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Almost complex manifolds and Hirzebruch invariant

for isolated singularities in complex spaces

By Shigeyuki MORITA

§l. Introduction
In [8], Hirzebruch has defined an invariant ? for normal two-
dimensional singularities and calculated it explicitly for some cases.
In this paper, we generalize his procedure for higher dimensional
isolated singularities. The definition can be given exactly the same
way following Hirzebruch's idea. However we héve to introduce a new
techhique to show the well-definedness. For Hirzebruch has used the
existence of minimal resolution, but there may not be any minimal
resolution in higher dimensional case.
Roﬁghly speaking, the technique is a method to modify a given
 U-manifold (a smooth manifold with a complex vector bundle structure
on the stable tangent bundle) to obtaiﬁ an almost complex manifold.
without changing some particular invariants.
This technique will be expressed in §2 and by using it we will
show
Theorem 2-4. Any element x 1in the complex bordism group
_Xlzn (n # 1) can be expressed by a connected almost complex maﬁifoid.
In §3, we will define an invariant ? for some kind of iso-
lated singularities in complex spaces, which we may call the
Hirzebruch invariant. Using the technique developed in §2, v}e will

"show that the definition is well-defined.

In §4, we will calculate the invariant ? for quotient
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singularities. (Theorem 4-1)
Finally in §5, we will consider some special cases, e.g. the
Brieskorn singularities and the singularities whose "normal neigh-

borhood manifold" is diffeomorphic to a homotopy sphere.

§2. Almost complex manifolds

Let MZn be a smooth 2n-manifold and let T(M) be the
tangent bundle of M. Let BU(atm) (m : large) be the classifying
space for complex'(n+m)-diﬁensiona1 vector bundles and let g(n+m)
be the universal bundle over BU(otm). A U-structure on M is a
real bundle map |

b:oTap ® e — glm

where £?m' is a trivial real vector bundle of dimension 2m.
Two U-strucﬁures ‘ |

byo TN § £ ™™ Lo, 1y
are said to be (stably) equivélent if thgre is a real‘bundle map

B: (TQ)® &™) x 1 —> g
such that B[M x{i} = b, h (1 =0,1), where (TM) & az‘*‘) x I
is the induced bundle over M xI.

Then as is well-known, theie is a one ﬁo one correspondence
between the set of equivalence classes of U-structurés on. M and
the homotdby classes of liftings of the map fM>: M ——?-BSO.‘to BU,
where - fM is the classifying map for the stable tangent bundle of
M (cf. [3] §4).}'

Similarly,‘an almost complex structure on M consists of a

real bundle map
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b: t™™M) —> g(n>
where E(n).is the universal complex bundle over BU(n). Two
almost complex structureé
b, + T(M) —* §<n) (i =0, 1)

are said to be equivalent if there is a bundle map
B: T x 1 —> ¢

such that B|M xéi}= b, (1 =0, 1).

Now we consider the following problem:

Let M2n be a closed U-manifold. Then when does M admit
an almost complex structure?

For this, we introduce an invariant A (M) by

AQD = 20D -c_M])

where Y (M) isAthe Euler number of M and Cn[M] is the n~th
Chern number of M. Since cn[M} mod 2 = Wzn[M] =  X(M) mod 2;
A(M) 1is actually an integer.

We will prove

Proposition 2-1. (i) If n =0 (mod 2), then M admits an
almost complex structure, which is stably equivalent to the original
2n

if and only if

AM) =0,

o
U~-structure on M~-D

where D2n is a disk in M.

(ii) If n =1 (mod 4), then M admits an almost complex structure,
‘'which is stably equivalent to the original U-structure on M'-ﬁzn if
and only if

AM) =0 (mod (n-1)!). |

(iii) If n =3 (mod 4), then M admits an almost complex structure,i
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which is stably equivalent ta the original U-structure on M - D20
if and only if
AQ) =0 (moa {BZ1): )

(iv) 1In any case, if AX(M) = 0, then M édmits an almost compiex
structure which is stably equivalent to the original U-structure.

Remark. Massey [10] has considered a more general problem.
In fact our Prop. 1-1, (i) for n = 2 (mod 4) can be found in his
Theorem II.

Before proving Proposition 2-1, we prepare the following well
~ known lemma.
Lemma 2-2. (i) Homofopy groups 7t2n_1(50(2n)/U(n)) are

given as follows.

