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SPIN-COBORDISH INVARIANTS OF SOy Sl—MAﬁIFOLDS

By

Haruo Suzuki

Introduction.

2n

Let ¥ and Y' be differentiable manifolds which have 3 —1—bundle structures

associated to . differentiable complex n(22) vector bundles over 32 and also
have unigue spin-structures. By computing the Atiyah-Hirzebruch invariants
[2; 3] for some natural Sl—actions of ¥ and Y', we conclude differentiable
isomorphisms of the bundle structures of Y and Y' including Sl-actions, from
sopin-cobordisms of the Sl—manifolds (cf. Theorem (2. 2) and Corollary (2. 3)).
By the Reidemeister torsion invariants [L], G. de Rham [7] proved that

diffeomorchic rotations of the p dimensional snhere sP are isomorphic. Our

conclusion seems to be an analogy of this result in a certain sense.

1. Constructions of manifolds.

Let SP be the standard p dimensional sphere andg = (B, 7, Sp) be
differentiable n dimensional comblex vector bundles over Sp, where p2l and
ng2. We denote by Xg the 2n~disk bundle space associated to g and by Y% the
{2n-1,-sshere bundle space associated to g. Xg, Yg are compact connected

oriented differentiable manifolds, dim Xg = 2ntp, din Yg = 2n*p-1 and Yg is

the boundary manifold of X%; BX§ = Yg.



We present Sl as the unit circle of the complex number plane;

st = {aliz1 = 1}, 1Let |
F: SXE(Z) —> E(Z)

be differentiable S -actions such that F(z, ): E(§)—> E(§) are
differentiable vector bundle maps i‘o? each zeS]‘. On each fibre, F(z, ) are
non-singular linear maps with characteristic roots {zmi\mi s positive integers
for 1<£ign }. F define differentiable Sl-actions on the manifolds X;, Y‘g and
clearly these Sl-actions are compactible. The set of n positive integers

(admitting repeatitions), {ml P mn} is called a type of the Sl-acticn.
Lemma (1. 1). Hl(X;; z,) = chsr%; 7,) = 0.

Proof. It is clear that H' (X, Z,) = 0. Since ny2, it follows that
H'(¥, Yg5 Z,) = 0. By the exact sequence
- l . ‘ . J - ‘
e Hl(x’;: 22);--'-'9 H (Yé: 22) —> H (X§‘9 Yg, 32) —>

we have also Hl(Y;’; ZZ) = Q.

Lerma (1. 2). If cl(é‘;) = 0 mod 2, then we have

WZ(X%) = Wz(ng) = Q,

Proof. We denote tangent bundles by T. It follows that

T(xg) ¥ 7 (T(5P))® the tangent bundle along the fibre of Xg

¥ T(USP)BE)
W,y(Xg) = Wy(T(Xg)) =T (Wy(s®) + W, (&)
= ﬁﬁcl(};’) ’ mod 2
=0,

and
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TW%/’ QTC%("C(SFJ)}@ the tangent bundle along the fibre of ‘1‘“%,
T(%)®1 XX (TP )@8),
i, (T(1g) @1

0.

i

wz(Y§) = WZ(T(Y§>)

i

24 The case where the base space of & is 82.

Let E be differentiable n dimensional complex vector bundles over
differentiable manifolds M. The actions of 26&81 are commutative with the
coordinate transformations ga@(x) of % (for x €U Up, where Ux, Ug are the
coordinate neighborhoods of %) and hence, for the characteristic vec‘tors vy

1,

. s i
of characteristic values z ~, we have

Z°(8¢xﬁ (x)v,) = g“‘e(x)(zwi)
m

i,
Bug (x) (2 )

= i
-2 (g“P (X)Vi)p o

that is, gdp(x)vi are also characteristic vectors for z ~. If mys- s m.n

are all different positive integers, the set of all characteristic vectors for
m. :
z * in each fibre of § makes differentiable complex line (sub)bundles 5, and

gives a Whitney sum decomnosition of %;

> iejl 51

m.
[

The actions of z eSl on %i are the multiplications by z .
For a syvace X with an action of a group G, the set of points which are
left fixed by all elements of G is denoted by XG. For Sl-actions of X%' and Yg)
defined in §1, (x;)sl is diffeomorphic to SP, and (Y—;)S =¢. For the Wiitney

sum decompositions of g determined by Sl—actions, it is natural to consider the

case where the base space of % is Sz.




33

Theorem (2. 1). .Iie_EE, be a differentiable n (22) dimensional complex

vector ‘bundle over 82 such that cl(é)) = 0 mod 2. - Suppose that Y% has an

,sl—action of the type {ml,~ cey mn} where m; are jall different positive
n

n s .
integers and I m; = 2m. If we denote by £= @ £ . the decomposition of £ into
invegers = 4=1 * % izl.%l %
the Whitney sum of differentiable complex line bundles, induced by the
s1 -action, then we have the Atiyah-Hirzebruch invariants,

(-1)%m, & 1 L S a2
Plzs Yg) = 5% 2 (T —=5z) T (——g)e (5[],
i=l 1-z i=l  1-z L

for any 2z eSl which are not mith roots of unity (1<i<n).

