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7 O#A N oo F &

T T

$1 A
o ATESHIRIF AT s b oo BN ERR o ARE < FT e T &<

F) >~ 5 conjugate direction method & o %‘5—&; mdjﬁ%:/ﬂ{,.

7 — > 9 BNMH TH D, con\juﬁa’te direction method1d 4 ¢ ¥
L AR E AN o — B e L TAEsnk b0 TsY , %

D iERIoFRN L 23 B28 ) THE. 1> TiE, T

R ERBN v ) T, BATTHITRE > TEE Do § )
Gram-Schmidt o B XALFE 0 55 v 4V d 2> 0 9 4 7°0
LA EAL 3 T s TR £ L Tconjugate direction method
RoFHFEEL LR T e i LIk,
AR B S, 1T, 820nFnI1&K2o £ 98- 5 )
A9 EE fo)= sxAx+ b+ C o 23 » 1 £ ; HARE <
By s Bl Ao RIB e LT o Rl B % 0 ) 5 T L AR
Fix , ArTAY 058, R oK To IMHoEM ro R

VAL o ZIB TR NS s Lk 5T EFHE 6955 Ewm 1 h 1
noa .,
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Rz 83 R”FENT 1w, Ast AR 1< 5T Ko o LA
B BA v % o BRE, A, A 5&vEoLRERiS D
Z¥, iy Sz o MANET LI,

L ESE o K F o 75 T H , AT E L TH b S
Gram-Schmidt o BXAL 1Ly < L 0 5B EH 51 0b § 4
TonNTios Gram-Schmidto B XML Y & > L L3 o F ik
Y LT, 209470l 0t 20 B/t s %95 2
b 3. Type I18BEZM 005 BB BBEREITSS Vo
THN, Type21g%h d TIRESFA s~ 7 FLIRAEER
(Lo e BXRTINFLERSO LY TH D,

o BT TS n, 1o FHE N Y A KR T o BT
Ryl 1Es, 2o t>-RoFTmedle 151,

35 T, §4 oML E T 5 AT E L s SRS
y 1o, 8 3 a1 5z /‘\_'2’/%55%%5*-\1‘2/@#/%»7&;
B AL e BB I A SAFOR S 7L T T EFSL, % ot
lv“ﬁ@?}'iﬁiz@jt LT S <, |

§ 2T E, XFEIRS BT TLL S 2 Tolgod,
Z@, N, DTTZ/‘fJA7l\mE/;LT > L) TH S,
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§ 2. Preliminaries

@20 BOYMEK, 3o Hkn, WNEFRE TINE TR

B TUH D,

th Objective Function

foe)= ya'Aat+boct ¢
az:——-(a:.)é R", tb=(lg;)€R", C : neal
bn

n X
2
A : neal, symmetric, pooilive definite

)

/

22 Gradients ”

AN
Pe rspective / Contour Lines

gjcam)-——(%%), g-=géc) , g@) = Aac+ b

2f
AXn

23 Minimum Poiht

fa i Min b % & ge)=0 & AXrb=0 & X =-ATb
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24 Residual IF=a0-3 = Algyee)
r=ax-3& =ac-(-A"b) =

=AAx +A"b
= AlAx+b)= A7gw)

@ T, B o B ER L  TAR/ILEREA 2

d .
3

2.6

2.7

T e CATENIT:R0A) Uk 3.
L inear Minimization

Straight Line «'E:&ﬂ-?‘t‘
base point —

search directien

Objective Functisnon at=xm+§t
PE) =Fcemt £
) = t'g arnt §1)
= tT(Aa,r b+ EtTAL
= t'rg;,,, +$tAL

Min. Point en T = atm +E§t

Xm+1 = Em + §m’ﬂ7

“min. peint L_{:?m:fx(fﬂlm,ft)

T /
P, 1) = — ___ﬁlm_;gAt & 96,)=0
Lemma 4
t'g,. =0

0 = S)/<§m)= tTﬂ]me+§mt)=tTﬂJM+l



2.8 Minimization Precess

Xy =Xy + Um
Un S M (L, Tn) L= Ximes — X

Yirr & 3~ i1 = AW(_1
G- Gi-i = A+ b - (At b=
= A — ) =
= AV,
29 Example ( Optimal Gradient Methed.)
tm =-9m

