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Shift - commutative linear operators

and random processes

nxk HE #H v F K

0. #ZX »&

LoBEIS, WMERY CREFTELIECHISN &
WEISt DBy BESSD,
WMEBIZ(4)(5)[6)C S-CLOpLuMEEME O
VHEAENT T AEEL L, XAHCHE LRy ( CEBl
HOUEEHELIZ. ZOBEN, McKean , [ evinson, Dym,
RERLL D, splitting field ¥ 3E~1T 7 HOMRE L
WEBDAE L DA 1 >0 UIRE L Tz, & HEPR
DYE <L T 7 HOFRARE 5 C, Bk 0B Ko <
B5crv i ®EFED It CoOMERREEZHR) X X 2o
tESEY LTE2RNT, XMLDOREHEHLIL WS KB
OFEVRIC 2> v CABANL 12 Oy, -

1. Shift LTI IEARDER L x0TI 7 A
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Feig®%r, {Lhex 8F Lo shift, -39
T: F—F,

Tees =T ., T.=1
frrdEBES D, 12 CRBEKE s ERABRNESRE
G rEZ DN BREMER &S T, ERAKRNES
Z<t RHEmBECH, Tt Lo,

€5 1.1 (ADITR})Y, 5%

(1) DEF oPAERE<T Ko (L1) 1771
(L1)  Tbcb, (teR),

(2) AADroKVEREC, xn (L2) €119
(L2)  ADcF, |

3) ANLTLeRdF#HThHs Jubb

(L3)  TeA=AT., (teR)

#urdrE ANt (B} cBY%5DED) shift &5 s
MBERE (shift-commutative linear operator, S-C.L.
Op. kW& d % ) L),

COHTINNEIRIR) S-C.LO AiF, KoL) T T A
(ZPR%

(F1) FAaRrofFPEAZRNLIK,

(F2) shift 35488 T,f¢)=f(+1),

<
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(F3) A AT =TA T, Ne"HnEEKTEH el
NGHETH. (CREERDRDELEEDT )

SDL I S-CLOpoREEACEDL, Ae AnRESE

% DA TEDbT KT S,
A () = (NFXE) = T LA (0)=[A(T:$)}(0)
NKDE>Zberd RoOMENLONSD.
WAl #EDANe A e D) EiL <
AefFt=e* (x> (teR)
P30T CORGHT S,

k1.2 wWE 11 0BG &N oA (characteriy-
ing function, c.f. LB85ET 5 ) Lay, GoZEH o)
L2<. Fabt a={z;e" SN} Th3,

Ac AodwBEAE, AN=AA=1 TAKL LTL Lo
N FARFMEAX oo 2Bk LT, Ro &I IZEK
¥ 5.

FE1.3 AeAxnrL 1T e Ar @ o) =alr)=cC,
@ CGokXRoEESCo kXKD Ciok DTG ok,
KNBECTHD Q) Ca(Cp) BEME IR BE VAL L TL
® zeanour) i LT G =1/Cuz) ExrtTE
5 FeAodambeon, T=Aréc.

S-CLOpnHH vt LT, RoMBRARBISMMEOBBETTO S

3
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DLAMTHS . (EAT LS. )

WMBI12 AT AeAnsLt,
A= aA+blr 61 Co=aCi+bCr,
A= AT 518 CG=CsCr

A_' g\'f;’_ﬁ: j— 2 fJ_ (Y ey C/rl = '/C/l.

SHNS DEBMOEM LR EL D W >0 EH T3,
(1377 R A, |
KtAmBoBRBE £t " BEMAK LI, 3nbb
() k@ =2 kn, k.eC.

nkx #EnfeFiHl

(1.2)  AfO)=Z 7 fOk, =S FC+T) kan

1% S-C.L.Op T, %o c.f it

Cony=2€"k,  zeC
CHB. I0LINSCLO 2RBEAxE< v iiT B,
uqm&wm%:vzﬁf,g<;upq-zQﬁa¢5&
CLOTHB.
Pcz) i nxon HBX
P =5 Azt A #0
Y4y Pz) % c.f it » S-C,L.O,.'i,
A= PD) =5 AD"

