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Analytic propariies of the lattice Green's function

T. MORITA+ and T, HORIGUCHI
Department of Physics, Ohio University,

Athens, Ohio 45701 , U.S.A.

Abstract. Theory of functicnz of a complex variable is applied
to show that the lattiece Green's function Gd(t;r) is an analytic
function of the variabie ¢, except when ¢ is associated with a
cvitical point. Singular behaviour of Gd(t;r) is given for ¢
around its singular voiute u, for the case vhere w, is associated
with the non-degenerate critizal points. For the one-dimensional
gystem, the singularx bebaviour is given also for the degenerate
cri:ical points. Pogsibility of cancellation of the sipgular
behaviour is suggested for some of the sites r. The singular

tehavicur derived for im Gd(t;O) is the same as givern by Van Hove,
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1. Introduction

We consider a regular lattice. The lattice Green's function is

defined as the solution of the difference equation of the feorm:

| t G (t;r) - g Jg Gylesrea) =8 Y (1.1)

r,o

where t is a complex variable, r denotes a lattice site, and @ are vectors
from the lattice site v to its neighbours. d denotes 1, 2, or 3 according
as the lattice is one-, two-, or three-dimensional. The boundary value

of.Gd(t;F) is zere when ir]+ =, The solution is of the form:

1 eikw{
Gd(t;r‘) = -—v-; Iﬁ dk ;‘W s (1.2)

where the integral is taken ever the first\gt first several Brillouin
zenes in the K-space and the denominator Vd denoteg its volume. wd(k)

is given by

0 ) =] 3 oJk-a , (1.3)
. a .
which is a periodic function of k; the pefiods are the reciprocal lat-
tice vectors K, which satisfy K-a = 2r times an integer for all a.
The imaginary part of the value at the origin of the lattice
Greén's function, Im Gd(s-ia; 0), is the level density g(s) of the

system of harmonically coupled oscillators;
g(s) = 1Im Gd(s - ie; 0) , . (1.4)

where s takes on real values and ¢ is an infinitesimal positive number.
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General properties of the level density g(s) have been discﬁssed by

Van Hove (1953) in terms of behaviours of the’surface of constant wd(k)

in K-space. 1In the present paper,.we present a gene:al discussion of
Gd(t;r) as a complex function of complex t on the basis of the general
theory of a complex variable. The basic assumpﬁion is that wd(k)
occurring in (1.2) is an analytic function of each of the components of

k, say kx’ ky’ as well as kz for the three—ﬂimensional case, when we assume
complex values for these variables. This assumption is satisfied for
wd(k) defined by (1.3) if Jy is of finite range: e.g. if there exists

a distance R such that

g, = 0 if la] > r. (1.5)

We notice that the lattice Green'é functions for two- and three~
dimensional lattices are integrals of. the ones for one- and two-
dimensional lattices, respectively. With this observation, we first
investigate the 0ne~dimension;l case in detail, and then proceed to the
two- and three-dimensional cases. The purposes of the following three
sections are to give a proof that Gd(t;r) is analytic with respect to t
when t is not associated with the critical point kc where t = md(kc)
and awd(kc)/akc = 0 . Sections 2, 3 and 4 are devoted to the linear,
square. and cubic lattices, respectively. In section 5, the singular
behaviour due to the non-degenerate critical point is given for Gd(t;?)-
For one-dimensional lattice, the singular behaviour due to the degenerate
criticél point is given in section 2 and the Appendix. Section 6 is for

conclusion.



2. One-dbneﬁsional lattice

We consider a linear chain with equally spaced lattice sites. By
using the spacing of the lattice sites as‘the unit of length, the lattice
Green's function for this system is given by

COosS nz

in) = — [V |
G, (t;n) 3 [ dz T2 NO) , (2.1)

=
where the ﬁariable t takes on complex.values and n is an integer..

