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Oscillatory Property for Second Order Differential Equations
Taro Yoshizawa

There arc many results on oscillatory property of solutions of differential equations. In this
article, we shall discuss oscillatory property of solutions and the existence of 2 bounded nonoscil-
latory solution of second order differential equations by applying Liapunov second method.

Consider an equation
(N GMx) + f¢,x,x)Yy=0 | (l._._._&t_),

where 1(t)> 0 iscontinuouson I=[0,%) and f(t,x,u) is continuouson I X R X R s

R= (-0, ). To discuss oscillatory property of solutions of (1), we consider an equivalent

system
N J
(2) X y f(t, x, r(t)){' .

A solution x(t) of (1) which exists in the future is said to be oscillatory if forevery T > 0 there
isa t,>T suchthat x(tg)=0. Moreover, the equation (1) is said to be oscillatory if every

solution of (1) which exists in the future is oscillatory.

Theorem 1. Assume that there exist two continuous scalar function V(t, x,y) and
W(t,x,y) definedon t=2T, 0<x<K, jyi<e andon t=>T, ~-K<x<0, |y<eo,
respectively, where T can be large and K> 0 or K=co, andassume that.V(t,x,y) and
W(t, x,y) satisfy the following conditions;

() V{t,x,y)—>o uniformly for 0<x<K and —eo<y<oe a5 {—roo, ana

W(t, x, y) = o uniformly for —K<x<0 and —o<y<oo a5 t->oo,
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@) V(z)(t, x(1), y(t)) €0 for all sufficiently large t, where {x(t), y(t)} is « solution of

(2) such that 0 <x(t) <K foralllarge t and

¥y (6 X(0, (0) = Tim 5 {VCE+ B, x(t+ 1), v+ i) = VG, x(), y(0)3,
h=*0
@i1) W 2)(1, x(1), y(1)) <0 {forall sufficiently large t, where {x(1), y{t)} fsa sclution

of (2) such that —K <x(t) <0 foralllarge t and

W(z)(t, x(), y(t)y) = lim+-—}? {W(t+h, x(t+h), v +h)) = W&, x{t), vy .
hrot C
Then the solution x{t) of (1) such that | x(t1){ <K for alllarge t isoscillatory. Moreover,

if K=00, the equation (1) is oscillatory,

rs

Proof. Let x(t) be a solution of (1) which is defined on [t5, o) and bounded by X for
all large t, and suppose that x(t) is not oscillatory. Then x(t) is either positive or negative
for alllaree t. Now assume that 0<x(t) <K forall t>¢ where ¢==T. Byithe

condition (i), if t is sufficiently large, say t=t;, we have
V(o, x(0), y(0)) < V(t,x,¥)
forall 0<x<XK, iyl<ee, However, by the condition (i), we have
Ve, x(1), y(©)) < V{(o, x{(0), y{a))

forail t=o, ifnecessary, choosingalarge ¢ . Thiscontradicts V(i;, x(1;), y{t;)) >
V(g, x(¢), y(0)). Wien we assume that —K<x(1) <0 foralllarge t, wehaveaisoa

contradiction by using W(t, x(t), y(t)). Thus we see that x(t) is oscillatory.




To apply this theorem, the following lemmas play an imﬁortant réle. In the following, a
scalar function v(t, x,y) will be called a Liapunov function for (2), if v{t, X, y) is coniinuocus
in (t, %, y) in the domain of definition and is locally Lipschitzianin (x,y). Iviqrcover, we
define ‘}(2)(‘&, X,y) by

 xyy = T Lo I a2y — vt x
vy X, ) lim == {v(t+h, x+hr(t)’ y hx(t?h, r(t))) vit, x, ¥} .

h=o"
Lemmal. For (2T*% x>0, [y|<oe, ‘where T* can be larze, we assume that there
exists a Liapunov function v(t, x, y) which satisfies the following conditions;
G yvt,x,yy>0 for t=T% x>0, y+0,