A



(3)#ANAER % B/(D-AI)
WOMER R (D-aI)/BER o T | #NF FEX
O -3 f@®) =3
Ef< ity | p/(D-al) & (D-AI)/goitE AR <
A$(E) = BAD -1 FCt) = B e fsrds
= -8 e T f(£) du
LEBER | Cua)=B/(z-a) ez e Nbhnd, KL
(1.3)  Se™ru fBdu = - 05y a5
Loe“tuf(t) du = [ €4y ds, (Rex>0)
{—foe““z.,.fm du = J. e % (s)ds, (R k<0)

(4°) Convolution transform

Hirschmann-Wedder (8) 12 X m 13", #& » 2B K <44

LT,

Af@) = [ F(t-s) dK(s)
THE S REERAEAN

Co2) = [.e " akit) = 1/Eex)
T cfct 2S5CLOUBL L NDbID, =T, Fid
Polya, nentirePlkn ) 7 AE 12 L,

E(z)=¢** *“TT(I-Z/a,g)eV“k
{ac} b, csEXP . cgo,éak <°°iJ+E3‘£0)<"&S
5,
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[5°] Riemann-Liouville B

(1) C,,(z)_=(z+p)‘°" «, B >0
% c.f (Tt 25-C LOp1%
(1.4)  Af) = D+ It = Ve . (t-5) e hords
= /@) Sy u* e P r £(£) du .
(2) C) =(2+8)", 0<a<l, B>0
#c.fixt 2S-C.LO.1F
(1.5)  AF(t)=(D+BI) f(t)
= 1/ra) J -3 ) - €7 R ds
= YT [T (1- e rn) F8) du
3) G=2% 0< o< i |
Zc.f1ict 2 S-C.L GO 1%
(1.6) A F(B)=DFt) = Yoy [L(t-5)" [F(£)-F))ds
= VF(—d)fowu'“"([- T-)f(E) du.
(6) CaD=Z A2™ zeC
£c.f 12t SCL Ok

[

(1.7) AF Eo.z:A’vD”.f:ga/’ﬁfm,
2. GOEBYEMEDS-C.L 0,0 RE
:nméﬂ@#%:tm'ﬁﬁﬂﬁﬁmwwji%”w,
“RIELPLN, FE T IR CEtHBRERE L B




[y
()]
&]]

RE<LzT 7HEARYT 2 (6 INEREMIEAE 0 E 5 12
BENBHDL, Ll YOFROTMbkad ibict  RE
BORELBNINT B

(1°) 77X A

REREBH T, s LB TE BRIy s B
G?XAwiim%%bii, |

FTRAVRBEEECr 0 hift (T} E, WEF (F2) 0
Tr FC)=f(+t) ERGT, HEoxeGIitL T
Tex(p) = x(tx?), (Fedf)
LZE T2, TSI REDEBRVEAK DL ARTH
fi% 21 KE®HHHU) o A0Z & =R r: BIEE &
THREBS »BBEBAK (1.1) €T3, bt
K(t) =2z k., kneC.
SorE, (1.2) nAe AmidR T 5 S En0S-CLOp A%
&émxe@KﬁLI_

(2.1) AXP=L X (P k=L X(Te, P ke, (Ped)
TREL, GLED S-CLOp EFH,

LFZ0RERMEDT 73 A > < 3 4B xe SITHt

L T,

(2.2)  Ax®) =2 TG x(Bh, =2 X(t+t)k, . (£R)
TREL, ©ENS-CL.Op Logs,

7



(2.1) ¥ (2.2) DR DSC.LOpNERET T AANS-C.L.

Opt v r. Ae Aoct 13, thkFsAe Ancf (1T 3,

ROWB»Y ©3R3SITHETBHS-CLOpEERL, %D

MEELLNDLE FFELRBIERET bl > TH

5. (EBRIERBES5.)

HBR2.1 xe©@»™ ANIFLERE

X(9) = J_ (FLUA) Zo(dA) (Ped)

IR A T 44:%.0)/]6/ﬁ_sl€.i'f)'b‘[' A x 1%
AX(P) = [ A(FEHACa(iA) Z(dA)  (Fed)

Tix () = [0 (FODICAGN i (dA), (P€ )
ERXANT FWEBRENKRD .