I 3 l y = l . = = =
Proof.  Since we have H (X3 22) H (Y5 22) 0 and wz(}%) wz(yg) 0
by (1. 1) and (1. 2), Xz and Y% have spin-structures which are unique upto

isomorphisms (cf. [1] ). It is clear that

1
(x5)° = s°.

We have,therefore, the Atiyah-Hirzebruch invariants [2, 3],

. L
Pz, %) = spin(z, (¥5)°)

E
[¢]
p
i

(e}
S’

N n y , _
)P TRSH) T (22 e 2% e ° )™t 152,
i=1

N
N

i

By straight~forward calculations of the right side of this equation, we

obtain the formula of the theorem and completes the proof.

Theorem (2. 2). Let %ia_g_@ ?7' be differentiable n (22) dimensional complex

vector bundles over 82 such that cl(E) = cl(é‘ )2 0 mod 2. Let Myse-es M be
L . n

positive integers such that any m, are not sums of other m, and 2 m, = 2me.
- 3 i=1

Suppose that Y,; and Y%‘ have Sl-actions of type im].’ ceey mni. If we have

P(z, Yg) = ((z, Y%,)
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for any z €& S™ which are not mith roots of unity (1£i¢n), then there is a

differentiable bundle isomorphism bebtween § and %', includingAsl—actions.

Proof. Let

be the decomposition of % into the Whitney sum of complex line bundles as
that of % in Theorem (2. 1). For any zt&Sl which are not mith roots of unity

(1<i¢n), we have
n nm m. m. .oom, m
(1-z D)o 1oz TH(r (e T (10 Yy ()
i=1
n m. m, m, . m
-3 Qe e (s (e Y(es T (1 Pre, (B,
i=1 7

because of the equality (z, ¥¢) = P(z, ¥,). From the assumption on m. (1&i<n),
3 £ g 1 4

it follows that

n n

jzl Cl(gj) = Jf,l cl(%;‘j)"’»

n / n .
~ey (&) 322 01(85) = ey (1) ;‘2 ey (E1)s

—cl(%i)+ jzi °1(53)

it

—cl(%i) + Jfl Cl(%g)s

n-1
_cl(%n)+ j§1 cl(ij)

i

-c, (&) " €39
-c 'y + 3 ¢ 1),
1 %n 5=1 1 gj

2 ~ ,
Since HZ(S"; Z) ¥ Z (torsion free), we obtain the equations
01(31) = Cl(%i): 1<i<n,
and, therefore, bundle isomorphisms

& TE

. T &, 1¢i<n.

Moreover, by differentiable approximations [5] of homotopies of classifying
maps and by the method of parallelisms for connections in principal fibre

bundles [6], we have differentiable isomorphisms between Ei and ;3.

g

5
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Since §= D ‘k')i and §' = @ £!, it follows that there is a differentiable
i=1 i=1 . :

isomorphism between %7 and ?7' s including ‘Sl~actions. Thus we complete the

proof of the theorem.

Corollary (2. 3). Let %_el_n_q E}‘ be differentiable n (>2) dimensional

complex vector bundles over s? such that cl(%) = cl(é') = 0 mod 2. Let

My m, be positive integers suech that any m, are not sums of other my
3
n
= 1 ”
and ifl m, = 2m. Suppose that Yg and Yé, have S"-actions of type {ml, <y mng.

There is a differentiable bundle isomorphism between _I; and Yg, Ancluding

Sl—actions if and only if they are s;ain-—cobofdant with respect to. the Sl-act,ions.

Proof. If Y% and Yg._ are spin-cobordant with respect to Sl'-agt.j.ens N
we have
P(zy ¥5) = P(3, Y:‘;')
by Atiyah-Hirzebruch [2]. = The differentiable bundle isomorphism betweén
¥y and Yg, follows direectly from Theorem (2. 2).

The converse is trivial.

3. The case where the base spaces of 'é;,are sP for p=1 or p>2+

Proposition (3. 1). Let §=7 be differentiable n (22) dimensional complex

vector bundles over SP (p=1 or p>2) and let Mg ey M be all different

positive integers. If Yé have Sl—actions of types {ml, ve ey mn§ s ‘then §

and hence Y; are differentiably isomorphic to product bundles.

Proof. By the first part of the proof of Theorem_ (2. 1), %split into
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. n :

Whitney sums of differentiable complex line bundles %’i; &= ® %i' Since
i=l

we have H2(Sp; Z) = 0 for p=l or p>2, F,i are all topologically trivial.

By the last part of the proof of Theorem (2. 2), ‘%i are differentiably

trivial and hence % are differentiably isomorphic to product bundles.

Corollary (3. 2). Let & be differentiable n (22) dimensional complex

vector bundles over sP (p=1 or p>2) and let Mysce-y M, be all different

positive integers. If Yy admit S;—actions of type {mys---»m}, then

we have

P(Z, Y%) = Oo
In the case, p=2, we obtain the following theorem by Theorem 2 [91:

Theorem (3. 3). Let & and 5' be differentiable n (22) dimensional

complex vector bundles over Sb'. The bundle structures of Yg, and Yg, are

differentiably isomorphic if and only if they are spin-cobordant with respect

to St-actions of the type {2,- -+, 2}

Remark. In the above Theorem, the type i2 PRINEN 2} of Sl~actions on

Y‘% and Y%' can be replaced by the type {m, .«.ym} for any positive integers m.

(Cf. The proof of Theorem 2. 2 [81].)
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