(i) {'(2)(1“, X, y) < —A(t), where A(t) is a continuous function defined on " t>T* and
lim ft A(s)ds >0 foralllarge T.
t™7e T

Morcover, we assume that thereisa 7 and a w(t, x,.y) for all large T such ;hat 72T
and w(z, X, y) is a Liapunov function definedon t=27, x>0, y<0, which satisfies th
following conditions; “

Gy y<w(,x,y) and w(r,x,y) <b(y), where b(y) is contir;uous, b(0) =0 and

byI<3 (y#Q),

(iv) vir(z)(t, X, y) < —p(t)w(t, x,y), where p(t)>0 iscontinuous and
T A exp {—-ftp(s)ds}dt = oo
k3

Then, if {x(t), y()} isasolution of (2) such that x(t)>0 foralllarge t, we have y{t)>0
“foralllarge t.
W3 can obtain a similar lemma Yor a solution { x(t), y{(t)} of (2) such that x(1) <0 for

o1

allarge t. For the proof of Lemma 1 and the details, see [5].



Proposition 1. For the equation (1) we assumie that

. = df
i = ’
© fo ¢9)

) for t=20 and x=0, thereexist continuous funciions a(t) and a(x) such that

3) lim ft a(s)yds =2 0 foralllarge T

t~>ew T
and that xa(x)>0 (x#0), a'x)=>0 andforalllarge t, x=20, {ul<e
a(ta(x) < f(t,x,u),

@) for t=20 and x <0, thereexist continuous functions b(t) and S(x) such that

lim S b(s)ds >0  foralllarge T
t =7 e T

and that x8(x)>0 (x+#0), 8'(x)=20 andforalllarge t, x<0, juj<<e
f(t, x, u) < b{H)EX).

o

Then, if [ a(t)dt=oee and [ b{t)dt=¢, theequation (1) isocscilatory. Moreover, if we
0

[v]
have
= ¢ = T L rduds = co
4 fo a(t)dt < oo, fo (r(s) fs au)duds
and
” t oo = —1— o"’. Y = oo
%) fa b(t)dt < oo, f0 (r(s)'£ blu)du)ds .

then ali bounded solutions of (1) are oscillatory. In acdition to the conditions above, i



47

= du = du -
6) fe 2w < oo, J'_e B < forsome e€>0,

the equation (1) is oscillatory.

. . . . Y -
Proof. Under our assumptions, if we consider a function - v({, X, y) = 2 for large t,

this function satisfies the conditions in Lemma 1 with A(t)=a(t). Since the condition (3)
implics that for all large T, thereisa 7 suchthat 72T and { g a(s)ds =0 forall t=>7, »
a function w(t, X, y) =y +a(x) _;; ¢ a(s)ds definedon t=7, x>0, y<O0 satisfies the conditions
in Lemma I with p(t)=0. Thus we can see thatif {x(t), y(t)} isasolution of (2) such tha.t
x(t)>0 foralllarge t, then y(t)=>0 foralllarge t. We can also see that for a solution such
that x(t) <0 foralllarge t, y(t) <O foralllarge t. 7

In the case where we assume that J: a(t)dt=o0 and v j: b(t)dt=e, forlarge t, if we

define V(t,x,y) and W(t, x,y) by

| { Tt Lads @20

Vi, x,y) = {

t

L fo‘ a(s)ds (y<0)

and

( fo‘ b(s)ds (y>0) .
Wit,x,y) =

5ot L b vy<0),

we can see that these functions satisfy the conditions in Theorem 1 for K =0, and hence the

£

equation (1) is oscillatory.