-~

T T, (P Ax o K9 B

AR T it xn AN FLBIE (F¢4)A)= Yoz e ewdr

xXeE G nE EiL

A x(t)= [ e Cu(cA) Zo(da) |

Tax (£) = S €5 1C, () pac(d)

() J7RA
VAR CnERE FB U U, R R g A 5 it
% . X eESNDANT ki KP)PBE B

X(P) = J(FPIA) Z(dA)  (Fe )

r



B () = Lo (FP piu(dr),  (Ped);
XeG L TR

x(t) =J.e*Z.(dr) (teR),

Ye(t) = [_ e ux(da) . (teR).
Z o(dA) =Za(dA, )t X0 BE 518 UF xDZX XY b 0
1L ST |

M= (s [P AR <o, Ve S BBIE ]
M= {5 [ M@ rea2)F < o0, pepm]
s S) ={5; Jo1P0f0l @I <o yoe f}
L5 k) ={F5 S50/ (1+22)% p(da) <oo}

G irE6K 5145 S-C.L.Op.% % % b, fe v % af i
ERDBBANERNTH 5. |
MBE22 xeGb{AJcAHL T 1k
4(F) = Lim Ax®),  (§ef)
NEET 21200 UELIESE, 2 C3GA) € [ (ux;.of ) B 15
BLT, XAAXRYVEZ->ZLTHS
Lim Jo19OP [C i) -Can PuxdA) =0 | (pe ),
INEE YT -
JCP) = JIF IR Ca) Zacd) | (ped),
F(P) = JAFOI ) IC A unldD), (¥ edf)

J
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WD 5o, 5L C(A) ECa) L1, LAEO DA%
BT E Loy,

:mzﬁi%li,'@ LHh e S-CLOpEXRNEHIICEKZTE S
TkEAARL T B

F5 2.2 AeAoct GR, xe@na~o+ vBEM
Kt LT, GUAY € 2(Mad) EX T EE  Ae Ay
B, G 75 S-CLOANE

(2.3)  Ax($) = [AFOACAGATME),  (Fed)
TREE L, GIXH 1T 5 S5-CL.Op. X oFas,

N xe@nANT FwBIE phadzid LT, Calid) € (M;0)
taredrs &S1RHd 55-C.LO AL

(2.4) Ax@)=[f_ e Cy(id) Z.dA), (teR)
CEE L, @K HH BS-CLO. Logs,

(2.3) ¥ (2.4) TEEENBS-CLOp. 2R ET TAAD
S-CLOprv v, AeAdct ik, AT AeAnct Ca
kL, XxNEZEAEHNTED T,

MAR 2213, Ye JrnuotFive e Ad,xeyYy iy
I—w%&%iﬁn TEEAET 5 = ¥ W< % 3 :@'%ﬁ;‘%m, E 0
X912 LTAXPDEENTE B I it miL tod189Ny) T1x
<, RHOEFENKRY L 7z Lt ARL TS,

E5E 2.1 Ne ARAN e Atd =00 +2KM41: 4

/0
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Dt Catzit L T, Calia) € P(us; L)EH1=F e MxGBEH
4Bk TH3, | |
R , mE o ueMiziL <, uEAXNT FuBEEL
$5xe@nHa’, Jto9)Ind, TRER T 2 NG
#BE MB2z2rEK22h0bnb L5z, Xe@rit
LT Ax ETx WNEEAREN L 2, £ L GGA) L CrGA) b o
MARO n A ZR T FLuvnbiy Gl Tid Ax=Ix
THD, L lpnbmts, C(A) LC(A) WMBMEO » A
TERLD 15, Ax +x tﬂ)iLlﬁ.
81 tHhirr-Aomonrcavcistr-A-E To%AEon
MKaa,&Eb,ﬁﬁmmwﬂm?n1fﬁuan
Schwarty &8 I <&, Lo, U7l - 8 (£ %) WAL S
PBACE EREWATEMECZ G0 ow (1.7) 0
AeA. /T 2Ae AL LT, |
(2.5)  Ax(9)= 5 Ay x™(F) = 3 (- 1A X (%)
BERTELG G, Lol bhbhREE 2.2, GUOL (Mg
g) ol Ae JrRrRToAe A% (2.3) O#H
A XC@)= [ (FPIA)C4iA) Ze(dA)
TERELEY, co®B T TREEEKC X5 fén:%ﬁ‘{ﬁz.z::/
22 ANedAd xeGiEdLT, Ax ﬁ\"i&ffﬁ‘%f&é

