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A FORMAL SYSTEM OF PROGRAMS

Yutaka Kanayama

University of Electro-Communications

INTRODUCTION Theré has been a growing. sentiment that the use

of go to statement is undesirable.[2][5] In this paper we shall
propose a programming 1anguage system in which the function of go to
statements is restricted. |
Go to statements are roughly divided into two categories.
Forward ones are used for switching the flow of control énd backﬁard
ones for making loops. In the language described in this paper,
(1) forward go to statements are unnecessary because they are
represented by another syntactlical structure, and
(2) backward goto statements .are expressed by brackets [ and ].
They are regarded as a label and a go to statement respectively.
The power of the both statements in our system 1is wéaker than that in
usual programming languages and in the system proposed by Yanov.[7]
Because of the restricted use, however, our programs are suitable

for mechanical processing.
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1. SYNTAX The sets of function symbols f,,f and

0, l’..'
predicate symbols PgysPys*** are denoted by F and P. Let A =

FUPUI{[,]}. All members of A are called basic symbols(bs's).

We shall treat formulas composed of these symbols, (,),c and +.

Well-formed formulas(wf's) of this theory om defined as follows:

(a) Every formula which consists of a single basic symbol is a wf.
(b) If a,B are wfs, then (a-B) and (a+B) are wfs.
(¢) A formula 1s wf only if it can be a wf on the basis of clauses

(a) and (b).

Example 1.1  ((((£1+py)*1+(([+py)*(£,21)))+((J+p )1))

is a wf.

The phrase structure of every wf a is unambiguous. If o and

%_are arbitrary formula for i=l,-°+,n and c

**,c, occurrences of
C ..'C
1

1°°

basic symbols, o denotes a formula‘obtained from o by the

AN Byt By

substitution of 61,---,6 for c

i 15°%sC in o respectively. If

C .lnc ‘
Bl"."sn and o are wf, then so is «a 1 o, We write o = B if
1 Bl..lsn
o and B are ildentical formulas. If B,y are wfs, ¢ is an occurrence

tf a 3%3g$$ a = YZ, then B 1s a subformula of a.
We shall employ some abbreviations:

(a) The outermost parentheses may be omitted,

(b) a*B + v is understood to mean (a*B) + vy, and

(c) the dots(+) may be omitted.

The leftmost occurrence ¢ of a bs in a wf iS'called“an entrance
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C(a) denotes the set of all occurrences of bs's in a. For
every wf a, e+(a) C C(o) is defined as follows:
e+(a) = {the occurrence of a itself}, if aeh;
e,(a-B) = e, (B),
e, (a) U e, (B).

i}

e+(a+B)

Irf é € e+(a), ¢ is called a t+exit of a. Every o has at least one
+exit.

For each wf a, a relation t+(u)g; C(oc)2 is defined as follows:
t,(0) = {(cq,c,) | (EB) (EY)[(BY) is a subformula of o & ciee, (a)

& c. is the entrance of y]}.

2

This relation is called a +transition relation.

Lemma 1.1 For any ¢ £ C(a), exactly one of the following
conditions holds:
(1) c e e,(a),

(11) (Ele')l(c,c') e t (a)].

Example 1.2 In thebexamples below, underlines indicate

+ exits and arrows + transition relations.

oy = ((BTEE, + (5500%8¢) + (B84,

3

~%.r

b
A

) '/l
a, = ,(((afa2,'.+a3)((au+a5)+a6))((9_7+§_8>+§9),

where a e A.

1,".,&9

Analogously, the set e_(a) of - exit of a and the - transition

relation t_(a) are defined aé follows:

e_(a) = {the occurrence of a itself}, if a ¢ A;
e _(a+B) = e_(B),
e (a*B) = e _(a) Ue_(8).

t_(a) = {(cy,c,) [ (EB)(EY)[(B+y)is a subformula of o & c, € e_(B)
& ¢, 1s the entrance of vy1}.

-3~



Lemma 1.2 For any ¢ e C(a), exactly one of the following
conditions holds:

(1) c e e _(a),

(11) (Ele")[(c,e') e t_(a)].

Example 1.3 -exits and - transition relations are indicated

as in exajiple 1.2.

.4

o

l e —

1]

as (((a1+a2)+§3)((au+a5)+§6))((a7+a8)+§9).

Now for every wf o, an integer q(c) is assigned to each
occurrence ¢ of a bs in a. If ¢ is the 1 th occurrence of a bs from
left in o, then g(¢) = i. If ¢ 1s the entrance, q(c) = 1. The
number q(c) is called the states of c.

