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ON DEFORMATIONS CF HOLOMORPHIC MAPS

by Eiji HORIKAWA (University of Tokyo)

§0. Introduction

The modern deformation theory has started with the splendid
work of Kodaira-Spencer [1] folléwed by [2][3]. Moreover Kodaira
has iﬁvestigated families of submanifolds of a fixed compact
complex manifold in [4]. In this paper the author propose to
consider deformations of the structure "a compact compléx manifold
X plus a holomorphic map f into a fixed compact complex manifold
Y". The fundamental restriction is that f is non—degeﬁerate at
some point or equivalently that the image f(X) has the same
dimension as X. For this structure we can find the space of
infinitesi@al deformations HO(X,CT) (for the definition of I
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see §1), and the obstructions for constructing a universal family
(in the =ense of kodaira-3pencer) is in Hl(X,jr). The author
has proved two fundamental theorems correspondigg to the results
of [2][3]. when f is an embedding this is nothing but the theory
of displacements of Kodaira [4].
In addition, the same method as in the proof of the existence

theorem can bé applied to give a sufficient condition for the

existence of a holomorphic map $: % >2%) of families of
compact complex manifolds extending f:X———>Y. As an application
of this result, we can prove that any sufficiently small
deformation Xt of a monoidal transformat;on X of Y with non-
singular center D is a monoidal transformation of a deformation
Y., of Y with non-singular center Dt’

Recently the author has succeeded in constructing the
Kodaira-Spencer theory for families of holomorphic maps into a
fixed family (QQ , 4, S)of compact complex manifolds.

Throughout this paper, the ideas essentially belong to

Professor XKodaira.
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§81. Infinitesimal deformations

2y a family of holomorphic maps into a fixed éompact complex
manifold Y, we mean a quadruplet ( X,®, p, M) of complex
manifolds ¥ , M and holomorphic maps & : X -——>% =¥xl,

p: £——>M with following properties:

i) p is a surjective smooth proper holomorphic map,

ii) gqg-&=p, where q:@-——-%N[is the projectien onto the
second factor.

We define the concept of completeness (as a family of
holomorphic maps into Y) as in the theory of deformations of
compact complex manifolds[l].

Let (¥,®, p, M) be a family of holomorphic maps into ¥,
oe 11, szozp—l(o) and f=@ :X——>Y. With only exception §3, we
assume that f is non-degenerate. Then we have an exact sequence

of sheaves on X:

Oy @ 2 £¥@® y——>T —— 0
where @ denotes the sheaf of germs of holomorphic vector fields,

J is the cokernel of the canonical homomorphism F and P is the
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natural projection.

)

> ~nly "the germs of deformations'". Restricting

e investicat

o

M on a neighborhood of o if necessary, we may assume that M is
an open set in Cziwith coordinates tz(tl,...,tr) and that the
prescribted noint o is (C,...,0). Taking a system of coordinates
(zl,...,zn,tl,...,tr) (resp. (wl,...,wm)) on X (resp. on Y),
we write explicitely w:@@(z, t). Now we can define a linear
map

—t:TO(M)—————~>HO(X,JT)
(where TO(H) is the tangent space of ¥ at o) by the formula

& )

o
(o)=L )
° At |y

This is well defined and indevendent of the choice of local

coordinatec.

Pronosition_ With notations as above, let p be the Kodaira-
Spencer map for the deformation (X, », M) of X=X, then the

diagran TO(K)———jL—_—>HU(X,j_)
™~ 5
P
BN (X, @)
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is commutétive, where ¢ is the coboundary map of cohomology
groups.
§2. Fundamental theorems

Following Kodaira-Spencer-Nirenberg we can prove:

Theorem of completeness Let (X,P, p, M) be a family of

non-degenerate holomorphic maps into Y, oelM, X=X  and f;QO:
X—>Y. If

T () —> (X, T)
is surjective, then the family is complete at o.

Existence theorem Let f:X—>Y be a non-degenerate

holomorphic map. If Hl(X,JT)=O, then there exists a family
(X,®, p, M) of holomorphic maps into Y and a point cel such
that
i) @o:Xo_-)Y is equivalent to f:X—>7Y,
ii) T :TO(M)~——>HO(_X,7) is bijective.
§3. ZExtension of a holomorphic map
As a counterpart to the existence theorem we can prove:

Extension theorem Iet f:X——>Y be a holomerphic map (not




surjective,

=X,

Suppose thnat

1S

\

AV‘F®Y/
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a complex

neces=ari :
i) fErHT(T
22 2/ . e .
ii) f*:H \YQ(EYJ————>H (%, f*C)Y) is injective.
Then for any family p: X -——>M of deformations of X with XO

en neighborhood N of o in Ik,

T a:i op
analytic family qﬁ@-->llmdth YO:Y and a holomorphic map

& : E’I\I—-——%?g which satisfies p=qe® and coincides with f on
If f:X—>Y 1is a holomorphic

theorems:

fibres over oeM.
From this follow two
ty of fibre structures

and

map such that
£ —
icture 1
Let f:X——>Y bhe a monoidal transformation

p:X—>1Il te a family of deformations
Yo’

RIE, (=0
stable (cf.[.odaira 5 ]).

n

Y=

Then there exist a owen nelisnvorhond i of o

Zquiblowing-down
in M, a complex analytic family q:Y —> 1 with
orouic map @ : X-—> Y

with non-singular center D,

T~
B

of K:Ko witn ofii.

manifoid & C‘)Q and a no
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i) qe®=p,
ii) X, is the monoidal transformation with non—éingular
center ’Dt=§Dr\q"l(t) .

