the variety of left regular bands does
not have even the weak amalgamation. property. However, we
shall show that it has the special amalgamation property.

Let L = %{ L:oce '} be a left regular band and
U = x{ Ua: o € A} a subband. We can assume without loss of
~generality that T 2 A and Lu 2 U, for all‘ a £ A. Let

Ll and L2 be left regular bands which-are isomorphic to L

such that Ly N L, = 0, and let v;s Lo Li’ i=1, 2, be
. . ' o o _ B _
isomorphisms. Let Uiv_ Uv Li Lavi and Ui = USVi for

ir
all aoaeT, Be A and i =1, 2.

Let S be the free product of L and L in the

1 2

variety of left regular bands. Hereafter, let a; mean
" a; is an element of Li ", where 1 =1 or 2. Define
a relation 6 on S as follows:

a. a, ...a, 6, b. b, ...b, if and only if there

iy i, 70 5y g
exist u in U and ¢ _c¢, ...c, ,d 4 ...d4
kl k2 kp m; m, mq

in S such that

10
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a, a, ...a, =oc¢_ 606, ...c, (uv,)d d_ ...4
i, i, i, kl k2 kp 1 m, m, mq'
b. b. ...b. =¢ ¢ ...c, (uv,)d 4 ...d .
J1 33 jsl kpky kg2 mpmy Ty
_ - .t
Let el = 60 U 60 U 1, and let 6 = el.
It is clear that 6 1is a congruence on S. Then S/6 1is 3

left regular band.

DEFINITION 4. 1. Let a be an element of L.

A sequence (X. , X. , ..., X. ) of elements of L, UL  isg
i i 1 2
1 2 n )
said to have property Pi(a), i=1, 2, if there exist uy uzh
. 1
ceer s Vi Yoy eeey Vn in U such that
(1) ul =1,
.. -1, . . .
(ii) uj(xi'vi_)vj e U if lj #£ i,
J 3]
(iii) a = .1,u (x _l)v
s A R e Nt

LEMMA 4. 2. Let a be an element of Li’ i=1, 2.

If a® X (in S), then (x. , X. , «.., X. ) has

X. X. .
J1 32 Iy T 1 2 by T

property Pi(a\)i ) .

Let ¢,: L, ~» s/8, i =1, 2, be mappings defined by

a¢i = af for all a ¢ Li'
It is obvious that each ¢i, i =1, 2, is a homomorphism.
ILet a and b be elements of L satisfying ag; = b¢i.
Then a6 = bf. By the lemma above, there exist u and v in
Ul such that

am%)=b and bW%)=a.

/
Since Li is left regqular,

a Mmﬁ)=bbwn)=ba=mb

a(uvi)ab = a(uvi)b = b,

11
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and hence ¢i is a monomorphism.

By the definition of 6, it is obvious vl¢l]U = v [u.

2¢2

Let a and b be elements of L and L respectively,

1 27
such that a¢l = b¢2. Then we have a6 = bbo. By the lemma

above, there exist u and v in U1 such that (avIl)u e U,

(bv;l)v £ U, by, = (avll)u and avll = (bv;l)v. Then we

-1 _ -1 , .
have av," = bvz e U, and hence Li44 N Ly, - Uvy 6q - It is

. A _
obvious that Li94 L 2 Uv Therefore Ll¢l N L,yo,

292 191

le¢l, and hence we have the following theorem.

THEOREM 4. 3. Let U be a subband of a left regular

—_—_— e ———————ee — —

band L. We use the notations defined above. Then S/8 is
the free product of L1 and L2 amalgamating U in the
variety of left regular bands. Thus the variety of left

regular bands has the special amalgamation property.

Moreover, the structure semilattice of S/6 ig-isomorphic to

the free product of T amalgamating A in the variety of

semilattices.

COROLLARY 4. 4. The varieties of [right] regular bands

and left [right] quasinormal bands have the special

amalgamation property.

We can not answer whether or not the variety of bands has
the special amalgamation property. There is a counterexample
in [ 5 ] that the variety does not have the special amalgamation
property. However, we remark the eXample is not true. So we
raise the following problem.

