ooooboooao
1920 1973 0 382-397

382

W\Aag/ma’,n - «fw de D6F - Hé?'/WW
Tmma?&e_ K> T

§1
AR 1 SREBHFE ORERSGBEC >0 T D,

Homﬂowwlea 4] ﬂf)/%a‘ﬁrlfé NJOE% mﬁ%tﬂ"%zé
haralr 1/\121« aH 8 umander. DFERNSE +5%
HOH RS SE d, BUBEIA TS Ryperfunction
LA T7ro-drlTd WAL2] TRt t.

I3 HEmmandon nEEF |

P (D) & NE FL DR R ERE

Q(CRYE 4B

AUQ) LEFRAIBORAE 73,
TR PO GQ) = QD) LEDEHORELS
ZGaEe

QAN BFFEaixy MIEEKILHL T
ORISRy FEAK € BE S >0
BT Ro%# (K, K, §)ARLTIETH,
¥ WREHHLTE TR PN ERE
1



383

K, K, 0)

CYp 2 binods P(HN
P(3) < HeImd + 53 Jec”
YIS0 §<kK, Rulp)=0
Rt |
P EH T3 FeC, RD=0

BL HW) = AP <, 7>

(K, K, SYNBE %aww Lowcle 05f ~ Hbn
manden principle refzs, (BalT P-L-H )
= 73 B0 [CxFL T P-L-H N K17 363, Hén
manden (47 K2 (< ZANT IR, ST E rivial
Tk 7H<.,

1 PWM) 7 o Fﬁc NEBZ |
Pm(zwo %5 13} £ CITuT] . (C13 Tisiks i)
T35 § &+ AT K R K &) P
3L bﬁﬁﬂ‘m:‘% (K, K, 8) VK125,

2 PO) =2 0FF |
P(3) £ Hp (Tn2) + 613 Tea" Fiw
P(3)so0 FeRY 25
P3) £ Hy (Lw3)  Jed" 23T eAvszmn
HHn<5H3%6", I=5F+:5= (5,5 eRM) gL

2,



384

'\P‘(z)-ﬁf(},+zfz) z eC Z%i?ﬁth
& El@ﬂp%a?mm‘ —Lewdeltf DERN-F)IST23.
(fi?szz,t Do={12I< v, In& Z0} BR Pz‘?%g'é
AU= CZHOTEROTEY W) DB E V—> et £23,)

3 D(D)~5-_ +5 9. 2 nZ 3
ZOMERRORN (1 23) T IR HIT e, 191
7 0 Puccinini#98 & T EER ( De Giornge (37D Uk,
mp,&wyg\mmmmewa
(ZOBNFHE 3, 28 Honmander (113, P-E-H
punciple BV 2T3%45, { 3R\ 0; R()= @
{xcmumi—z55$zpv7uéo

§ 2

/xTAO%éu%@9;%$OL@%@&&@~@MD
BEITED S,

D & WETRE TR e E O 8By 75, T
CLSi, - %] GINBERBRAZrF-—7593,

S'P. w= %

1’5 w= s
LI HERR, @Q%ﬁ%mf ?-F., N Niarcl e

3.



385
CRETBONSAYOSEBE, [=(P, -, R) &
P, - Ps NERFZDOATTIL LT 5%
EtS(P/1, al)) = 0 ABRETZHN ML
BT H2. 45177 ILL «5BLREBS3B-T 3.
(EpECTFD /1 EABHRL EINFTHIN, O
G- 75108 (47 )

I=01n--nls EATTLOERM
T, -, Jt EHSTIERTTIL
Vi, ---, W% RHAeI3ESBSAEG

73, <

I % {Pn; Puld 53 Pel nFEtp|s5s
EX TR DDA T 7L

V) =V(I") =%nEEERrT3 ., MR
-7V - 18R (4] D\ FERN Hitl— b LT
WBENAEETE, (5L, AiF, £ E LIBES
QLBYH3,

VE=VE(TD el (V- W) &
S AT OFF IR DREREAS Y95, Rl
Vik Cn7£2 70 DS Y CEE, | kg
T Y (CroesAs Y D0,



386

=
RIS R 7, V" B ERER 5 75

VR Izg (zP-L-H prineple ATXL T3 &L, BPB
P &% T % (T

P £ He (Im3) + 4 3] TeC"
F(3) 0 s eR AV
=503

CFK)éHK/ (ITm 3D 7 € |/

Z068%, Vica  TrOsHE 1T D.