'xmf; = Xm — H(xsn;'ﬁ]m) gjm

75
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O LB o T L BRI BT, RoABIE T H 3 A, Lh
Wos A 2SR R e 2 5 27 TIE Ve P

13 E L o 115
-5 3,
2.10 Relaxotion Methed
t.=¢, t,=€,, - -, th= e, 12\1.
&=[o |
ﬁ:ﬂﬂ: el) tm—z:ez; T, tt2h: e“ C13
s o o
Ly = Ly + KT, €.) €.
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@ rEw» 585 T &) REoBANF AL NE . v

N T 2 Roih) U 3.
2.1

Lemma2 A= (A'Kz O ] : dio.ﬁona[,, '
K ositive definite
O A p(&.,ﬂz,“‘,)\n>0)

YU

By relaxatien methed, o€y, reaches o\clt

ot mest in n linear minimizoliens,i.e. m g n+

Preef
Jxx) = —‘z— TAX + b+ C
= (% AL+ DG )+ (5235 + Do) + - - +(FAnTn+bptn) + C
;_ﬂ‘,_.—————J

— ~ ~—
m in l
Lin .
{st min'zatien "‘L;L”

m.in

2nd minzatien in
n-th min'zotigh

X2

2nd

1st min“zation

min zation

A
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O% ¢, AEER LT, ALEBT e xE 25

Ry e 24218 % o 1< 00 Bih,

212 Coordinate Transformotions orp new
COORDINATE COORDINATE
BASIS : €,8,, ", en thy, Iy, +*, Ihn
P M szlel"’ Izez-i“"*i';['neh }P—_—Z' ih|+zzlhz+ ""f‘anhn

COORDINATE . X =/,
VECTORS Xa

XLn

RELATIONS:

‘hn‘: Su€+ Suly+ -+ .Snhy
ha= Si2@ t+ S283+ - -+ Sm€n

h,= Sn€ + Sznezf - +SunCn

Z=(2Z
(Z.z)
. in

$|= SH 5 SZ:: 512 y°*°**, Sn: Slh
N
é,.. Snz ‘S.rm

I; Su Siz «-- Sin 2y
(*xa —( Sa S.zz S S{m r43
Xn Sm Snace- .Shn Zy
AL = S Z 2 S 2(51,32;"'1510)

243 Fa) in terms of 2

LAL+bxe + ¢

4
2
§@=% 7 SAS 2"+ ("2 + ¢

x=Sz

)

&€,
hy |
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83 Conjugate Directions

3.1 Conjgaa.'te RelaIé_enS

p : conjugate to q
with respect To A
Pae R
0

3.2  Canonical Basis

gl

PAgq=0

. (P, .. - -, Pu}: basis|
{‘Pn P25 '»]Ph} : (A-)canenical basis|& Pcfl}. cenJuﬁaIe
' » C-#w)' )

3.3 Reduction of Quadratic Forms ta Canenical Ferms

{Pi, Pas -+ -, P} ¢ canenical basis in terms of a. given basis

1 Transfermation
QLD NEW
v v

1
]

x=Pz , PE(RiP: -+ iPn)
sLp NEW
foo)= Fa'Axtbe tc |§@=L1ZPAPz+ PTbiz+ ¢

PAP =B |
() A(ﬂ’..‘lﬂ:---iﬂ’n)

P chTAH’a;=O L#§

= IPTA [Ps
e 2y A P _ + Canonical Form
Cf) T RIAR. (Diagenal)

* PTAP,: canonical coefficient, (=1,2,-*-,n
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® EiEAE - v 28

AT T 3. 31, IS EMUNOT TELTHEL b
B e B AL HE T L s R aNERTE 3.
3.4 Representation of A, A" and E in Canonical Basis
a. Lemma 3
n T
: Ap; p; A
[P, Po, - - > Pn } 2 canonical basis | = | A =.Z —Hi"iP"——
d,=1 ,FJA ﬂ:d
Proof 4
% V:Ité R.n al{&:,,xz, se . ‘:X:h} bU.C/h tha:t

O(::CC.]P, +~Izl?1+‘
* AO& '—‘—CIZ,AIP, ""sz'[PQ_

i_&&_.

d'
Proof 2 ( Heuristics)

+ + ILn {Pn

st TnAPn= ZIA%
TA
—IP?&_%%%' iac Ap; =Ax

d.—‘!