§4. Generalization

Let (%, a4 S) be a fixed family of compact complex manifolds.
By a family of holomorphic maps into (%), 4, S), wé mean a quin-
tuplet (X, ®, p, M, s) of complex manifolds X, M‘and holomorphic
maps & %——-—V)g , 8:M——>S with following properties:

i) p is a surjective smooth propervholomorphic map,

ii) sep=q+& .

We define the concept of completenéss (as a family of
holomorphic maps into (%, a, S)) as usual.

Let oglM, o'=s(Q/), X=X, Y=Y_, and let f=3® :X—>Y be
the holomorphic map induced by @, We assume that £ is non-
degenerate. In order to define the characteristic map we need
something ¢ . For any lo‘cally free sheaf E we denote by Q,O’q(E)
the sheaf of germs of C”-differentiable (05q)-forms with

coefficients in E, and let A2 %(E)=HO(@C’UE)). Moreover let
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A’ UT =A% U @)/ 00 UBy)
SR SC A A USIE
Then (AU’*(ér), 3) forms a complex and we have "Dolbeault
isomorphisms"
EB (A% (T )3 EP(X, T).
Now we may assume that M (resp.S) is an open set in c’

. ,
(resp.in ©F ) with a system of coordinates (tl,...,tr) (resp.

(st r ') is (0,...,0). We regard X
s ,...,8_)) and o (resp. o') is (0,...,0). We regard (resp.

Y ) as a differentiable manifold XxM (resp. ¥xS) and suppose
that the comnlex structure X (resp.ﬁg) is givenbby a vector
(0,1)-form ¢(t) (resp. ¢(s)). First we define a linear map T'
as/ the composition

<0 (5)-E5 2% M@ )E5 10 @ ) E 10 )
where e' is the Kodaira-Svencer map for the family (29 , G, S).
Taking a system of coordinates (zl,...,zn) (resp. (wl,...,wm))
on X (resp. on Y), we write @ explicitely

WZ@(Zy t)s S=S<t)

as a differentiable map from Xxi to Y*3. Then
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A ot oW
| 4=0 OV

R
defines an element in AC’U(f*()Y) and satisfies the equality
cEd 3

ot lt:OP( 2s™

_ 0
. —F(p( —Z—) )br* -0,
(%) Ty (P( " ) )£ ( ))

where @ is the Kodaira-Spencer map for the family (X, p, M).

_ e 0,0
Let DXﬁ@ =9 (T’(TO(S))C:A (T)

o~ I" = QD 3
DX/ag 2{(1, 6 )enx/wxm | JT=Pf*(4@ P (——-——asw))}-
Then by the equality (*), we can define a linear map

Z:r (M) D
T, (1) Dy /

Y

os®

ot

~

)
b T(—)=(PT,,
7 ot t

).
With these preparatiéns, we can state the fundamental

theorems:

Theorem of completeness Let (X,®, p, M, s) be a family

of holomorphic maps into a family (%, g, S). With notations
as above, assume that f is non-degenerate. If the map

N: . o~
is surjective, then the family (f,@, p, M, s) is complete

at o.

Existence theorem ILet f:X——>7Y be a non-degenerate




84

holomorphic map and (fp, g, S) ©ve a family of deformations
Y = Yo' with o0'€S. Assume that the composition

o T, (5) £, BT, @) = BN, 0@y ) = 5N, T)
is surjective, then there exists a family (X,®, p, ¥, s)
of holomorphic maps into (‘@ , 9, S) and a point oel witﬁ

s(o) = o' such that

i) @O: X, —> Y, coincides with f : X — ¥,

~

.. jad (3 a . . .
ii) T: T (M) — D, is bijective.
0 X/
§5. Remarks
1) We can prove two fundamental theorems when f 1is
Y
not necssarily aon-degenerate.

2) We can vnrove a extension theorem (or it should be
called a theorem of "ecnstability") in the relative case.

Z) As an application, we can zive an example of algebraic
manifolds with ample canonical bundle, for which the deformation
problem is obstructed.

4) Let X Dbe an algebraic manifold such that

i) the canonical bundle is ample, and

10



ii) +the albanese map is an embedding.
Then the deformation problem for X 1is unobstructed.
For the formulation of theorems mentioned above, see a

forthcoming paper [6]. Details will be published elsewhere.
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