T >0 L mEH C(RT) (RTIfk)
857, P3) N HEGHHT |

P63 Hi (Tn D + 013 | gec”
P RIInT) + TIRI| Tel/
=5 |

VARORS HK/ (In )+ 2T|R3| +C(RT)

e |/

- |
(2 RFLET5. Kzl gk, 09%5T
BTN SIS LT P- L H prsuciple NXILT
MBS (0/1, () =0

x ptERE.

e



| 387

53 |

T H 58, TERLH S ERenprvio - Palamedov )

Fundlamental principle BALT (Pelamedor(67)

SRR BT L1, Hownanden (1710 BHENRG e 5L
AUCH3, FEE2L,  Bps5 V) lEBIS
Voo TREEATATE, RN BEOBIRIRIO5N
[, BEOE  BICH A S DTV AEIE AR T3
DT LRIV 6

( ﬂ:\ &géz ;
VE CotnRrzRHSG bk

V, = {3’6—(‘.“)’ L3 e V} (P>0) XT3,

0% Qin Vo, = V7 NIARARN WXL T

59 V= . '

F7, Remment & Stein (5] 12423 BbEERD)
BRGETICE T3 ‘R HROR%S VA, Aol
B #BRADEREETEST NS, FEAE A2 1
RN 2 TATREH 3,

. | |
%E% LRI S, SROBaLRA
PEO(T - T257,) {=%+l, N
AT 3,



388
@) gP( ) = My T'BY)
%) ¢ -,0; 1) =0
k) pf@) [ %*’é@%iﬁtam
©) Vi={sec"; PYG)=0 {-fel,
FIL VIF V¥ 23 BN /«-@@5

2z, PV ofpRs Y Améggsgaﬂ A= UAQ
y( &35, (3, ---,%) & A5 +a7‘"=%7"»
vzl -
PPz, - Mﬁ;z/;e) =0 Mk
§(’“)C‘§., % L/)"Z Mw) [, >, My
ti;t@%zjzﬁ‘, ¥, Zb/ﬁc\omﬂ;mlll;-’& %ij 7\
TA58Y, XOEHT Jine e 23893,
(BO mz*)n#; //\77\5;‘:)_[7
2 ,*F\ﬁ 2.,
«Q,Wx \/1) _\/*00
Lé‘thé&f)/iﬂi Vel m%?%aﬁﬁ/‘-% T
—~ENEHRIETYRERT 3.

V) NBRRICHULT (F RDEERSH 5D,



| 389
f3 . _
Line \Vy 15V D) BESA50 WE > B77AH

V2w

23,

T T-f8Rn %/N)& Vi J'Z 2

ADRE 4, |
L& REF7245'7 v \/z%mé‘f“%%g r13y
gRprtzVIcRIcES T
V-5 |
LAl (Te!)
AEE 5. |
V BRI R T3
'Qt/m \/ - V o

(P ewmars, VN BREHS I CT—IED) éf@é
TRETS,

& 4 | | |
FEAL i V(D) =1 556" § 1L TR

1" B ORLDOT IO OIBECF30T, Ktk B
73, B C2rINTH /7\74/)\@@7& (cr
ij 3, [‘7\‘ )

J



390

T2, SAFLG YR — NEBERG AN
TN EHZ3Y, ¥ T (PR IBRENDARAICE,T
L’C’C(/\o '

A L=C(3%, T,5,+35) (& 2AF7IV
T=(3.,35) RET3EZAF TIL 7530
IOO; (Siz} §i {z, .'gs K%, ,g;)

":‘“(’;n/f;) /\(Eiz,§z,§3> |

7,7 AT (32,3.,5,) A3,

YN

(171 Héamander - Oy the existence of neat
Cvlkaﬂ?/uc acfutiong O‘f 'f? arfie ? c(iffeamﬁ 2l
Rauetionyg with conatant Cotefficients

[2] :/‘:Vc% RS - Onthe ?0/0'61'& exislence of'
negl amzzf;/?z“c gebetiona @f Linean d{ﬁ%~
ential o gu atrong ( )

M=o appear.