Let.Q(a) denote the set of all.states of occurrences of bs's
in a. E+,E_,T+,T_ are definéd as follows: |

E, (a)

T, (@)

{q(c)]c e e, (a)l},

{(aleg),ale,)) ] (egse,) € 6, ()}

Example 1.4 Let g0, be those given in example 1.2 and 1.3.
E+(al) = E_(az)
E_(al) = E+(a2)
T+(al) T_(az)

T_(al) = T+(a2)

{3,6,91,
{7,8,9},
{(1,2),(2,3),(4,5),(5,6),(7,8),(8,9)},
{(1,4),(2,4),(3,4), (4,7),(5,7),(6,7)}.

Note the duality among operators, exits and relations.

Lemma 1.3  For any a, 4, 4y, d3 and g, if (ql,q2),(q3,q4)

€ t#a) or t_(a) and 4y < Q43> then q, < A3 Or 4y £ dp-

4



This fact indicates the restriction of the power of "forward

go to statements" permitted by this system.

Functions sbl(symbol) and 1lbl(label) are defined és follows:
sbl(a,q) = the basic symbol which occurs at the state g
in the wf o, if g ¢ Q(a).
If all the occurrence of brackets in a wf are properly nested,
then we can find a corresponding one for each one. Such an occur-
rence 1s called an image of the other.
r, if sbl{(a,q) = ] and it has an image of
1bl(a,q) = which state equals r§

q, otherwise.

Example 1.5 Let a, = ((((((pl])[)fl)pé)])]) + f,. Then

sbl(a3,2> = sbl(a3,6) = sbl(u3,7> =],

101(ag,2) = 2, 1bl(0ag,6) = 3, 1bl(ag,7) = 7.

2. SEMANTICS

An interpretation I is a triple (D,vl,v2), where D is a non-

empty set and Vi,V, are functions: F ~» DD and P - {T,Ff)respectively.

2
CB denotes the set of all total functions: B - C. We neglect the

possible fine structure of D, vy and Vs in this paper.

Assume a wf a and an interpretation I are given. & = (q,x) 1is

called a description with respect to a and I if g ¢ Qo) U {w} ana
x € D. The set of all descriptions (Q(a) U {w}) x D is denoted by

H+. Furthermore H denotes Q(a) x D.



A relation Ejfé §;_H+ x H'is defined as follows:
(a,x) T (r,y) <
{(sbl(a,q) € F & y=v (sbl(a,q))(x)) \/ (sbl(a,q) £ F & y=x)} &
{(sbl(a,q)=] & r=1bl(a,q))
V(sb1l(a,q)eP & v, (sb1(0,q)) (x)=F & qeE_(a) & r=q)
V(sbl(a,a)eP & v,(sb1(a,a))(x)=F & (q,r)eT_(a))
V((sb1l(o,q)eP & v2(sb1(oe,ci))(x>=T)V sbl(a,q)er U {[}) &
qu+(a) & réw)
V((sp1(a,q)eP & vy(sbl(a,a))(x)=1) V sbl(a,q)eF ULL}) &
C (@reT, ().

\unique n e H+ such that

For any o, I and & € H, there exist@
B RN N a
. + N .
3 ETTQ n. We write £ E:E? n 1f there ex;sts a sedquence EO’ ,Et

(£>0) € H+ such that £=EO, 3 for m=0,<«°t~1 and Et=n.

ma,l Em+l
We say & converges in o under I if there exists y € D such
+
that & ETT» (w,y). |
Floyd states that if there exists some well-ordering on D
with respect to a program, then it converges.[3] Later Manna
gave a sufficient condition by‘assigning a well-ordered set to
each vertex of a flowchart.[6] Next theorem is a stronger

result because it gives a necessary and sufficient condition

for the convergence.

Theorem 2.1 Any £ € H converges in o under I iff there
2

exists a relation » C H” such that < is a well-founded ordering

and (g)(n)[(¢g T n) »g>nl.

The proof is parallel to that for Theorem 1 in [4].
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A partial function ¥(o,I) is defined

Y, if
Y(a,I)(x) = |

undefined, if

We write o = 8 1if ¥{a,I) = ¥(B8,I) for every

Furthermore, we write a =

as follows:
+
(1,x) g7 (0,903
.[.
(1,x) == (w,y) for any y.
oy T

interpretation TI.