( 2@ Z/2 n =0 (mod 4)

Z/(n-1)! n =1 (mod 4)

T 2n-1 ORIV = ¢ z n =2 (mod &)
\ Z//Lgi%li n =3 (mod 4)

where the summand Z for the case n = 0 (mod 4) is

Ker (i, : (s0(2n)/U(n)) —> 7t2n_1(SO/U)).

TCon-1
(ii) There is a short exact sequence
Lo

0 —>Ker i, —> T, (BSO(2n)) —> T, (BSO) —>0

and Ker iy, 1is isomorphic to Z generated by the tangent bundle

of Szn"and detected by %X , where }X 1is the Euler class.

(iii) Let 3 : 7t2n(BSO(2n)) —> T (50(2n)/U(n)) be the

2n-1
boundary homomorphism associated with the following fibration
S0(2n)/U(n) —> BU(n) —> BSO(2n).

Then ¢ 1is an epimorphism and o carries.the summand
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(n-1).!

Rer i, C 7t2n(BSO(2n)) onto the summands Z, Z/(n-1)! or Z// 5
according as n =0 or 2 (mod 4), n =1 (mod 4) or n =3 (mod 4)

respectively.
Proof of Proposition 2-1. Let M2n be a connected U=-manifold.
From homotopy theoretical point of view this means the following.

Let £,, : M —> BS0(2n) be the classifying map for the tangent

M
bundle of M and let i*(BU) be the bundle over BSO(2n) induced

by the natural map i : BSO(2n) —> BSO ;

i*(BU) ——= BU

| 3
M oM BSO(2n) —= BSO .

Then there is given a lifting %& : M ——f'iikBU) of £y. Now since
(80/U, S0(2n)/U(n)) 1is (2n-1)-connected, the lifting %ﬁ is homotopic
(through fibre) to a map %& such that %ﬁ !M-‘ﬁzn factors through
BU(n) C i*(BU). This means the following.

There is real vector bundle isomorphisms

b T § £ — gt
b' s T |u-B —> EM

making the following diagram commutative,

T |u-d @ ™ R8E, () g (W

l bn,n+m
b{ D gom)

where & and bn are natural bundle maps. Moreover b is

, tm
equivalent to the original U-structure on M.

=(n)

Thus there is a complex vector bundles ‘7(n+m) over M, ¥

©
over M-D, real bundle isomorphisms

-5 -



41

a, g e e ™

, 0 Y — o | u-B
and a complex vector bundle isomorphism
— { +m o

making the following diagram commutative,

T M & Sy g

\1262 / d,|m-D
can| M-8 £ 2™
(m) 2m . . .
where &: & —> & is a canonical real bundle isomorphism.
Now choose a framing
2
P (M) | D e

This givés a framing

- - 2
q/ISan_ T(M){Sznl RZ®
2n-1 2n . . '
where S = gD . On the other hand, there is given a complex
vector space structure 7(:1) \SZn-l on TM) lSZn-l. Thus we>
2n~1

have obtained a '"S0(2n)/U(n)-bundle" & over S ;

« & T, ;(50(2n)/U(n))
z(n)

and it is clear that thé almost complex structure g on M—B
extends to whole of M 1if and only if & = 0. Now since
2 : ’TEZH(BSO(Zn)) —> TCZn_l(SO(Zn)/U(n)) is epimorphic, we can
choose an element Yy in ’i’tzn(BSO(Zn)) sﬁch that 2(y) =« .
We choose such an element Y as follows. :‘1
Since ‘itzn_l(BU(n)) = 0, the complex vector bundle j(n)!SZn
is trivial. Let

| (otm) l D2n —_— Cn+m

y

be a framing. By restricting, we obtain a framing
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_r[\‘SZn-l : j(n+m) l SZn-l Cn-i'm.

‘3(n+m){ SZn-l ~ j(n) i SZn-l ® 8(m) and

But since

T, (U) S5 T, L (Uem),

there is a framing v
i : j(n) | SZn-l _ C(n)
= . . 2n-1 (m) m
such that 7]_@ ¢ 1is homotopic to 7 lS , Where £: & —>C

is the natural framing. ©Now the framin n ields a complex vector
g 7 v p

2n-1

bundle j(n)_/iz' over M-D/S and a real vector bundle

T (M) [Dzn/)—i over DZn/SZn—l = SZn. We set TM) } Dzn/a =Y.

 Then it is clear that 3(y) = « . Moreover since the framing 72:
stably extends to a framing over Dzn, it is clear that
Y € Ker i,
where 1, : thn(BSO(Zn)) ——~>7t2n(BSO).V
Thus by Lemma 2-2 (ii), ¥ 1is detected by the Euler class X .

