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Homéombrphisms on a three dimensional handle

Mitsuyuki Ochiai

Mcmillan proved that any two sets of generators for “P(H)
are equivalent for an orientable handle H . We extend his
result to the non-orientable case . These results are interest-
ing in view of non-orientablé Heegaard diagrams » in particular
IPxS' . All manifolds considered are to be triahgulated . All
embeddiﬁgs and homeomorphisms are to be piecewise linear .

Definition. Let H be a compact connected 3-manifold .

We say that H is an orientable or non-orientable handle with
genus n respectively when H is homeomorphic to szs‘#-.-# D"xS1

or M'xI # --- # M'x I where D* is a 2-disk ’ s' is a 1-sphere ,
Mzis a Mobius band , I is a unit interval and # is a disk sum
( boundary connected sum ) . Note that D' 8' # M I is
homeomorphic to M'xI # M'xI .

Definition., Let H be a handle with genus n and J;,eecey dp

mutually disjoint simple closed curves on aH . We say that

7
[Jgls, is a system of generators for m; (H) when S is connected
and the inclusion homomorphism m1(S) —» n; (H) is onto where
m o .
S = aH -_gﬂN(lﬁ,eH) and N(J3,9H) is a regular neighborhood of

@g’s in 8H .
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A

T ~ n
Definition. Let [Jz), [J, ], Dbe two systems of generators
"8 ~ N
for m; (H) . We say that [JkLH is equivalent to [l&kqﬂwhen there
is a homeomorphism h of H such that h(J;) = 3; (i=1,2, ,n)

and h(H) = H ,A

Definition. Let M be a compact 3-manifold . We say that
M is irreducible when any two-sphere embedded in M bounds a

3-cell in M .

Now 1et’M be a compact connected 3-manifold such that sM
is non-empty . Then we have ;

Theorem 1. If M is irreducible and m1(M) is n-free , then

M is an orientable or non-orientable handle with genus n .
( Compare theorem 32.1 [5] and lemma in [3] and see lemma 1 in
[8] . )

Next let H be an orientable handle with genus n and [J%LQI,

[3%1:1'any two systems of generators for mi;(H) . Then the

following lemma follows from Mcmillan’s method .

Lemma 1. [JkL:1is equivalent to [Eklzd..

Proof. See lemma 3 in [8] .

Hereafter suppose that H is a non-orientable handle with
genus n and J; ,...., J (m21) are mutually disjoint simpie
closed curves in aH such that S = aH —421§(J%,6H) is connected
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and the inclusion homomorphism m,(S)—s n,(H) is onto .

Lemma 2. If at least one of [Jp).. is a non-orientable

Fe-1
loop (let it be J; ) ,then there are two handles Hi , H, such
‘that H = Hy # Hy , the genus of Hy is one , H1 D J1 , and the

genus of H, is (n-1) .

Proof. We prove the lemma by induction of the genus of

H . At first it is trivial: by lemma 2 in [8]r. We may assume
“When the genus of H is one
that the lemma is true when the genus of H is less than n and

that the genus of H is n . Then we will verify that the lemma
is true . Let 4 be the natural homeomorphism from H onto H*,
a disjoint copy of H . Then form the compact 3-manifold M by

*
identifying points which correspond under 4/S = S . Since the

inclusion homomorphism n1(S)——e-n,(H> is onto , the inclusion
homomorphism ny (H) —> n; (M) is onto by van Kampen [2] . It is
also one-to-one since the identifying map is the natural homeo-
morphism of H . Hence mq (M) is also n-free ..Now at least one

of oM is a Klein bottle K since J; is non-orientable .