By definition (1.3), ml(z) is a periodic function of z with period 2w,
and so is the integrand of (2.1). Hence the 1imits of the integratioh -1
and 7 may be replaced by "an arbitrary angle o and o+2ﬁ. Tﬁe function
wl(z) is assumed to be an analytic>function of 2z for éomplex variablevz.'
The intégrand itself is, therefore; an anlytic fﬁuétiﬁg éf z excépt4g;
‘the poles which can oécur aﬁ the zéroé of t—wl(Z). We shall deno;e the |

.

Zeros as z_:

0
t -w (z) = o ’ S (2.2
or
-1 .
zg = w, (t) - V . | (2.3)

For a real or a complex value of t, some of 24 will be real and some
others will be complex.

First we consider the case when Im z,. is finite for all z The -

0 ‘ 0..
analytic function t=m1(z0) and its inverse zo=mzl {t) induce continuous
mappings. Hence when t is in a sﬁall'rqgion A around the given value of

t, Im zO remains finite; cf. Fig. l(a)rand (b). In that cése, the inte-

grand of (2.1) and its derivative with respect to t are aunzlytic functions

7
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of both variables t and z for t inside of A and z on the path of the in-
tegration (2.1), and we confirm that G(t;n) is analytic with respect to

t at its given value (see e.g., Whittaker and Watson 1935).

Fig. 1

In the second place, we consider the case where some‘of 2y occur on
the real axis or in its immediate neighbourhood and they are isolaté@,
by & finite distance from each ethef. Then we can deform the path of
the intégraticn from the straight line to a curved line which is separated

by a finite distance from all the z.'s; cf. Fig. 1{(c). When -7 and n are

0

“in an immediate neighbourhood of one of z_.'s, we choose the starting

0

point of the integration to an angle g which is not near to any of

z,'a; cf. Fig. 1(d). By such a choice of the path of integration, we

0
confirm that the integral is anélytic for this case also, where the

same argument as in the preceding paragraph is used.

Now the cases excluded from the above discussions are the cases

when twe or more 2, appear on the real axis or in its immediate neigh-

0
bourhood with an infinitesimal distance between them; that is t=m1(zoy
and wl(ze+6)~ml(z0)=0 where 8=0; cf. Fig. 1(e). As wl(z) is an analytic
function we have

t = w (z,) —9-w(2)~=0 (2.4)

170 ’ dzo 1*°0

for this case. Such is the only case when we cannot prove that Gl(t;n)
is analytic with cespect to t. The t given by the first equation of (2-41

will be denoted by W, when the latter éduation is satisfied by a real

value of z0 .

s
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Let a real z, be a zero of vth order of the denominator of (2,1)
and v22, when t=wc. Then in the neighbourhood of zo'there are y z for
which wl(z) is equal to t if_t-mézO by a well-known theorem of the theory
of analytic functions (see e.g., Ahlfors 1953). In fact, when t-u 0,

‘ , v . '
the zero of t ml(z) (t—wc)+a(z-zo) +0(z—zo) occurs at z=zd+[(wc—t+

o(z—zo)v+l)/a]1/v 1/v+ 0(wc-t)2/v, where a ig a non-

= ° Ex -

zy [(wc t)/al
zero constant. For a suitable choice of the t~uc, some of the zeres
appear above the real axis and some below the real axis if Im t=0. If

we deform the path of integration to a finite distance from Zgo the

integral becomes an analytic function of t, but we have an additional
contribution from the poles which weie passed through the route of the
deformation of the path. If one deforms the path to the above of the
real axis, one obtains the following contribution from each pele just

above the real axis:

€Os nz

: 0 : /v
i {1+ 0[{w-~-t)"""1} (2.5)
al/v v(wc-t)l-llﬁ ¢ ) _
or ' '
sin nz0‘§i§{n[(mb—t)/alllv + Q(tdc“t)z/v }
-i .
al/v v(wc—t)l_llv{l + Ol(mc-t)l/v}} ) {2.6)

according as cos nzo%o or cos nz,.=0, where Im{(wc~t)]a]1/v>>0, In

0
order to obtain the singular behaviour at t:wc, we have to take a sum~
mationiof (2.5) or (2.6) pver’all z4 which satisfy (2.4) for a given value
of t=wc. In particular we notice that, if (2.4) is satisfied at a 2g»
it is also satisfied at -2z, for our lattice. >When the cqntributions
for z4 and ~z, are summed, (2.5) contributes twice of that expression

but (2.6) cancels exactly. That means wé ‘do not have a singularity if



cos nz, =0 is satisfied even if (2.4) is satisfied.