A ———————————

. A CARBE REL T

l/



Lim A.x(#) =Ax(¥) (¢ed)
LT ¥ 3
SEERLTOB, LN, 1, A= 2 AD*RE < k)
AN BEAT, BHRELT A= ZAD" & A, e Aotk
PR L T XX 2 ER3FARTHL ), TN2o2NEH N,
hibiis cf e Lt ZA2"=C(2) £t 246 A% symbol
91 Rk 3 tEC LI L g
(z.6) /lx=,,§;,/4~1‘").

L7 L ~OMBERED Lo Bs, REpRIL, hbk- 48
FAK =48 35 3 hyper processes il;?}/\ L, (z.6) o2& vk
GG, ROAGE Za 27 b KAER < hyperpro-
cessesDEARTD (2.6) DB rgT A E B 3 % 517,
AN PR EA BT R T Eoeg o 5 KL E
im“&“f(zﬁ)mﬁﬂfwwﬁ&Z&uﬁéiw?f
S EBELIRELE T, —ROBEFHBIAL ALt

(2.6) » ;%.v;‘f\/)" FWEIFIL LUty 15 5 o0 ?

3. HERARSEAANY = x
N oY) CRNEE I BT EMEERLOD L2423 C

BHHPABEHE T 57201k RoERAKAIENE £ 3

(3.1) Ay = x,

/R
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SO TRRMBEE WERE LG L Y12 x| Yy € G 3t

CERRI L. MBABDrsstoc L *nfgy o, Q
Bon -8 @ xty N (3.1)5pr-F¢ ¥ B(xGt)= 1y
D)errrdrnOnb 4 sK0 5 i LIF,THRZLD, f-1
L, I2(X5t) B, ©TR {x(s,w);s2t we] #E> 2ZEF
OB A CHOHAKRBEM G <3 4,2{F; car(P) €(-o0t] ¢
€eJ} € 3B Ex { x4 w; Yed, weld} n3E3 2FF
OB AT ORIV ER B 5,

OE N {256 (:2) =0, 1eR} t H< . s %

BH#E 31 (1) Ny=¢ ok ¥

Ot L ANKBRESD 55 g=g'x,
DA BGhLI< T b y(¢)=f.:(w)m)ﬂ,~,,(ia)(%’,%(da)_
(2) Np#g HoH =
d=Fot ¥s.
RSl 4(p) =Jeon, (FI ) /Co(:2) Zx(dA)
Fo B Ay=0 oM<, 41y,

$,X € G oL x t R

SOWML BBET 2N, (DDXE Y1 Y tss0ls, Y w
R PN D % o Zy1s B R irig g z“‘r&tﬂt K158 g o2
LY, Zy=Zy+Zy "o B28EHBTHILEEE L
<.

/3



X510 A4 BRI IcBAi%ET 2 S-CLOp. DI 7 AT 3
L, ROEENKYE >. (MBI ERES 5 .)

B 3.2 pfeAB6E (3.1) DBRY L XDz

Y t) DX ¢), (¢t eR)
WX E >, E58 ATe A®BRES S (A, A"eA) 5518

(3.D) 0@ 4 (=A"x)s & T

P2 (Y;t) =12(x:t), (teR),

A2 3.1,0) @n5, AN €eANRTLE (3.1) 2By
D-Foare L) =L ow it erazxizo (x4
EGCIRIGC XM T s g ) 7)\","/1,/1"94_" N E -
s KD e R EBEARMBCHDL L ILEHB LTI

. .. N
LS. BRREE0BE L CAONE, TokHNRET
MNETE 2 CLBIECACEHMOENTH DS, i, S0k
s ERIZOM TUF2 Bk >, 28113 BN 5 A
5 (81 o AEFHEBIY) ER=F) BEET > X, Ko &
AKX i