)] w:(%’;), xz(%‘l) 3£\:€n
x}, X
hell =1 ( witheut less of genemict)r )
y=Max, M (_,__)
..’_hﬁs‘;-
=i 2T Z'mzo
Zrai hzi=4 (Without lﬁsS)
M= dz of generality
at Zx
@ Apc = A z2=APp:
¥y T
Al = 2 ;A ne effects on [AgDLJ'L
- _ v A v T :
o A =5 PiAP:

/O

CAANEE RS & 5 1ukIET b -

=
» K



E. untt ma:trf,x.

/1

b. Cozwtlaw 3.1
A= Z ABRFA| = |Ap.=A:P:
2, Al Pi= AP
C. Comolla.nq 3.2
Al: P
PIA P
# An—-—-A
= A. A BRETA
Ai= At PoA P
d. Cerollary 3.3 i
.Eﬂb Fb ’ J’— w;Aﬂwg JZ—; ﬂ}' A]P&
YyrA” Y; = FP;TAAAA P; = PFAPR; =
€. Corgtlary 3.4
£~ BEA _ 3 ARE
& lP{f\ ll% P PAR;
n .' n A.‘ T
% ‘4’5’”‘ "”& &Z' gAY

81
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3.5 Minimization aieng Conjugate Directions

a. Conuiu.go.te Directions Metheds

KCppq = Ty + U
U = chm, tm) -u:m
t,,t,, -, b : cancnicol basis

(Wi Az =0 i#4)
b. Exactness of Conjugate Directions Methods
By Conjugate Directions Methods ,acm Teaches st

at mest (n n linear minimizations, 1.6. m < n+1
Proof See Lemma 2.ond 3.3 |

Ok o MBy RIS ER TR v EE ¢ 2 1< Lok 3 —MeHiEs,

T .&.:_ 4721\..’ n
c. Lemma 4 1 Yo Vo = 0 L=1,2,,%
PTOO'F_ xﬁ"
g = Ay, + (W = Iy )+ 7+ (Wgy— Ag) U
= Ot Wyt Wppat - >0+ U
= Ayt 2 U e
L=02+1 -
%ﬂ = Ax&+1+ th ry s -
= Aoxgp,t b +@%1ch L/
Koy
Doy + 2L AU o
. 241 B _E . p
- aT . —
$ﬁ+1 Y = ﬂQﬂIw:Q * é‘-{w =0

/2
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@EMAKEBKNT 21180 >0 DTEND .

3.6 Construction of Cananica.b Basis

a. Complete Squares

Ex. (o, ) G alz)(xl)
Az Qa2 /NG

2
= A+ 2Q3 X2 + 22,

_ 2 2
= G -.@_%xﬁan(mx,+z o506 +2)

Aa

]

GOz — Q2 2. A2
2 X+ Qo Cos — X+

2
— 2 . 2
= Oy Qaz—Qu2 Z| + Qa2 th

Q23
Z, = X
Z;‘L —? Q2 I{ + xz
Qaa
‘s Method
Ex'a Wl—-—- el ) \ b .
Canonisl{ (P = o &+ € €,,&,,®; 1 glven basis
Basis. ,
= Pa=ofe + o<§e2+ €3
PA€ =0 o eTAG + €JAE, =
IP Ael =0 dlz eTl-A € + O(z eg,A e+ eaTAel =0

P A€,=0 EACt o ESAS+ €A, =0

/3
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c. Middle Points of Chords

P'Aq=0 o Axc = const

ORo 213, RELIECA IR I Loy, TS

CEFWIEL I3 Cl2o>uTIES4 T >R D,
el Two Sub DpthaL Powts X3

R

pAq=0
PARalel TANgent Algorithm
POWGLL’ZO.Y\SW“L/S Algorithm

cf.

e. Gram Schmidt Grth%onatizaﬁ@n Process
. ( Fletcher Reevess( Polak -Ribizre ) Algorithm
Daviden Fletcher Powell’s ALSOrL’thm