Let

2n-1 2n-1

g : M —>M-D/S v 0%/s

be the natural map. Then clearly

(5 v .

T M)

Therefore

x @& (FD7 vy
We evaluate this class on the fundamental class M].
<xCTa), D0y = <X T W Vyn, m>
(T VY, g
= (T, B/ s™ T
), 187D

X (T QD)

But clearly



Xz M), M>= x ).
Since the framing 7 15”778 stably extends to the framing y | p2°
we have
T, pe-8 /sl
=<e (T3, -3y sty
=<, (7™ g s
= c_[M]. |

Thus we have obtained

<XCY), [s2y

Il

XM) - c [M]
2A(M).

1]

We first consider the case (i).

(1) n =0 (mod 2). In this Case, since 2 ? Ker iy —>
‘Itzn_l(‘SO(Zn)/U(n')) is injective, o =0 4if and only if y= 0.
But since Ker i, 1is detected by %), Y =0 if and only if

5y, 187> = A
(i) n=1 (mod 4). By Lemma 2-2, o =0 if and only if

]

0.

A = 5XCY), 157520 (mod (a-1)1).
(111) n = 3 (mod 4). Similarly we have, -
§ =0 if and only if X\ (M) = 0 (mod -ﬂ‘?}L)

(Iv) 1is clear from the above argument.

known theorem. ,

Theorem 2-3 (Borel, Serre [2]). Let 223

be a homotopy
Ssphere. Then zZn admits an almost complex structure if and only
if n=1 or 3, |

- . 2 . ) -
Proof. Since > n 18 a TC-manifold, it has a trivial
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U-structure. With this structure,our invariant X 1is

< 20
AlL27) =1,
. —2n 22n . e . 2n
Now since 2>~ -D is diffeomorphic to D~ , any two almost complex
—20 °2n , o ..
structures on 2, -D are equivalent. Thus by Proposition 2-1,

2 . . ' .
P .dmits an almost complex structure if and only if

2

0 (mod (n-1)1!)

n=1(mod 4) and 1 =
-1\
or n =3 (wod 4) and 1 = 0 (mod £37%44§.
But this holds only for n =1 or 3. (Q.E.D.)

Now we prove the following theorem, which is the main result
of this section. -

Theorem 2-4. Let ‘Q‘gn be the complex bordism group. If
n # 1, then any element x in ELgi can be represented by a con-

" nected almost complex manifold. If n =1, then an element x:é.ﬂg
can be represented by a connected almost complex manifold if and only
if the first Chern number cl(x) < 2.

Proof. The latter part is clear. Thus let x be any element
in Xlgi (n # 1). We first remark that the connected sum operation
works alsc well in weakly almost coﬁplex context. If n # 0 (mod &),
then this is clear, for ”Kzn_l(SO/U) = 0. But if n = 0 (mod 4),
then ‘Kén_l(SO/U) = Z/2. However it can be easily checked that the
connected sum is well defined. Thus we may assume that x is
represented by a connected U-manifold M. Now if AM) = 0, then
by Proposition 2-1, (iv), M admits an almost complex structure,
which is stably equivalent to the given U-structure. Therefore x

satisfies the required condition. Thus we have only to modify M to

kill our invariant A (M) without changing the Chern numbers.
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Now 1~t N be a connected T-manifold. We give a trivial

U-structure‘on N. Then clearly
(M # N] = [M].
We check how our invariant A wvaries under the connected sum
operation,
AM#FN) = AM +A @) - 1.

Therefore we have only to prove the following lemma.

Lemma 2-5. Assume n # 1. Then for any integer m € Z, there
is a connected w-manifold N2n with A(N) = m.

Proof. Let T2n be the 2n-dimensional torus. Then clearl&

ATy = 0.
By induction, we obtain
2.
AT H g1 = om,
\-———-"’v———-——‘
(mt+1) -times
Clearly
.)\(SZn) -1
and A
.X(Sz’x SZn-Z) -9
(Here we use the fact n # 1.) By induction, we obtain
}\(Szx SZn—Z # .. #82 xv'SZn-Z) -
e ~— —
(m=1) times | (Q.E.ﬁ.)