0 ‘
~ We conclude this section by the following- theorem: Gl(t;n) is an

| analytic function of t except when: there exists such a real z, that equa-
tions ml(zo)=t and wl‘(zo)=0 as well as cos nzo#o are satisfied. If such
is the case, the singular term is obtained by taking a‘summation‘of the

]1/\)

contributions. (2.5) over all vth roots [(wc-t)/a -with a positive

imaginary part for all z satisfiing (2.4). An alternative expression

0
for (2.5) is given in the Appendix for even values of v.
For real Zy t=ml(zo) is real. Hence Gl(t;n) can be singular at

t on the real axis and is always analytic if Im t is not zero.



3.. Square lattices

The lattice Green's function for the square (rectangular)ylattice

is expressed as an integral

1 . o }
GZ(t;m,n) = o {: dy cos my Gl(t;n;y), . | (3.1)

where the integrand is the lattice Green's function for/é one-~dimensional .

system:
‘- » . - __I.'_._ w -—-—-—-—;‘._—_._. »
Gl(t,n,y) > {w dz cos nz T wz(y,z) . (3.2)

- Here m and n are integers.

' The spacings of the layers occupied by the lattice sites are used as
the units of length for the y- and z-directions, respectively. By
1'using the arguments in the prece&ing section, we see that Gi(t;n;y) de=~
fined by (3.2) is analytic with respect to t as well as with reépect
to y, except when a real value Z, exists such that
3w, (y,2,)

t = wz(y,zo) s Q0= azo (3.3a)

and cos nzO#O.
We now consider the integral (3.1) for a fixed t inside a neighbour-

hood A of a given point on the t-plane. If all the singular points of

the function Gl(fgn;y) as.a function of y are éither complex with a
finite imaginary part or are isolated when they aré on the real axis

Or in its immediate neighbourhood, one can chooée the path of integration
 in such a way that the integrand of (3.1) and its derivative with respect
to t are analytic functions of both variables t and y'for t inside of

4 and y on the path of integration. Then one confirms as in the pre-
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ceding section that the integral (3.1) is analytic as a function of t
in the neighbourhood of the point in the t-plane under consideratiom.
The only points t at which the integral cannot be shown to be analytic
are the cases where the two or more singu%arities of Gl(t;n;y) as a

function of y exist with an infinitesimal separation § on the real

axis or in its immediate neighbourhood. For such a case, we shall assume
that those singularitiesvoccur at y, and Yo 4+ 8. ‘The conditions that the
integral Gl(t;n;y) given by (3.2) is singular at Y=Y is given by (3.3a).
The corresponding condition for the point Yo + 6 is the existence of

real z; such that

t = mz(y0 + 6, zl) R 0 = _321 (3.3b)v

and cos nzl¥0.
Here we shall assume that Yo and yd+8 are the only singular points,
on the real axis or in its neighbourhood, of Gl(t;n;y), and that real

z, and zy éatisfying (3.3a) and (3.3b) are uniquely determined. Further-

more we assume that the z0 and zy occurring in (3.3) are different from

each other. In that case, we divide Gl(t;n;y) into two parts as follows:

G, (t;sn5y) = Gfl)(tsn;y) + Giz)(t;n;y) ’ (3.4)

ay, ... _ 1 ¢z *z))/2 cos mz (3.5)
G1 (t;n;y) = o™ {" 0“1 dz E—:7;;?§ZZ)

(2) 1 ﬂ cOS nz (3.6)
G, (t3n3y) = 7 ————— ’

1 27 (20“1)/2 t - w,(y,2)

where we assume 25 <2 without loss of generality. The first integral (3.5)
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has a singularity at Y=Yq and the second (3.6) at y=y0+6. When (3.4)
is substituted into (3.1), one finds that the contributions due to each
of (3.5) and (3.6) and hence the total (3.1) are analytic with respect

to t in the neighbourhoed of the t under coﬁsideratiou.