(31 De G P02 94 T Sebutiona MJ/tZ gueq oled
e,%xd.‘w awx dendireeq ?&J‘L/’C’ew g OO
coefficdenly econatanty
Golaouic ~Sc9wvwvtér 14711972

7

Semin aie




391
A /AR, 18R ¢ Miensfundliong and
fzaucLo» C’LL#M/Q/@ Q%ua,fza%d M
Spadugen beclare mote (773
@—_\ Rﬂmmm}f ) Stein 7 Uben dile ypreaent &‘Cﬂ&n.
Sc'n?/btfcmi Céten CM@%’[T acher Men —
Math . Gunallen. 126 (263—306) [953
Eé ] PCVQC(,M@-CL(}'};—: Linean c[ccffmeufr‘a,@‘cﬂfl&fowﬂ '
wilth, conatant Go-ﬁffr‘oc‘ enlo — S}mmd@e/b
[af70 |
(7] Zcu,f?, - Sun fmafﬁﬂce de pclutionaq
&ﬂaf//r'%tu:,q | cffr'zz/&g ol es »é’fmu’f,m,g |
awoc et preeg FKUVfJé[&O anea/(/u% e
coefficlendts conglanty -en depx kua%a

mda/zwz{cmfw oﬁ/a/meg E. De Gf\mogx
— Se AL AL e C o‘uj ae' e Scﬁtcunffj,

(U771 — 1972

e



392

On the Global Existence of Real Analytic Solutions of

Systems of Equations with Constant Coefficients
By Tetsuji Miwa

Department of Mathematics, University of Tokyo

In this note we shéll give necessary and sufficient conditions
for the global existence of real analytic solutions of systems of
equations with constant coefficients. Recently L. H6rmander [1]7
has given those for a single equation. Our result is a direct

extention of his.

1. Statements of the problem and the theorem

We denote by D the ring of partial differential operators
with constant coefficients in C™. D can be regarded as |
Clzy, " "»z,]. Let M be a D-module of finite type. Then it has
a presentation

P(z)
0 «— M «— pt «— = pS

(1.1)

where P(z) is a txs matrix with elements in D, and we can consider
a system of equations with constant coefficients tP(D) where‘

D = (Dl,f",Dn) and Di = -/TTB/axi. Such akpresentation is,
however, not unique, and it is not tp but M that has an intrinsic
meaning. Therefore we call M a system. (See V.P. Palamodov [2],
M. Kashiwara [3], and M. Sato, T. Kawai and M. Kashiwara [4].)

Now let 9 be a convex domain in R™ and A(Q) be the set of

1
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real analytic functions in Q. Ext%(M,A(Q)) gives the

obstruction of the global existence of real analytic solutions

of inhomogeneous system tP(D)u f where f_satisfies compatibility

conditions tQ(D)f = 0. Our problem is when
1 -
Exty (M,A(R)) = 0 @a.2)

is wvalid. Note that Exté(M,A(Q)] is independent of the chgice
of the presentation (1.1).

Before stating our theorem, let us recall some hotibns in
commutative algebra. (See J.P. Serre [5] and V.P. Palamédgv*[Z].)
Let 0 = Mlh"?\Mz be a primary decomposition of the Sﬁﬁmodule 0
in M. Aés(M)vis the set of associated prime ideals 6fﬁM, namély;
the set of radicals p; = rMCMi) (i=1,+°,2). V(M)>={V1;---,Vi}
is the set of characZéristic varieties, that is, the set of
irreducible algebraic varieties associated to ideals in Ass(M).