In the case where we assume (4) and (5), letting K> 0 be a constant, se.
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Vi = S s s
v x @) o " 1(s) %

for t20, 0<x<X and iy, <e. Forasolution x(t) of (2) which satisfics C<x{1) <X

oralllarce t, thereisa o> C suchthat 0<x(t)<K and y{r)=20 for 1220, and hience

1 v(t) Lo
(2\( x(t), Y(Q/ = I'(I’.) 1—m

a(x\+J a(u)du, wehave lim VH(t, x(t), y{) < 0. On the other
/ : 1> .

hand, we have V"i(‘._))(:, X,y) =0, and hence V*(i, x{t), y(1)) <0, which implics tha

V(z}(t, x(1),y)N <0 for t=2o. Fort=20, - X<x<0 and |yi<ee, definc W(t, x,y) oy

Wk y) = [ g f T £ peuyds .

r(s

Then the conclusion follows from Theorem 1, Dbecause X is arbitrary.

et
23
jl

ddition, when we assume {(6), wecanset X =900 in V(i x,y) and W{i, %X, y) above,

1

wnd nence he equation (1) is osciliatory.

T a seags 1% A A~ P og’ vl T Am AN o ; ~ o [
The resuit above contains Coles” resuit {21 and Macikd and Wongz's result [31.
T 3rmanets M - 3 £1a x PUUL I TR Lo R P P 2
Remuark.  Itis clear that we can combine the conditions on a(t) and b{r). The Lizpunov’s
L \ T apmd Oninl’e T80 romeriee  can [&7
meinod is also u)p uc ¢ to ootain Sobisud’s Ly ANd UDIGUS (=) TCSULLS, ST (D

Now we shail discuss the existence of a bounded nonoscillatory sciution of (1).

] R
£ 41y 1o,

theorems will be applied.  Consider an equation of the second order

(7 x" = F@Ex,x"),
wiere (3, X, Yy iscontinuouson I X R X R. Let w(t) and w() ¢ two Ructions delne
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Cad’
1€
N
ot
N~
A
.
&
g
N

on 1, twice differentiable and bounded on T with their d rivatives.  We assume tha

(8 ' w "(1) < F(, w(t), ')

®) w"(t) 2 Ft, o), ')

Theorciu 2. Suppose that there exist two Liapunov functions V{, x,v) and W{t, x, v
efined on 0t <o, w(t) Kx<w(t), y=K andon 0<t<oo, w(t) <x<w(t), y<-X,
respectively, where K> 0 can be large, and assume that V(t,x,y) and W(t, x,y) satisiy the

following conditions;
@ VEx,y)<b(y) and W(t,x,y)<b(lyl), where b{r)>0 iscontinuous,
() V({,x,y)—ro as y—voo, W{t,x,y)>= as y—> -, uniformly for t,x,

(iii) in the interior of their domains of definition

lim —- {V(t+h, x+hy, y +hFE %, v) = V(E, %, )
h—>o' h .

[u——
\Y)
(@]

]

VX, ¥)

3
o

W(t,x,y) = lim = {W(i+h, x+hy, y +hF(,x,)) = WK, x,9)} < 0
. _

h=ro

({ii)’  in the interior of their domains of definition
Vi, x,y) <O and W, x,y) = 0.

N

iicn the equation {7) has a solution x(t) such that w(®) <x(f) < @) and x'(5) is bounded



Theorem 3. Under the assumptions in Theorem 2, if w(0) = w(0) and
S ————— o — 2 —

V(t,x,y)<0 and W(t,x,y)<0

in the interiors of their domains of de ion, then the equation (7) has g solution x(t) such that
w®) <x<w(t) and x'(t) is bounded forall t=>0.

For the proofs, see [6].

- - T o 2
ne that the

In discussing the existence of a bounded nonoscillatory solution of (1), we assui

derivative of r(t) is continuous, and consequently the equation (1) can be written as

(i0) x"+r‘,—(§-§)—x'+-r%t-)f(t,x,x')'=0.

Proposition 2. Suppose that there exist functions b(t) and 3(x) which satisfy the following

conditions;

A) O(C is continuouson I and b(t) =20 for t=2T N where T can oe 1;11'96,
<
(M) ; 1'X) is continuouson x=0 ,

@) for t=2T, x>0 andall y,
AT

an f{t, x,y) < {85 .