We cannot show that Gz(t;m,n) is analytic if 252 - -Then (3.3)
reduces to
4 : 3w, (¥.>2,) w, (y,,2,)
270’70 270°70
t | wz(yo,zo), oy, 0 , 2 - 0  (3.7)

and cos nzo¢0. The above analysis is concluded by the theorem that, if

and only if there exist a set of real y, and real z, which satisfy (3.7),
0 0

t=w2(y0,zo) is a singular point of the lattice Green's function Gz(t;m,n).
When cos my0=0, we interchange the roles of y and z in the above
discussion. Then one concludes that the t is not a singularity even if

(3.7) is satisfied for a set of values of y0 and zo

The argument given at the end of the preceding section is applied

to show that Gz(t;m,n) can be singular only at t on the real axis and

is analytic if Im t is finite.

/0
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4. Cubic lattices

We express the lattice Green's function for the cubic (orthorhombic)

lattices as follows:

GB(t;Q,m,n) = '?%n f“ dx cos 2&x Gz(t;m,n;x) s (4.1)
, -7
where
1 " i cOS My COS nz
G,(t;m,n;x) [ dy [" az - . (4.2)
2 (23)2 I s t wa(x,y,z)

and 2, m and n are integers.

When one proceeds as in the preceding section, one first sees that

GB(t;l,m,n) can be singular omly if

3m3(x0,y0,zo) ] awB(XO’YO’ZO)

o

=0

LS @w3<x0ry0,zo) ’

ayo » azo . :
— . (4.3)
P b I Syt Wbt SIr) o
- LA 3 b
370 1’71 ayl agl
and cos myo#Os cos nzo#o, cos myl¥0 and cos nzl¢0. If Yo and i are
different, we divide the integral (4.2) over y into two parts and find
“that G3(t;2,m,n) must be analytic, etc., by the same argument as in the
preceding section. As a result, we conclude that G3(t;l,m,n) is singular
at t only if there exists a set of real Xgs Yo and z such that
t = w3(x03y0’zo) s
BmB(xo,yO,zo) _ 3w3(x0,y0,20) ) 6m3(x0,yo,zo)
3x - ) - 3z = 0 .8
0 Yo _ 0

and cos RXO#O, cos myo%o and cos nzO#O. .o

By the argument given at the end of section 2, one sees that the

sin%ularities of G4(t;4,m,n) occur oply at real values of t.

/!



5. Non-degenerate critical points

The conclusion of the preceding sections iz that the lattice Green's
function G(t;r) is analytic if Im t is finite. If u, is one of the

singularities, it is associated with a kc with real components satisfying

dw, k)
k) o, d e = 0

c ale 3k¢ . N (5.1)

(5.1) represents either (2.4), (3.7), or (4.4). kc for which amd(kc)/akc=o
is satisfied is called a critical point. It is called a "nen-degenerats"
critical point, if the determinant of the second derivatives, the Hessian,
of wd(kc) is not zero. |
We shall give the behaviour of Gd(t;r) at t near 0. which is associated
ouly with non-degenerate critical points. We shall denote the total
number of those critical points kc that wd(kc) is equal to the given value
w_, by n, and the n values of k_ by k(l), k(z), « « o« and k(n). We
c , c c ¢ c
divide the total region Q of the integration in (1.2) into small regions
ey
¢

A, around

1 » and the remaining Q'=Q-Z?=1Ai ;

c,(t;m) L4 « e 7 [ & Skl (5.2)
tr) = —— _— —_—{ (5.
d vy (iﬂ, t -0,k =18, t - w k) }

If t is so near to w, that ]t-wd(k)l is finite as far as K is outside of |
the small regions A;» we confirm that the first term on the right-hand
side is analytic with the aid o£ an argument similar to that given in the
~ the preceding sections. : |