%
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@M T 1hd, Gram Schmidt 55123 v > 2528 % % 2.
,':’:ﬂﬂ%‘ Pt
/ @_"

.
(

¥ ¥
__;;,m’tl

84 Recurrence Relations in Vectsr Form
4.4 Grom Schmidt Orthogonaléza:té&n

a. [pF, [Fz*v' o PF¥  given basis R 2]
» » »Yh 3
"ﬂ:}*: H>,* - 202
ey B paTe othogenal
TSR "Zt &;f—ﬁ tF i=fen basis

© Type T ER L& s BRER &> (ERER T ET.
b. Coenstruction of Canonical Basis — Typed
(i) * A: positive definite = 3J such that
"‘Dj: resuLar,J'TJ—:A
¥ P-q : conjugate & P=Tp, q7=Jq : orthogenal

PAq =P IJq =(ITpJq) = P q*
@  orthogonal basis canonical basis
X o .. ¥l given . ar
U E Bk e | BBy B given
PI=J p:
tv*%_ [R* =t P*T,m* Jt, = Jp, Li;‘ ]]S-r-':ﬁ]:"ﬂ;A
s F~) Sl | Tt=JIp- &GS T
LT G 4 . & ﬁ}fﬂf&
J->
ﬁi‘ =P | T _lt
ti=p -2 %}——‘/Rt, t;
. =120 47 T4
{ﬁ,ﬁ,”‘,ﬂ?u} Orthogonal, {tr..ttz,m,tth} CanonicalL
basis basis

/5
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© Type 2 1&, I & e KARERAE PP 10AEEL
TR Ap, " APa L BEX ¥ 3 X % A % Grom-Schmidt 3% UTAF 3.

¢. Construction of Canonical Basis — Type2

{ﬂ’u P2, - - ';IFh} : g[vem basis

erth030nal, basis

W= A.ﬁ. = &Z‘: ME u—-@ 'FGT [A'ﬁ;(, Aﬁ;z, e, Atj":‘
d & ooy wwy T
t, = p; - > PLYy u; 1 veclor orthogsnal te
Euw; ¢ LAt At - At ]

{t,t,,- .t} cansnical basis

® v : 3T, ',‘ér;{/?ﬂlig‘z > {4&7‘%@%@,’ g LT, EME -
P2% I Lo E LEN TR | |

42  Practical Selection of the “Given Basis”

i. P, &€

€ =

L

O...O—;O...o

/6



b .

(b

pie g, (sofar as g,#0)
PiF Y= Gi-gus Pi= 90
Remark 1 g . ¢ [t 1, ]
Vg # O
9" t;=0, j=1,--,i-1
Remark 2 g ¢ LA, At,, - -, Al ]
Vi gie LA, AL, -, Al ]
> (o, 00, - -, i) duch that
gi= i At - F i Aty

W T59i=0, j=14,2,, i~

i
0

U9 =0 j=t2; (Lemma4)
Qi) (3= 0 ) =1{,2,, L1
@) ? %’Tﬁli, '-1:—- o thA 'ﬂ;l + 0t ddTIJTiAIl’r +O(L-;1tl‘At—'—|
0 6]
() ((!::) } 9. =0 : contradiction

P.s . (so far as ;= 0)

r; . residual

/7
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© Type | oFAHAE FEFIA o FRNER e 5127 3,
Aisa o TUH D,

4.3 Minimization Atgortthms deduced from
Iype'i Construction

a. PP, Pa given basis

=P ;
t; = p; - P: Aﬂ?t
1= P ;:1\ 'tL‘JTATS J’

a H)HIP:.,"‘rlPh 3(:1)'9—“ baS‘:S

=P
1= py+ Zwﬁ_ﬁ_’ﬁm L P+
7 Y9 JZ Tfm
'ﬂj&//A J"A('JTJM" J)
= AXCje +1b — (Axg+ bo
= 3)3‘-1-: - 8’8 ‘.‘ﬂ;,» : 'r
RAt; _ PlCa, -9 = r&ca)m 3.
G A D T
H
o