Morcover, we assume that thereisa ¢> 0 such that £(t,c,0) >0 for t>T. Then, if

(12) 0<e<r(t)<p forsome ¢,p aadall t=20

b

(13) f: th(t)dr < oo

orii, thereisan A >0 such that
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f =
(14) [ "\t) l <A for t=20
and we have

(15) f (r(s)_} blu)du)ds < oo,

the equation (10) has a bounded nonoscillatory solution.

Proof. Under the conditions (12) and (13), the condition (13) implies that ffﬂ b{Ddi <o,
== , ' 0
and consequently f“b(u)du exists and is small if s is sufficiently large, because b({) >0
H

eventually. Since e<r(t)<p, we have

f (r(s) f blu)du)ds < o= and r(t) f bu)du < o,

There is an L >0 such that (c) < —%— and thereisa § > 0 such that B(x)<L if [x—c{<§ .

Choose t, =T solarge that

0< Lf (== () f b(u)du)ds < & forall t=1, .

For ty <t<eeo, define w(t) and w(t) by

wt)y=c and ()= c+L f (== 5 L f b(u)du)ds .

r(s

Then O<w)<w(t)<c+8§ forall t=ty, and w(t), w(t) are bounded with their

derivatives.
Clearly we have w "'(t) = —Ir(%l w'(t) - r(t) ——f{t, w(®), w (1) .- On the other hand,
o L = —_ (1) : . .
w A e 1 = — N T
&= =0 { b(u)du and w (%) 20 L f b(u)du (t)b(t) Thus, using (11),
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we have

N . -
. L) T A s TN TTTORraNN i & ’ JN ,,
- W O - T I w(y), $9) = — P RN Y
Ny (%) (3 H Y
«’(e) w H
= ——0 L] b(uidu oy
(%) T e
= w"®),
. bt K - v T a 75 N T Eyee -
since c<w(t)<< ¢+8 iforall 12ty and hence Slw(t)y <L for t=21,.

Tor t=2ty, w@<x<w(t) and y=K, define V(i,x,¥) by

and for 121, wEH<x<w() and y<-X, define W{t, x,y) by

el

t 7\
W({t, x,y) = — L[ b(s)ds —z(Tyy .
A
‘o
Thenitisclear that V{(i, X, y) and W(t, x, y) satisiy the concitions (i) and (i) in Thcomem 2.
Sinel ZG)KL for w()<x<w(), wehave
./- . N LR N SR __K_:.L Ll \
(Gx,y) = LoD+ {0y + (01 oY~ i X, Y
Y i)
= Lb(:> - f<:: X, Y>
Z o{(n) -0 = Lu(y —-Lui = &
J
and we have also W& G, x,y) <O, Therefore, it fcliows from Thecrem 2 that Lie claniion
hoc o eoiution (=N ek tha
nas asolution x(t) such that
<< x{t)y K c+$ Sorali i

> . 10

and that x () is bounued forzall 1>



Under the conditons (14) and (15), we can use the same w(t) and (1), since (14) and (i35}
L ™y N ot RN et = (s
t == f bluddu<ee, Moreover, (14 and (15) imply that [ sy U <ec, and
/ 0 S

nence it is sufficient tc consider

, oot DSy
Vi, x,y) = y+Ax~+ L[ F3=ds
g (s)

and
: < b bls)
W(t, x,y) = —y+Ax—~LJ ) ds .

1y

ing the existence of functions a(t) and a(x) such that a(tjalx) <f({, x, )

w3
o
[72]

<«

£

3]

cmarg.

v

for t=2T, x<0 andall y, we can obtain a result similar to Proposition 2.

By appiying Theorem 3, we shall now prove the following propcsition.