B@ is strongly equivalent to B), if for

every wf y and an occurrence ¢ ¢ C(y), YZ =

result, we can omit more parentheses.

YE' By the followilng

Lemma 2.2 (a) (d)(B)(Y)[(&B)Y=S a(By)l,

(0) () (B)(Y)[(a+B)+y =_ a+(B+y)].

An interpretation I is called standard if vl(fo) = the

identity function.

Example 2.1

Hereafter every I will be assumed to be standard.

Consider a pseudo algol program for Euclidean

algorithm.
aa: ;g_xl ='X1 + x2 X x2 then goto bb;
(xl,x2) 1= (Xz,Xl - Xy T X, X~x2);
goto aaj;
bb: s ocs es e 00 so0o0
When the control goes to bb, the value of X5 is the GCD of the
initial values of Xy and Xoe This program is expressed in our

system under "conventional" standard interpretation as follows:

o = [plflj + fO’
12 3 4 S

where b4 and fl has the meanings,

Dyt Xy 7 Xy + Xy X Xy,

[

. Yy i= - +
fl. (xl,xg, : (x2, Xy Xy T X, X
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If x,=3178 and x,=434, then the computation is
(1,(3178,434)) » (2,(3178,434)) » (3,(3178,434)) > (4,(434,140)) ~
(1,(434,180)) =~ (2,(434,140)) - (3,(434,140)) -~ (4,(140,14)) =~
(1,(140,14)) > (2,(140,14)) - > (5,(140,14)) + (w,(140,14)).

entrance

A flowchart of this wf is shown

in Figure 1.

+ exit

Figure 1.

Example 2.2 Next one 1is a Turing machine Z taken from

example 3.7 in [1]. It contains 23 quadruples and computes the

function: (x,y) » (x+1)(y+1).

R
9 ORa, 9 0La a7l
L

o

o o =
Q
o
Q
l_l
o
=
-
Nel
!
@)

This algorithm can be expressed by the following wf:
[ﬁRl(ER[[lR]+R1R]+L[L1(ﬁ[Rl]+[RIﬁI[L(1+O)]+I])+[(O+1)L]+5])+fo.
The symbols 0 and 1 are predicate symbols.

O(resp. 1) means apredicate that the letter being read is
O(resp. 1).

-8~
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The symbols 0,I,¢,n,R and L are function symbols.
O(resp. 1,e,n) means that "write O(resp. l,e,niz and
{R(resp. L) means that "move right(resp. leftft

A flowchart of this wf is shown in Figure 2.

3. NORMAL FORMS

A wf is called neutral if all the brackets in it have their

images.

Lemma 3.1  For any wf o, there exists a neutral B such that

a = B.

A wf is called - exit=free(or mef) 1if it contains no - exits

which are occurrences of predicate symbols.,

Lemma 3.2 For any wf o, there exists a mef B such that

a = B.

A wf is called independent if i1t 1s neutral and mef.

Independent wfs have several desirable properties for formal

manipulation. Wfs in example 2.1 and 2.2 are independent.

Lemma 3.3 If a,B are independent and a = B, then a = B.
Lemma 3.4 If (a) a wf a is independent, (b) cl,~--,ck(k20)

are occurrences of ['s in o, (c) ¢ are occurrences of

k+1° " "2 Cok

J's in a, (d) images of ¢ are ¢ respectively,

l,.so,Ck 2k-’...’ck+l
(e) states of ¢,,**°,c, are 1,+ -,k respectively, (f) no +'s
1° k

occur between ¢y and c and (g) c are +exits in o,then

Kk’ k+1° " " 2 %ok

Cl. ° ‘Ckck-l_l. © .czk

foooofou @ e o M

-10-~-
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A wf is called loop-normalized if all of its occurrences of

J's are in its + exits. Next proposition shall be a "normal
form theorem" in this theory if it can be proved.

Conjecture 3.5 For any wf o, there exist n(>0),a,,***,a

1° n’

Bl,"',Bn such that

a = ag,
a; = B, %1 """ Cm(1)

A, ®*°°0.
I Im(i)

for i=1l,+++,n,

where m(i)30 for i=1,++-,n,
1<j1,'°°,jm(i)<n for i=l,¢+*+,n,
oy, ,a are independent and loop-normalized,

Bl,--°,6n contain no brackets, and

cy "."Cm(i) are + exits in Bi for 1=1,¢++,n.

If this is provable, we can construct a system of equations

from 81,---,Bn such that o is the minimal solution of it.

-11-
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