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§&. Brieskorn involutions on 5-sphere.

We consider the Brieskorn 5-sphere ):,(51 d 2 1 odd integer.
This is the submanifold of @4 described by equations,
d 2 2 2

ZO+Zl+22+23 =

O 0+z zl+zzzz+z3z3 =1 .

Then 2(51 *is a homotopy 5-sphere and therefore diffeomorphic to

the standard 5-sphere $°. The involution T, : 22 S zg given
by Td(zo) =24, Td(zi) = -z i> 0, 1is a fixed point free
. . =5 . =3 5
involution on 23 We denote an orbit space Zd/Td by T]'d. Then
‘Trd is a homotopy projective 5-space. For h,X(Ps') —— homotopy

. 5 S C 5 _ ‘
smoothing of P , it is known that hJ4(P”) = §-ﬂ-d}d=1,3,5,7

and Trd+8 is diffeomorphic to ')Td.

§2. A spinnable structure on TJ,.

Let T be the standard involution on

0
= {(zl,zz,ZB)E C iz z +2222+z z, = 1}
that is, T,(z;) = - z;, 1 =1, 2, 3. Define "“t 4TI
_ 5 ' - |
K0 = {(zl, Zys 23) €S ’ f(zl, zy, z3) = 0(}

F. = {(zl,. 255 z3) € 85 l f(zl, 2y, 23) < 0}
Ry = {(2gs 215 295 23) € 5q | 25 = 0]
zZys Z3) € 34 'ZOZO}

where for z € € "z 20" means 'the imaginary part of z =0
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. 5 . .y
Let l[«d P24 S be a map defined bty \.}ld(zo, 215 Zy5 2‘3)
Z Z 23

= (—1 2 ). Then <, is a d-fold branched

covering map with Ko = \}Jd(Kd) as branché@‘locus. The restriction
map \l'd\Fd give a diffeomorphism between F,; and F,.
Défine
)
cro. FO X [0, 1] — S
by
Cfo((zl,zz,z:a), t) = (zlvexp(’mlt), z, expy(?tlt), z4 exp(rrit))
()od : Fd X [0, 1] -—+2,d
by
f}ﬁd((zo,zl,zz,zB), t) = (ZO exp (2Tit), z; exp(dmit), z, exp(dmit),
zjeXp (dmit)).
It is easy to observe that \]/d, ?0, ?d © are equivariant with

respect to TO and Td’ that is, the following diagrams fcorhmute.

T |

Zd——izd Fox[o,l],Jﬁ s>

l\.}»dT l«pd l(TO{FO)xid[O’H lTO

s —% g F x[0,1] ————3 g

0 B2

F % [0,1] - fa, Sa
\\,(Td\Fd)Xid[O,l] ltq

F x [0,1] 7 Za -

Thus ’\rd’ ?0, Sad induce maps ?d’ ?0, .S;d of orbit spaces,

that is,
- - 5
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Fo 0 BT x 10, 1] —> /1,
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Cfd : (Fd/Td)X[O, 1] — Z.d/'l‘d .
We denote the class of (zo, Z1s Z9s z3) € zd in :5_',(1/’.Cc1 ‘ by
{zo, Z1s Zy, 23], also we use [zl, 255 z3] € SS/"'.{‘o similarly.r
Then |
Cfd([zos zl’ ZZ’ 23]: 1) = {203 "zl’ 'zzs "'23]
also
Cfo([zl, Zys 291, 1) = jvo([zl, Zys 23,]’ 0).
So, if we regard Sl as [0, 11/0~1, '
. 1 5
fO s (FO/TO) XS —>»S§ /TO | |

£o(121, 255 23], €) = [2) exp(Tit), z, exp(ric), z; exp(mit)]

. : 1
fd : (Fd/Td) X S

£,(zyy 215255 251, t) = [z exp(2Tit), z, exp(dmit), z, exp (drcit),

—> 24/T4

z4 exp (drit)] |
are both well defined maps.

Simply we denote FO/TO, KO/TO by F, K where 2F =K.

th
Easily we can observe that K is diffeomorphic to¢3-dimensional

lens space of type (4, 1) and fo |(x % Sl): K X S1

—>Kcs’ /T,
is the standard free Sl-action on K. Thus we use a simple notation
f : KX Sl —> K 1instead of fo J(K x Sl). Under the notation above,

we obtain

SS/‘I‘O =F X sty { mapping cylinder of y : K X st —> sl},
more exactly, SS/T0 is diffeomorphic to F X S1 h‘ K X D2 where an
attaching diffeomorphism h : K X S° —> K x S* is defined by

h(x, ©) = (p(x, £), £)  for x €K, ¢ e st.

For Ed/'l‘d, there is a similar decomposition. It is described

'3
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as follows. One can easily verify commutativity of the following

diagrams,

15 o
(Fd/Td)x S — ZLd/Td = Trd

le“Fd/Td)]”‘a— l Ya

£ o
F X st —0, SS/TO

1
£ s{(x /T %87}
I e e
5 Ky /T,

(Kd/Td) XS

l{\?d\ (K /T jxd =| Yol ®/19
§

K X S1

> K

where d : Sl'——>81 is given by E(t) =dt for ¢t € S;,
We define hd : K x,Sl —_— K % Sl;

Then, observing that rﬁ(idK X E)(x, £) = f(x, dt), we have

by hd(xs t) = (?(X, dt)’ t)"

the following result,
Theorem 1. ]Tdv is diffeomorphic to

F X SlL) K X D2.

h
d
This theorem means that, for any odd integer d > 0;‘,Trd has
a spinnable structure £5 with the same axis and generator, that is,
K and F, and the trivial spinning bundle. Thus, for a' # d,

the whole difference between Trd' and T[; 1is due to attaching

diffeomorphisms hd'. and hd.