Probem 1. Does the variety of bands have the'special

amalgamation property ?

12
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An orthodox semigroup S 1is called a [left, right]

qeneralized inverse Semigroup if E(S) forms a [left, right]

normal band. Let S be a left generalized inverse semigroup
and U a left generalized inverse subsemigroup. Then S ang
U are isomorphic to the left quasi-direct products _Q(L@ r; A)
and Q(V@® q; M), respectively, for some left normal bands L
and V and for some inverse semigroups T (A) and Q(A). We
can assume without loss of generality that L 2V, I' 2 Q and

A DA, Let L and L be left normal bands which are

1 2
isomorphic to L such that L, NL, =[], and let v, ,: L~ L;,
i =1, 2, be isomorphisms. Let Fl and FZ be inverse

semigroups which are isomorphic to T such that Fl N F2 =0,

and let ﬂi:F > Fi, i=1, 2, be isomorphisms. Let Vi = Vvi,
Ai = Aﬁi, Qi = Qni and Ai = Ani, i=1, 2. Let L = %{ L(u):
a € A} be the structure decomposition of L. Then the

structure decomposition of each Li' i=1, 2, is Li =

z{ L(a)vi: o e A} = %{ L(ui): a; € Ai }, where L(ai) =

-1 . . . .
L(qiﬂi )vi. We identify each L, with I{ L(ai). a; € Ay }.
Let T* be the free product of Fl and FZ in the class
of semigroups, and let L* = Ll U L2. For any element
. -1 -1
Oy O, oos0. in T*, a. € ', , let us denote (o, 7. ) (o, m: )
i, 1, i, 1j lj i1 i1,
-1
oo, m.7) by 0. . ...0, . Let T=1{ (a, a; 0; «..0; )
n *n s *n 1 2 1h
e L* x I'*: a ¢ Li and avzl € L(oci Oy eee0y all...a;la;l) }.
1 1 1 72 n n 2 71
Define a product on T as follows:
(a, O Os oo )(b, B- B. -..B. )
142 *n J1 92 Im
= (ac, 0. O: +«.0., B. B. «..B. ),
12 h J1 J2 Im

13
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where ¢ is an element of Li such that cv;l is contained
1 1
-1 -1 -1 -1 -1 -1
in Lo, o0, ...0. B. B. ...B. B. B. e R A D I
11 4 h 1 32 Im I J2 31ty 1Y

Let 6 be a relation on T defined by

(a, a; a; «..a, ) 68 (b, B. B. ...RB. ) if and only
1 12 n J1 3> In
if o; a4y eeet; YV B. B oe..Ba and one of the
1 1o n J1 732 In
following conditions:
(1) a=>» if i, =3¢,
(ii) there exists v ¢ V such that
av;t = buit = vuih i i) # 3,
1 J1 1

where ~ 1is the congruence on T* such that TI*/n
is the free product of Fl and Fz amalgamating A
in the class of inverse semigroups.

We can easily see that 6 is a congruence on T, and hence

T/0 1is a left generalized inverse semigroups. ' Let
(a, a;, a, ...a, )6 denote the ¢-class containing
i, i i
1 72 n
(a, 0. O: eea0: ).
11 1 n

LEMMA 4. 5. Let ¢,: 8; » T/8, i = 1, 2, be mappings

defined by

= -1
(a, ai)¢i = (a, ai)e where a; € Tyy ace L(aiai ).

Then ¢i, i=1, 2, are monomorphisms satisfying the following

[ . .
two conditions:

where (vi, wi), i=1, 2, are isomorphisms of S onto Si

defined by (v, o) (v, m;) = (v, ar;) for (v, a) e S.

14



Moreover, the structure inverse semigroup of T/8 is the free

———

product T*/n of Fl and Pz amalgamating A in the class

of inverse semigroups.

THEOREM 4. 6. The class of [left, right] generalized

inverse semigroups has the special amalgamation property.

It is natural to raise the following problem.

Problem 2. Does the class of [left, right] generalized

inverse semigroups have the strong amalgamation property ?
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