In evaluating the contributions from the integral over Ai’ we expand

wd(k) in powers of k-kgi), choose suitable coordinates and write as -

/2
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2 3 :
) aj g, T 0@ ) (5.3)

LN F=N

wd(k) = w, -

3

(Van Hove 1953). The coefficients aj_may be positive or negative. The
total number of positive @ ié called the index of the critical point
of wd(k) at kéi) and is denoted by X (O:Aéd).. When W is the maximum
value of wd(k),'k=d, and when W, is the minimum, A=0. If 23d and
O<)<d, mc corresponds.to a saddle point of the plane or hyper-plane
wd(k) as a function k. The integrations with respect to gj are taken

over the region A,. The singular behaviours are expressed in terms

i
: d 1, '
of the parameters v,, Ad=nj=1!ajtz and the Jacobian J of the variable

transformaticn from k«kéi) to £,. € in the following expressions are

3
complex constants.
(i) One dimension:
Ay o~ i mJ 1
Gl(t,O) ~C+ X Av )% (5.4)

i 11 {£ -~ 0,

where A= Q or 1. (¢ - wc)% d;notes the positive square root y t - w;
when g - o, is positive. When t is assumed to be a complex number with
negative imaginary part, the argument of t - w, is between 0 and -x

and that of (¢t - wc)% is chosen between 0 and -%/2, for the reason of

analyticity. It follows that

Y 8T Y i s> u,
(£ -w)® = ; (5.5)
P - <
1/ w, = s 5 s <u,
if t = s - ie (€20). When we have only one of each of minimum and

maximum values of wlﬁ<) where A=0 and 1, respectively, the curves of

the real and imaginary parts of the lattice Greem's function Gl(s—ie;r)

/3
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take the same singular characters as Fig. 2. One notices that (5.4)
must be equivalent to (2.5) if n=0 and v=2, where J=1 and v1=2w. A
reduction of (2.5) to the form of (5.4) is given in the Appendix, for the

case when v is even.

Fig. 2

(11) Two dimension:

7J ‘
Gz(t,0,0) P C + A R.n(i’. - L{)c) a {556)

1 szz

where A=0, 1.or 2. n(t —wc) is real when t - 8o iz positive. If t is
complex with negative imaginary part, the imaginary part of fn{t - Qé) is
chosen between 0 and -n for the analyticity of the function. Im particular,
one has | |

"1 tn(s - wc) s .8 > R

ta(t - mc) = {(5.7)

ln(mc - 5) =-ri R s < w s

if t =38 - 1e(ez0). When we have only one of each of these critical
points with A=0,1 and 2, respectively, we have the same singular charac-~
ters for the real and imaginary parts of Gz(s~ie,r) as the curves given in

Fig. 3; those curves were first given by Katsura and Inawashiro (1971).

Fig. 3

/&



(iii) Three dimension:

,iA‘ A§v3 (t - wc)— 4 , (5.8)

6,(£50,0,0) & ¢+ 1 2L
where A=0, 1,2 or 3. When we have one of each of the critical points

.with A=0, 1, 2 and 3, respectively, the curves for the real and imagi-

nary parts of G3(s—i€;r) take the same'singular characters as given by

Fig. 4.

Fig. 4

The singular behaviours (5.4), tS;G) and (5.8) due to the

critical point kéi) are for Gd(t;P;O). If r#0, the right hand sides
of these equations mqst be multiplied by the constant exp ikii)'r.

In order to obtain the singular behaviour at a singularity wes
a summation must be taken over all the contributions due to the critical
points kgi) associated withltﬁe singular point W, Occasion may happen
that the singular behaviour is exactly cancelled. 1In the pfeceding
s=ctions, we found tnat-if cos kc-r=0, the c¢critical point does not
result in a singularity. In that case, the singular behaviours at
kc and at -kc are found to cancel with each other exactly; note that
fkc js a critical point if so is kc for lattices with the inversion
symmetry as considered in the preceding seﬁtions. Another example of
such cancellation willgbe:discussed in arsubsequent_paﬁerf

The singular beﬁaviouts of the iﬁaginary part of the expressions
obtained for Gz(s—ie;0,0) and G3(s—ie;0,0,0) are in agreement with those

givén by Van Hove (1953).