We introduce the notion of components at infinity=ofvi
characteristic varieties. (See Sato, Kawai and Kashiwaré [4]
which introduced the notion of supports of sYstems;)I,Set V’be
an irreducible algébraicrvariety in c® and p be its defining'

'prime ideal. Denote by p° the homogeneous_;aeal génerated:by

'1IE$D 5 Pm is the principél part of some P in p}, and set

00

vV = V(pm). Vi°° (i=1,--+,2)is called componets at infinity of
charactgfistic varieties of M. We write Assm(M)‘for»the.set
RUZAIRTTI e | S

- Following the genius of Mr. HSrmander, we can state conditioms
for (1.2) being true. Let K, K' be compact convex sets in  Q

and § > 0. We say that Phragmén-Lindeldf-HSrmander prinéipié*is“~

valid for Vm, if every plurisubharmonic function ¢(z) in c® with

12
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n

¢(z) < He(Img) + §|¢| if reC,
$(8) <0 o if £¢vVNORT,
also has the bound
6(6) < Hy, (In2) if revnch
Our theorem runs as follows.
Theorem Let @ be open and convex in R™. Then

Ext%(M,A(Q)) = 0 if and only if for every compact set KC @
there exist another compact set K'Q Q and § > 0, so that

Phragmén-Lindelof-HOrmander principle is valid for any V; € Ass” (M).

Corollary Ext%(M,A[Q)) =0 (i>2) ho}ds for an arbitrary

system.

2. Outline of the proof

To utilize the analytic machinary of HSrmander, we need two
considerations. One is geometric and about the relation between
Vi and Vim, and the 6ther is algebraic and about reducing the
‘problem to the case where M is coprimary, that is, for a € D and

mé&M, if m # 0 and a & ry(0), then am # 0.

Proposition 1. Let V be a k-dimensional irreducible

algebraic variety in c® and Vv = {z ¢ C% vz e V}. Then
lim Vv = vV and the multiplicity of convergence is constant on

VA=

each irreducible component of Ve,

13
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To explain the meaning of convergence and to prove Proposition
1, we recall "Einbettungésatz" of R. Remmert and K. Stein [6].

A slight modification of the proof of it shows

Proposition 2. After a suitable linear coordinate
transformatioﬁ, if necessary, there exist polynomials

\ .
Pég’(cl,---,;k;gz) (2=k+1,-+-,n) with the following properties.

(a) deg P =m ana 2(M(0,---,0;1) # 0.
. % )
(b) P(Q) has no multiple factors.
(c) Let V* = {re Cn; Pcz)(c) = 0, 2=k+1,+++,n}. Then

V is identical to some irreducible component of V*.

Now let A= YA M a where A2 is the zeros of the»
discriminant of P(l). For (;1,?-~,§k) ¢ A and a large v

there exist m, distinct roots ;2” (;l,---,gk;v) (n = 1,-0-,m£)

2’ .
sk ), M) () ds dn V¥, and Jgp vt = VAT = (o cy
Pél)(c) =0, & = k+#l,+++,n . Moreover the multiplicity of

. _

convergence is constant on each irreducible component of V*

- It is easy to see that %;g Vv = V" as point sets, hence Proposition 1.

Once we have Proposition 1. the sufficiency of Theorem

can be proven following HBrmander's argument. Let

p
0 «— M «~— Dt+__ DS-QL QIDS%— QZDS.@— oo

; be a free resolution of M. Then

14
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Ker ( HomD(Dsi-l,A(Q)) ———»HomD(DSi,A(Q)) )

Extl(M,A(2)) s ; s
Im ( HomD(D i-2,A(8)) ———»HomD(D»l 1,A(Q)) )

1,.s. s, :
ExtD(Dsl—Z/Qi_lel-l,A(Q))f

Hence to prove Corollary it is sufficient to show

Proposition 3 If Dt1«— p%2«— D%3 s exact,

T . ¢ (0) = 0, namely Ass(DtZ/SDtS) = {0}
'D"2/SD"3

Now we proceed to the necessity of Theorem. With appropriate
modifications for systems, we can follow HOrmander's argument, but we
can prove the necessity only for Vj.with maximum dimension for

i=1,**+,%, Accordingly we need the following reduction.

Proposition 4. (Serre [5] I-17 Corollaire 3) For any

‘associated prime ideal p of M, there exists a coprimary submodule

NCM such that rN(O) =p.

Proposition 5; Let N be a submodule of M. Theanxt%(N;A(Q))
=0 if Ext%(M,A(Q)) = 0. | |

Proof. In an exact sequence
Exth(M,A(R)) —> ExtD(N,A(R)) —> Ext(M/N,A(R)),

Exté(M,A(Q)) = 0 by the assumption, and from Corollary EXt%(M/N,A(Q))

= 0, the result follows.
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