® 0B Ar I, T okE e JEL B AR S T LD

b. given basis and gradients
ng&jﬂ)é—:o §=42, 1
) 3JL+1TJ¢J,=91 J'='1,2,“';’b (Lemmoa 4)
= { N 3 M ] = ‘T .
O = Jiw (‘FJ-‘-é JT 3’] ﬂ;d) ﬂjm IPJ

|38
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3rish o R4FE Keov 3,

c. Reduction te the Recurrence Relations of the 4-st Order

T .
etz in2 PT Qi
Proof
;P,TA’I . pIAT,
ti=F Z? AL 5 =T At
— [P _ IP:. Cﬁ)g Y1) t._! —_
° _ POAtap Yaoq )
('Pt-i t,_,AthEL:) SJL 9&-.)
.T ’
- P - P (- HJL:) t., = (Lemma4)
fP.:_T ali = Pi- aji—l ‘
_ LA
= Pt gt b v

@rod 57 fMsarnlTEEv L T -9»k2 5hd,

Fletcher Reeves o F3%1¢& 27 U THE »aoh 3,

Example
pi=—9; (so far as g;70)

* IPCTAtJ::O } 52442)“';1./‘1

QJCTSI& =0
P g; oGLJz ,u——1=>3;b9} oa;fz i~
fP;TAu' o< Sj (ajd-u de)— + 3)-. 3’6"" fe =0 A’,_ -2
—SL 9; ---=0 J- 47 ’L ‘
- _ (Y~ L)
Je —*—é?{_—l-s-}—;_—'l tio --- Rlok Rivieres A(jorcthm |
= -3t 8),_-,8’3‘, _ B --- Plefcher Reeves's Algorthm

19
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© -fe, BN BE T FH LK N >,
d. Reduction to the Recurrence Relaliens of the f-th Qrder

TAt; =0
R—4 2 : L~ -1 > | u= P‘+Z EL?_“”J
8‘ 14ttty b J,—L 3 H> ‘dld

Proof. abbr. cf. C.
OrLod 32841 unTRtBOER (X o pI28 B

B9/ BRI IE & KA T v Te o o)
Example /
iPi:: [ =_Cﬂ]£~3i-l)’ { , e,y ﬂ)l

* RAL =0 §=42,---i-2
ORI g=0 p=152,0 00,0
9,'9i=0
@~ G0 G =0 j= 2,0, i
PiA T < (-9 0C;,~ ) =
= Q-9 oo O f=12=i2
— Jui ¢ o~ ;) '
=0 f=1,2,1-3, L2232

Il

=

'tt = —Yiq t Li,L- - J[L'L_'f‘ ‘Cﬂz- \djcz—m-
Yia Pine Yis' Dia

© Type 2 o T 45 k> B RPTERIG T ALY 24 4B
23250 sEBMETE 3,

20
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¢ 5 - Recurrence Relations in Matrix Ferm

® &‘3—, Tﬁpe 1 @%/gl’\‘) wo T 13-,

5.4. Recurrence Relofions deduced from Type1 Construction

a. Vecter Form Matrix Form
—ttl::“)l t,=EP
-1 . T -t -
ti=p—> LAP 4 =(F - HT :
X [PL J;—-l JAﬂ%td ‘ﬂ:(' (E %—W)PL
-l . ‘ =f . T
“ren ¥ )| (= L8R )
&' 4% ¢~ 4t
e I T
-u;t - . — Z\ tt' A IPL _td;A Pb E .lt' A N
g ==ﬂA%% 'Rgéd%A%( gﬁAgﬁ

b. Recurrence Relations in Matrix Ferm

L~ T -1 T
le £ - 2552 L5 )
& = 59
-tt(,: C: fPu
T T
¢t = ¢ty - Bl Lol e
TFL.,A t’w Tﬁq Dt

Remark 1
C\ needs not be equal o E, but it s necessary that
Clﬁ?t ¢ [{Fz,m?,“', IPnJ . In this ca.se, C lPu iS to be

reqarded as the first member of the 3[\)614_ basis.