/8
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6. Conclusicn

The discussions of the lattice Green's function in the textrare
given for the linear, square and cubic lattices. For other latticesw
also, the l;ttice Green's function is expressed as a multipie inteéral
over real variables and the integrand can be regarded as an analytic
function of those variables when complex values are assumed to them.
Then we can apply the same argument to the integral. It may become
necessary in the arguments to recall the fact that the region of the
integration is the first one of several Brillouin zones in the recipro-
cal lattice spaceaand the integrand is a periodic function in.that space.
As the consequence; we reach the saﬁe conclusion: ' The lattice Green's
function beccmes singular, only if the integrand has a pole of second
or higher ordec s¢ a function of each integration variable st a eot
of real values of the variables,. ]

The singular behaviours due to the non-degenerate critical
points are given in section 5, where the leading terms only are listed.
The higher-order terms and its analysis in comparisoﬁ’with the curves

will be given in a separate paper.

/%
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Appendix.  Reduction of (2.5) and (2.6} to the form of (5.4)

It is shown in section 2 that the leading term with singular

behaviour at w, = wl(zo) is obtained as the sum of contributions‘of all

the poles around ZO just above the real axis, or as the sum due to those

just below the real axis. The countribution from each pole is given by
cos nz,

vio, - ), - t)/al

+ 1

-1/v @.n

where the sum must be taken over all different vth roots satisfying

In [(u, - )/a1}20. (A.2)

The results obtained by adopting the upper and the lower sign, respec-
tively, must be the same. We restrict the following discussion to even

7

values of v.

If a<0, we shall choose the lower signs and then (A.1l) with (A.2)

reads as follows:

- cos nzO
L - (A.3)
vlall/\’(t - wc)l 1/\)
where
' 1/v
In(t - wc) <0. (A.4)

When a<0, A=0 and (A.3) coincides with (5.4).

If a>0, we use the upper signs in (A.1l) and (A.2), and we have

cos nz
0

vla]llv(wc -t)

i

1-1/v (A.5)

7



where

‘Im(mc - t)l/v > 0. o (A-G)

We notice here that, when Im t=In (£t - mc) ié negative, all the vth

roots (wc - t)liv which satisefy (A.6) are obtained by the relation:
O 5 R AN SN VA @A
c iv c .

from the vth roots (t - mc)l/v which satisfy (A.4), where iv s exp (mi/v)

and hence 12 = i. Substituting (A.7) into (A.5), we obtain

cos nz
0

° (A‘S)
al‘l/v(t _ mc)l-l/\) v .

i
vy
The singular behaviour of Gl(t;n) at t»vmc = wl(zo) is now given by the
‘sum of (A.8) over all (t - wc)l/v satisfying (A.4), for the case of

a>0, (A.3) and (A.8) are combined to the form:

R cos nz
i C

(iv)A 'vlall/v(t - wc)

1-1/v (4.9)

where A=0 or 1 according as a<0 or a>0. (A.9) with (A.4) gives (5.4)

when v=2 and n=0.

/&
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Figure captions

Fig. 1. (a) Small region A in the t-plane and (b)-(e) various

cases of its mapping in the z -plane and the path of integral from

0
-5 to w or from o to o+2n for (2.1)

Fig. 2. The real and imaginary parts of Gl(s—ie;ﬂ) for the one-dimen-
sional lattice with the nearest neighbour interaction; GR and GI denote

the real and the imaginéry part, respectively.

Fig. 3. The real and imaginary parts of Gz(s—ie;0,0) for the square

lattice with nearest neighbour interactionj G_ and GI denote the real

R

and the imaginary part, respectively (from Horiguchi et al. 1972).

Fig. 4. The real and imaginary parts of G3(s"ie;l,0,0) for the simple
cubic lattice with the nearest neighbour interaction; GR and GI denote

the real and the imaginary part, respectively (from Horiguchi 1971).
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