Thus there are enough Tt -manifolds to kill our invariant A,
This proves Theorem 2-4. (Q.E.D.)
Finally we prove the following proposition for later use.
2n

Proposition 2-6. Let M be a connected U-manifold with

non-empty boundary 2M. Assume that there is given an almost complex
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structure on a neighborhood of 9M, which is stably equivalent to

the given U-structure. Then there is a closed U-manifold N . such that
M # N admits an almost complex structure which is equivalent to the
given one on a neighborhood of o M.

Moreover we may assume the following. Let
p:M#N—>M
be the natural collapsing map. Then
Py ° 7tl(M?# N) = 7t1(M).

Proof. The proof is similar to those of Proposition 2-1 and
Theorem 2-4. Here we only check the last condition. Now if we use
TZn for Nzn, then the fundamental group T, may change. So we
cannot use this. Insteadrwe use thé Riemann sphere ‘CPl. Our

. . 1 . .
invariant of C€P~ with the natural complex structure is

A(€PY) = O.

Therefore, by induction

A@PE# - #CPY) = -m.
(m+1l) ~times

(Compare with Lemma 2-5.) Thus there are enough closed U-manifolds
whose fundémental group are zero. Therefore we can modify M to
obtain an almost complex manifold M # N without changing the

fundamental group. (Q.E.D:)

§ 3. Hirzebruch invariant for isolated singularities in complex
spaces.

Let Ln(pl, Pys "% Pn) € Q[P1, Pos 77 pn] be the Hirzebruch

L-polynomial of degree n and let Mlm be a closed oriented smooth
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manifold. Then Hirzebruch's signature theorem [6] states that
o

sign M = L[M]

where sign M 1is the signature of M and L[M] 1is the L-genus of M
Now assume Mlm is a U-manifold of real dimension 4n. Then the

Pontrjagin classes of M can be expressed in terms of the Chern

classes of M. Thus let

)

2a (10 S0 TTTh Sp) € Qlegs egy e, ey ]
be the polynomial obtained from Ln(pl’ Pys < pn) by substituting
k o i '
P = (-1)° 3 (-e e,
i J
Then

sign M = L[M] .

Now recall, for almost complex manifold M4n, we have

e, (Ml = XQO).
Let Mém be an almost complex manifold of real dimension -4n

with possibly non-empty boundary JM. Now assume that for any
0< i < n, the rational Chern class Cos restricted to the boundary

M wvanishes. Then we can define the ”f-genus" of M,

TIM], as
follows. First we recall
LZn(Cl’ Cys s CZn) = fanCZn + decomposable terms
where 2ot -
2 Y 1<22n 1 '1)B
n n
=D
(2n)!
Let xy € HAH(BU; Q) be a decomposable factor that appears in on'
Thus O < deg x = 2i < 4n. By the hypothesis, we have i*x(M)‘= 0,
where

i* . HZJ‘(M; Q) —'>H21(3M; Q.

- 12 -
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s . - . 2"
Therefore x(M) = ;*X(M) for some XM) ¢ H J“(M, oM; Q). Now
we define the Chern number xy[M] by

xy[M] =<XQ0y®), [M, oMID> .

this does not depend on the choice of

F

It is easy to verify tha
X¥(M). Then we define the E;genus of M by

EIM} = Pn X (M) + decomposable Chern numbers of M.

Clearly if 2M = $, then
ETM] = gign M.

Now let (V<2n), P) be a germ of complex analytic space at P
of complex dimension 2n and assume that P 1s an isolated singular
point of V. Fix a Lojasiewicz triangulation [9] K of V. Leﬁ
M be the link of P in K. It is a closed PL-manifold of dimension
4n-1. Moreover a punctured‘neighborhoéd of P 1is PL~-homeomorphic
to MX IR. Since V -{P} is a complex manifold, M xR has a
smooth structure zf . Therefore by Cairns-Hirsch theory, we can
uniquely smooth M so that M x.m. is diffeomorphic to M X1R5:f.

Now we choose V so that V 1s homeomorphic to the cone over

M. We make the following definition.

PAY

R

Definition 3-1. An isolated singular point ? eV is‘said to
be rationally parallelizable if all the rational Chern classes of
a punctured neighborhood of V wvanish. |

Now we define the Hirzebruch ihvariant ?

(2n)

Definition 3-2. Let (V , P) Dbe a rationally parallelizable
isolated singularity. Let T : V—>V be a resolution ([51).
By the definition of rational-parallelizability, we can define the

~S - a4 LY R Vg
L-genus of V, L[V], and we put
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~

?(P) =‘E{$ﬁ -sign V.