EHE 3.3 A, N A AKX L > O 0w+ YK,
COBELIEN(E LGAESRIT) EXF@MIIH Y, EEI%
NoN) =CaiHrr-3Th5,

VAEORE % 402 2 (RIZHE T,

/4
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4., FHBANX =% k£ ok

£% 68 5 (white noise) €3 2%  FHK

(4.1) Ax =2, AeA

FEXn BB, LolhTe O(41) ErrdxrITTRG

(peMéd ki) IKETZAS @ IPOGE)=12(E2:t) @
A4 Q@ xnibhk A, KR OEERAR (7T 71£:4
1) L OMBEEE £ L CERIRS .

4.1 ) 78K (4.1) Txe G ezt > ¢+
E13, Ny=¢ » > 1/C,an) € 2(m;0) SR E -z, £
L, mig m(dad) =dA <62 &) (Edha) BE.

(2) (4.1) N XxES 1tk Td Xe&1F

x(t) = [ e, Eda)
=1L Bk —HEXGIERMEC RXTHFALR S
£(5) =yzm S (fe*taa) as(). |

3 LogICaGiM/(142%) dA>-co 73 618 x i keI K
Xy THs. okt OIAEE 330k EL-TFT L
Blig ThH 5 (L t- N> T Ny=¢ 546 ).

@) (3) DKM L I/Cia) e 2mio) WHE 9 &Z CH, %
MK (4.1) 0B BT oMxNEAL, TEMEREN T
2 (X;t) = I(S;t) K9 8L > . |

Lot BB AREL NG 5 5,

/$



BH 4.2 IR U.DoAoCf I RoEMEL RS
k4 3,

W v Gz) =S Az = ATT(1-2/,) (entire BEK).
i) Re dp <0 (FINTokicr L T),
(in) VCa:A) € |2 (m;0) .

SHokE | RDIEENKRY L o
(1) AeArpELt x-A'te@,
() PBX;t)=1E5t)  (teR)
(3) HIBKF NBAELT x(t)=[LF(t-s)dEs) t
HEERNTEL, (EnkB» x-1"%)
2B EL-TERMETT L)
(1) E % Polya 77 AE-ET 2K $5, 7705
E(2)= e 51 (1-2/a, e
tay), b,e RREEK, Cz0,Z a <o,
SntE C)=E(-2)"EHE 4+ 203%k4 a1t d g
f%%#M,ﬂmﬁﬁihﬁfctfﬁa:f
(E) 2a'=-b, a0, c=o0.
FEBA KM WD (DEA 7T LRBAS DTG R Gi) %
I i rEARER L O ik
E(2)/1z]* — co (z—tio0)  E(-iA) # 0

NG TE D

’é
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(2] Urbanik (7] o Hli< & 5 v A~N 7 kv EEHBK
(4#.2) F(A) = C/ﬁ(l+/12/ai), C >0 0<a<ax<--—,
EE Ay fOge < 1.
Pt oA BBME <L 7HEEL 2P IELERL T OB
(4.2) 0 3x1) EANT b L BEMKEL > Xe G 2s
%&ﬁﬁﬂ(4J)mﬁ%m6%iatjc=vmt#<w
G = AT (1-2/a,)  =AJL (1+2/a,),
= AT Ut Z/a) (£a+r = rofirn)
N3FBYDBEANELLR D, Lo LEESL 20 3K %D
ET%@@,%Zn%e,qabtéﬁ _
(V) CG@=AJi(1+2/), AR, 0<a<ar<

P

Lim ak/ak+' < ’

ke

FAEIBLE THD 2 L Wb,

Hh RE3I3InEAME, FTHEAXA G DoBXEEZER
Bt T TEIs s (REZEH)PEREHBICERT
BYREA i) ¢t vo0onk ® HZEHH)P 0 §i%KET >
%#ftﬁa.ih?évw77ﬁw%#tbt,sz§'
38 4Ty LEERT L ) T, Cdmﬁ.é.t %ﬁsﬂ o # K EE »5 A8
BLACB I CBBMbnrErh, ofokutRobnr

HEmAa v

Z
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