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Embedding manifolds in codimension two

by Hejime SATO
(T8hokw University)

Let wo*e

be a connected compact oriented PL-
manifold with houhdary of dimension m+2. Suppose
that wm+2 is an oriented Toincaré complex of formal

dimension m, By definition, there is a fundamental

class ,ue H_m (W3 Z2) such that
//ﬂ : HY (Vg 2) —> Hn_r(W; zZ)

is an isomorphismfor all r. Ve assume m 2 5 and we

aim at finding & closed PL-submanifolds Mm of dimension

m such that the inclusion 'K-’¢ W 1s an simple
homotony equivalence. ¥We call such submanifold a
spine.

Since W is a PL-menifold, there exists a

fundamental class ’}Zé Hm+2(&‘;,2 i3 4) such that

s o ’
/'(n (W, 905 2) —> 5 (W5 2)

is an isomorphism for all r.

we define the Thom isomorphism

¢ : H(w; 2) —>BETY(0, 305 4)
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by ¢=( 7/\ )"l( ’/{/\ )} and the second Whitney class
s, € HZ(W; Z) by

o= $ 7N (1 V)

where 1 denote the generator of HO(W; Z)
Let N(iW) be the stable normal bundle of W
and SZ(W) be the 2-dimensional PI, block bundle
over W which represents S5 Then the spherical fibre
homotory type of the stable PL-bundle n(w) - s, (W)
is the Spivak fibration of the Poincaré’complex W,
Then as in [8], we obtain the abstract surgery obstruc-
tion element @ (W) ¢ Lm(751(W)) in the oriented
Wall groun. |
We have an homomorphism of Lm(l) into Lm(:Qi(W))
by regérding Lm(l) as sz(vk,k) if m = 2k, which
is an isomorphism if T, (W)= 1. We obtain a factor
groun Iﬁ# %i(w))/Lm(l) and the coset class
(6] e 1 (1) /1 (1),

e obtain’the folloﬁing which extends results of
Kato-ilatumoto (1], the technigue of the proof being
similar, |

Theorem 1. If m is o0dd ana G(W)_G Lm(ikl(W))
is Zzero, we have a locally flat spine. If m is even
and [B(W)] € Lm(7tl(W))/Im(l) is zero, we have a¢spihe
which is locally filai excepé at one point.

Now we want to find a spine which is not hecessary
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locally flat on higher skelton. Noguchi [6) defined a
PL-knot cobordism groups ¢ as the obstruction to the

locally fletness, which Kervaire L21 had shown %that

F= o by a smooth method. TLewvine [3] (4} gave
algebraic calculations for a2k-1, By a geometrical

method, Matsumoto [ 5) showed that there exists a canonical.

homomorphism

s G L(F/PL) = 1_(1)

which is surjective for n <=2 5. For n = 4k, the
homomofvhism b 1is given by the 1/8 signature of the
Witt group W(Z)= Z> defined by the Seifert matrix.
For n = 4 +the image b(¢%) is 22¢ 2 £1,(1).

Let us denote by (F/?L)mZ%) the truncated space

-1 s ,
(F/PL)m(Z) = K(Zz, 2) g§q2 L(z(z), 4)

X TT 7 : X TT 3
mrgiso2e F(Zps 4342) % Jhsg KB oy, 41)

consisting of the Postnikov system of F/PL(2> with
degrees smaller then m. (See Sullivan [7)). We have

the inclusion

i (F/PL)?E% —> §/PL,) —> F/PL

Remark.that there is an fibering

0% s r/en — 0%/



with fitver K(EZ, 3) and that

Qe = T K2y, 41)x K3y, 4i-2)

Let g : w—> (F/PL)%E% be a map, then we have

iyg ¢ W —>F/PL.

Yie can twist the bundle N(W) - sz(W) by this map

which gives a new surgery obstruction

¥ (&) € L (7 (W)).

Since it is homotopy invariant, it definesa map
I m-1 ‘
v (W, (F/PL)(2)]"‘"‘ L (7, (W),
which satisfies

Y(0) = Gw).

‘We first represent the fundamental class # by

& submanifold by the Thom's theorem and we do the

surgery until the middle dimension. Then we break the

locally flatness inductively frém the neighborhobd of
the higher dimentional simplexes by stuffing the
Seilfert surface of a2 knot , and after by doing the
surgery until the middle dimension. If its Noguchi

obstruction to the locally flatness lies in
e ndew, i 1y,

-4 -
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the normal bundle is changed by an element of

[ W, P/PL} which is mapped by (1% %o
o 4,
b; e HI®W, Lj(l)) <, 1 ﬁ/PL(Z)] .

We cen change the local structure which
corresponds to the kernel of ECZ4.
Consecquently we obtain

Theorem 2. If the class
© )T elv, (=/m)757) \ 1,0 () /D1

is zero, we have a spine,

: imple . )
Let ¥ and W Dbe homotopy ecuivalent PL-manifolds.
Suvpose I .is closed and let f : M —>W Dbe a

homotopy eqﬁivalence. Then f induces an normal mayp
gelu, F/PL] ., We call f mod 2 K-theory
ecuivalent if pyg= 0 € [M, (F/PL)(Odd)J

~ M, BO(Odd)j vhere v : F/PL —> (F/PL)(odd)

is the localization.

Corollary.
e e ————————
SME2 . , .
If W is mod 2 X-~theory eguivalent to a
c o -1 N 44 . . ,
PL-manifold iI7, we can embed in Nm+2 such that

i is 2 spine.
The author does not know if the condition of
mod 2 K-theory eguivalence is really mnecessary or

not.
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