Proposition 3-3. The above definition is well-defined, i.e.
it does not depend on the choice of resolution V.

Proof. Consider the manifold 3V = 2 V. It is‘a closed
smooth (4n-1)-manifold with a U-structure induced frém the complex
manifold structure on V. Since @.43_1 = 0, there is a U-manifold
wlm such that

oW = 2V "from outside".

Now there is an almost complex structure on a neighborhood of

oW compatible with the U-structure of W, Therefore by Proposition

2-6, we can modify W 1in the interior to obtain an almost complex

manifold W. Now let M=V \.{ﬁ It is an almost complex manifold.
oV ' ,

s

Therefore we have

~S

(1) sign M,=‘ [M].
By the Novikov lemma on the additivity of thevsignature,
(2) _ sign M = sign vV + sign W
On the other hand, it is not difficult to verify
(3) - M = TV] + T
Combining (l)ﬂv(3), we obtain

A

$(P) = sign W - LW,
But the right hand side does not depend on the resolution V. There-
fore ?(P)- is well-defined. ” Q.E.D;

Now let V(Zn) be a compact complex analytic variety of complex
dimension 2n.  Then by Borel-Haefliger [1], it has a fundamental

class

(V] ¢ 1, (Vs 2).

- 14 -
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Therefore we can define

for the smooth oriented manifold. Now assume V has only rationally

parallelizable isolated singular points. Then we have

Proposition 3-4.

sign V = LIVl + 2. ¢(®),
PeiV

where ’EIV] is the L-genus of (V - cone neighborhood of SV

Proof. Easy from the definition of ?(P) and left to the

reader.

§4. ? of the quotient singularities.

Let G be a finite subgroup of U(2n) such that, G  acts on

S4n-l = {z e @Zni \z{ = 1} freely. Then Czn/G is a complex space

with one isolated singular point at the origin. Clearly this is a

rationally parallelizable singularity. Therefore we have the

Hirzebruch invariant ? for this singularity, which we write

?(G). The¥®e we have

Theorem 4-1.
def G + ﬁ
) = 2
7 Gl
where [G{ is the order of G and
. a Tcé, (1) 76 _(2n)
def G = 2 (-1)  cot 5 ---cot—J%f——
geG-{e}
wheré

expiTch _(1), ) exp:iTEBg(Zn)
o
are the eigen values of g € U(2n).
This theorem has been first obtained by Hirzebruch

Remark.

for n =1 [8].

- 15 -
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4tn-1 {

Proof. Let 8§ = @Zn

z € | 1zl = 1}. Then %0 has v

U-structure induced from the complex structure on Czn. Clearly the
action of G preserves this structure. Thus (SQn-l, G) 1is an
element of 5242_1(G), the bordism group df free G U-manifolds.
By a similar argument to Conner-Floyd [4], we can show that
SL4E_1(G)‘ is a torsion grgup. Thus there is a positive integer m
and a free G U-manifold W such that

W, 6) = m(s* L

s G).

Now‘consider the manifold W/G. Siﬁce the action of G preserves
the U-structure of W, W/G is also a U-manifold. Lét TC be the
subgroup Im(Ttl(W) — Ttl(W/G)) of 1tl(W/G). Now a neighborhood

of 2W/G) = m(S[mm1

/G) has an almost complex structure induced
from the complex structure on Czn'-{Q}/G. By Proposition 2-6, we |
NS .
can modify W/G to obtain an almost complex manifold W/G such that
(1) the almost complex structure on a neighborhood of 9(%76)
= J(W/G) coincides with the given one.
(ii) there is a’map
P
p=WG —> W/G
such that
P > ~
Py ¢ T W/G) —> TC,(W/G).
Let ;T be the covering space of ﬁ7é corresponding to the subgroup

.P;l(Tt) C Tr;(W/G). Then there is a free G-action on %f such that
Now let

Then M is an almost complex manifold, on which G acts and

- 16 -
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M/G = W/G U cones over each connected component of the boundary.
Now since M is an almost complex manifold, we have
(L) sign M = L[M].

By the Atiyah-Singer G-signature theorem and the argument of Hirzebruch

(2) 1G{ sign M/G = sign M + m def G.
On the other hand, by the definition of ?(G)
(3) sign M/G = T[W/G] + m ﬁo(G)-
(cf. Proposition 3-4). Since 76 . W —W/c is a |G|-fold cover

of almost complex manifolds,

(4) lc) TiW/e] = TIWI.
Finally we have
(5) XM = TW] +m B -
Combining (1) ~(5), we obtain the theorem. Q.E.D.