21
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Remark 2

Since o Cf (i=4,2,,n «#0) give the same search
directions as Cg'} we moy replace Cé b)/ ’é;' e o(C‘;l,

In this case, The recurrence relotior turns out to be

Eii = Ei—ll — X ﬁ:i-l-n:':‘lA
EL:A -H;L-c
Remark 3
Ch =0
See 3.4e. Cor3.4
Remark 4
C! (i=1,2,,n) : idempotent
. il T :
.l Ft-« = lté;—t&—ﬁ . cOnJ‘uﬁa’Ee projectcon matrix
J,=1 EJATEJ - Y
u.alempotent
£ t.tTA ttA T tTA
T TRy T TA
Al B0 tAY
tTA t t'A
L .' —J_J'- = 0 L#£ J

* C: = E-Pi, : (dempotent
Remark 5
] . .
CJ’ ]F,;=IF“L- J_—_‘f)\\\)L_1
(H’i = A 9 © residual )

Con=ClAlg; = Cis A_lﬂli

C‘D, (Lemma 4)
T™ —|
— E{-z ttl:-.z AA a}‘:
ti—;A u;i.—z
|
= CL—z"‘L = - == C:II‘L'=IF,;

22
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52 Recurrence Relation deduced from Type 2 Construction

a. Vector Form Matrix Form
tl:Pt tle[Pl
=At, . =At, |
we AT
- g (e RAY
ti=p - Z'&f-i-u —(E Z—u)ﬂ’t
A =4 uu d J—' d
1=4,2,-- ,n o i=1,2,-
r~ 1t
. _ wig A = D P;
T AL SR B R ;;u“““md%
ufAt, ¢+
=A% Z“ HRE L =R LR
: &‘ “"a dr
=(E-ZURE)AG L =(E- z&mm
b. Recurrence Rel a’ti@n in Motrix Form
= (E- 23
d d
‘U:( = Cf [Pl 2T
‘ T
c2-c? C;-? Wit Wi Ci
LT i ('Qﬁgj{ﬂf(c&u&ﬂm)
C?: CL?:; - %}—:%%:-: , U= Cf—lAtt(-l

= C‘2 — CL-IAttH CL"
tTA . ct At

= ot - C& W YECe
(CA Yo (CH YY)

23
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Remark
C* needs not be equal To E. cf. Remark 1 in 5.1,b.

Remark 2
()2L ma.y be replaced by E,?'—; [ C-Lz, which (s given

by the recurrence relation

2 T

Ci= Ef—: — o Cet Y 9 CL
C Ci ‘jjc-,)T(Ce.. Yi-1)
cf. Remark 2 tn 5.1b
Remark 3

2 _
C,=0
see 3.4 ¢. Cor.3.4
Remark 4
C%i Stdmmetric, L'dempotent‘

( orthogonal projection to LA, -- -, At Jly,=. 4]

Remark 5

2 P
Ci Y=Yy 25~

= Y, u}e[ATt.,"',AUc-.]J- Ty, T

24
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Folod e B, A bR re WA

5.3 Censtruction of A™

a4 & T
x A=Y Lt
;\ mTA‘U;‘; ( 3'4‘) d CM-3.3)

=3 W ug’ L
. m‘, w,_"
= WA

* Dz 250 =i—4'+—ww

- -l
§= @TA%’ & WA W = Dmi=A
4 d
D, =
— Al
D= D4 + 'ﬁf_ﬁ-otgz = DH‘H—A
TU;.,A"&',;.,
*: D e é%mmetnc
* Dy9g=0 Rzl o
i ) w/%ﬁ
Dig, = 2,23 %Ik
I Ay 0

25
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O@x 51, AL tes BN c R E Ko 3N & &
kT, 1> o BN EIFL 1 v ¥ T3 3,
5.4 Combined Algorithms

Example (Combined Algorithm, Davidon- Fletcher-Powell
Po= 9
H?'—'—“— Ci+ D
t: = Hi P

* Higy = C?ﬁjﬁ kz1,
LSJ.,“‘(C + D¢ )3}5
_C%
x  HOyp=Clys 21

2 B
* H: . Ay mmetric

2 Yo YT HE Wy U
HE= mE, - Hednde o+ o
(HZYia) (Hia Y w

Exam Ee (Combined A Ljorithm)

P.= 9.
Hi= C{+ D;
ti= H; p,

26