Proposition 3. Suppose that there exist two functions b(t) and 8(x,y) which satisfy e

foliowing conditions;

(i)  b(t) iscontinuouson I and b(t)=>0 for t>T, where T can be large,
&) Sxy) iscontinuouson x=20 and y=0,
(i) for t=2T, x>0 and y=0,

(16 f(t,x,y) < b8, ).

a

Morcover, we assuine that thereisa ¢> 0 such that

Latd
v
=3

17) f(t,¢,0) = G for
“and that forsome M > 0 such that c<M

M=2x2c and y> X,

.

8 ,x,y)y =20 for t=

(1
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(19) fit,x,y) 0 for 2T, M>2x>2c and 3}<—K,
where K canbelarge. If 0<e<r{t)<p forsome ¢,p ang all 120 and
(20) f: th(t)dt < oo
orif thereisan A >0 such that
2n -A< -?(%)l forall t=0

nd we have

(22) f ( )f b(u)du)ds < oo,

(s

then the equation (10) has a bounded nonoscillatory solution.
Proof. In both cases, we have (22) and the fact that (t) f bu)du—0 as t—roo,
Forthe ¢, 8(c, 0) < %‘- forsome L. Since S(x,y) is continuous, thereisa & > 0 such that

i jx—ci<® and 0<y<¥8, wehave f(x,y)<L. Choose t; 2T so large that

L j (*(s) f b(u)du )ds < min(M—c,8) for t=t,

T(t) f b{u)du < & for t=t,.

wt) = ¢ and W)= c+ Lf~ (
t
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satisfy the conditions (8) and (9) for t=1,.
In the case where we have e<r(t)<p, for t21t,, wt)<x<a() and y>K,

define V(t,x,y) by V(t,x,y)=1r(t)y. Then we have

[

Ve xy) = @y + - S8y - Zsfex )

[

- f<t’ X, Y)

< 0.

For t2>t,, w<x<w(t) and y<-K, W, x,y)= —r(t)y satisfies W(t, X, ¥) <0
In the case where we have the condition (2}), V{t, X, y)=y-— Ax and W(t X, y) =~y + Ax
are Liapunov functions that we desire. Therefore, 1t follows from Theorem 3 tl*at the equafmn

(10) has a bounded nonoscillatory solution.

Remark. Assuming the existence of functions a(t) and a(x y) sucb that a(l.)a("( y) <
f(t,x,y) for t=T, x<0 and y<O0, wecan obtam ar esult szmﬂar to Dropom:on 3.

Now consider the equation (1). We assume that there exist continuous functions a(t)_, (D),
a(x) and B(x) which satisfy the following conditions; |

@)  a(t) and b(t) are nonnegative for t=2T, where T can bv Iar"e

() xa(x)>0 and xB(x)>0 for x#0, and a (x}>0 6 (x)>0

(i) a(tax) <, x,u) <bE)K) for t=T), | Al_< o0 and ] u!<°° .
. Morcover, we assume that the derivative of r(t) is continuous and that 0<e< r(t}< p for
some €,6 and all t>0.

Under the assumptions above, the following results follow immediaj;ely from Propaositions 1

and 2 with the remark,

|3
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; o0 o 1 o
i 3 G S A N T,
L4 B e, L (g [ plwdwds = e,

< 3 cmlra sl 2 £71Y am critle 41s i 3 3
wéed solutions of (1) are oscillatory.  On the other hand, if

K A
il bour

~ oo o 1 o
25 [ oa(s)ds < e and [ (== [ a(w)du)ds <
0 [+} ‘(S) s

or
oo oo l oo ) .
(26) J b(s)ds < e and [ (= [ bluduyds < oo,
o o 1(8) ;
the equation (1) has a bounded nonoscillatory solution. Therefore the condition A is & necessary

and sulficient condition in order that all bounded solutions of (1) are oscillatory, and the condition

is a necessary and sufficient condition in order that the equation (1) has a bounded nonoscilla

[\

$O.ULIGH,
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