_
Example 4-2. Let U = exp 2;)1 and let qy, 49> ""75 ¢y be
2

natural numbers such that (qj, p) = 1 for all j. Let

q q q. =
- 1 2 .. iy n
c=§CC 7t ¢ e, ¢ e zjet U,
Then clearly G acts on Slm"1 freely and S4n~l/G is the lens
space of type (p; qy> Gpr T %n)' Then by Theorem 4-1, we have
_def(p; 43, 99> 75 4n) * Py
%)
p .
where def(p; q4, dps "7 %m) is the number defined in [7].

§ 5. Some special cases.

(2n)

Let (V , P) be a germ of complex analytic space at P and

assume that the "boundary'" of V, @V, 1s diffeomorphic to a homotopy

sphere 5471 Unich bounds a parallelizable manifold. Then the
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values of our invariant T(P) are restricted as the following
proposition states.

(2n)

Proposition 5-1. Let (V , P) be a germ of'complex analytic

variety at P and assume

(1) P 1is an isolated singular point.

(ii) 2V is diffeomérphic to a homotopy séhere §:4n-1, which
bounds a parallelizable manifold with signature m.

(iii) n =1 (mod 2).
Then

jo(P) = zfin-a - (3n+m

for some a € 2.

Proof. First assume that §:4n-1 is a natural sphere SAn-l.
Let ~T:V —> V. be a resolution. Then since 2V = Slm-l,

M =V \ cone over ;96/ admits a smooth structure. Moreover since
1t4n_1(SO/U) = 0, }M admits a U-structure which is stably.equivalent
to the complex structure on V. Now by definition,
$ () = TIV] - sign V.
Clearly
sign $/= sign M.
Since M 1is a U-manifold, we have
sign M = L[M].
Hence
¢(2) = LIV] - L[M]
Now since all the decomposable Chern numbers of G/ and M coincide,

we have

(@) = B, x(¥) - poe M

- 18 -
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B (XAD-1) - 8 c_[u]
Zﬁn)\(M) B ﬂn'

Since A (M) 1is an integer, we have proved the proposition for the

'Case Z4n-l - Sll‘n"‘l.

Next we consider the general case. Thus let 7u: V-—*V be
a resolution with 2V = Zlmv‘l, which bounds a parallelizable
‘manifold W with sign W = m. Consider the manifold -W (orientation
reversed). Since -W 1is pa?allelizable, it has a trivial almost
complex structure. Now consider the manifold v h(-w) ( 4 denotes
the boundary connected sum). It admits an almost complex structure
compatible with the original structures on V and -W. Now
VW) =S #-3
” M= 4 (-W) Ucone over the boundary.

= 5% Lec

Then as before M admits a U-structure which is stably equivalent

to the almost complex structure on V Y (-W). Now

Ltoadt

Cf(P) = 'f[f/’] - sign V.

On the other hand, we have

LIV 4 (] =TV + gD - A
~and -

sign T + sign (-W)

sign M

sign v - .

n

Therefore we have

C)O(P)

IV g (W] + B_-signM- g XM +m
T[M] - sign M - PoXE) +m
zpnA@n- ﬁnxm)+m.

~ [}
Now consider W = W \J cone over 2W. Then sign W =m, which is
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divisible by 8. Since sign W

Hii

X (mod 2), we have XM = 0
(mod 2).  But ’x(ﬁ)A= X{W) + 1. Hence X (W) ? 1 (mod 2). There;
fore | |
?(P) =2‘Bna - ﬁn+m

for some a € Z, which completes the proof. ‘ Q; E. D.

Remark 5-2. 1In case n = 0 (mod 2), ‘I do not know whether
Proposition 5-1 holds or not. In this case: 7t4n_1(SO/U) = Z/2. It
is easy to define an invariant & (P) € 2/2 to detect this group.
However, in general, it is difficult to calculate & (P). But if
(V, P) is a hypersurface isolated singularity, then K(P) = 0 and
Proposition 5-1 holds.

Remark 5-3. Let (V(zn), P) be the Brieskorn singularity
defined by
#2n

a
z,  + Zy o+ Zon = 0.

Then

?(P) = Pn(/w+ 1) - signVa-

where AL is the middle Betti number of the non-singular hyper-

a a
- 1. ... 2n _
surface Vaz- {zl. +: + Z,, = F}.
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