Consider the inclusion homomorphism m4(XK)—>®; (M) . Since my(M)
is n-free but n1(K) is not , the kernel of the inglusion
homomorphism is non-trivial . By Loop theorem [6] and Dehn’s
lemma [5] , there is a 2-disk D in M such that D ~ oM = D ~ K =

_3_
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8D and oD is not homotopic to zero in K . We may assume that

oD is oN(J;,9H) , where J;C K , or a meridian circle of K by
the lemma 1 in Lickorish [1] . Then the first case does not
happen , since m1 (M) is free . By the general position argument

» DNnS consist of only one arc and simple closed curves . If

all the simple closed curves are homotopic to zero in aH , then
they are also homotopic to zero in S because of S being

connected . Thus there is a 2-disk D such that oD = oD and

5r§s is only one arc . Then DAH = E is a 2-disk and E~sH = oE
’ E}{gzlﬁ= EnJ; and EnJ; is only one point . Let N(EvJ; ,H) be
a regular neighborhood of EvJ; in H . Then N(EVJ, ,H) is a
non-orientable handle with genus one such that eN(EwvJ, ,H)DJqy .

-]
We sét Hy= H - N(EVJ,,H) , then H = Hy# N(EvJ,,H) . It is

easy to see that H1 is a handle with genus (n-1) by theorem 1 .

Next if DnS contain at least a simple closed curves which is

not homotopic to zero in aH , then there is a 2-disk E in H

* m
(or H ) such that EnsH = aE , Er\ku, &=¢ and 2E is not homotopic
to zero in oH . Two cases happen that sE separates aH into two
components and otherwise .

Case(1). Soppose that oE separates oH into two components .

Then by corollary 1.1 in [8] E separates H into two components

_4_;
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H , Hyp . By theorem 1 , Hy, Hy are handles with positive genus
. ( Since oE is not homotopic to zero in eH . ) Thus H = Hi# Hy
and oHi2J; or eH,>J; . Let aHy contain J; and Sj= sHj-};J1N.(Jﬁ,eHj)

N m K3 . dj;ﬁ
where [Jﬁlﬁkj[JiLﬁt= [Jllkt . Then S; (Jj=1,2) is connected and

Hy (3=1,2) is a retract of H . Then the inclusion homomorphism
n1(Sj)-—->n1(Hj) (j=1,2) is onto . Since the genus of Hj (j=1,2)

is less than n , by induction there is a non-orientable handle

with genus one such that it’s boundary contains J1 .
Case(2). Suppose that oH - 8E is connected . Then by lemma
4 S - oE is connected . Hence there is a simple closed curves w

which intersects sE with only one point , and which has no

intersections with [Jﬁjaq. Let N(Evw,H) be a regular neighbor-
hood of Euw in H . Thus H = H # N(Evw,H) where Hi= H - N(Eu w,H)
. By theorem 1 , H1 is also a handle such that sH;D>Jy . Since‘

Hy is a retract of H , the inclusion homomorphism mq (Sq ) —smq (Hy)

is onto where S = 6H1—§ZN(J&, oH ) . Since the gehﬁsAof H1 is
less than n , by induction there is a handle with genus one such

that it’s boundary contains Jq . ( Note that case (2) does not

happen if m = n . ) Q.E.D.
T
Lemma 3. Let [J%]%1be a system of generators for ni(H) .

Then at least one of [lﬁ£:1is non-orientable .

-5 -
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Proof. Since the inclusion homomorphism 74 (S) — mq (H) is

is onto , S is non-orientable . Now we may assume that all of

' [Jﬁli1are orientable . Then S is embedded in a 2-sphere since
S is connected , the Euler characteristics of sH is 2-2n and

‘ all of [J%L;1 are orientable . It contradicts that S is non-

orientable . Q.E.D.

It is easy to verify the following theorem 2 from lemma 2

and lemma 3 and lemmal .

Theorem 2. Let H be a non-orientable handle with genus n
™ ~ T ,
and [Jﬁlﬁqﬁ [3 1;., two systems of generators for mj(H) both of

which contain the same number of orientable simple closed curves

. Then [JEL;113 equivalent to [3%1:;.
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